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We examine the recent HERA data on the deep inelastic structure fnnction, Ff. 
The data are analysed in terms of the 'double scaling' variables, vf(ln ~In In Q2

) and 

vf(ln~/lnlnQ2 ). Although the data can be well described by the 'double asymptotic 

scaling' prediction of perturbative QCD, we find that this is not the only possible sce

nario and hence conclude that, as yet, the HERA data is nnable to identify the essential 

physics driving the small x rise in Ff. 





It has recently been argued [1] that the HERA data [2] on the deep inelastic structure 

function, Ff support the perturbative QCD prediction of 'double asymptotic scaling' (DAS) 

[3, 4], with little or no need for a component of the type predicted by the formalism of BFKL 

(Balitsky, Fadin, Kuraev and Lipatov) [5]. Our purpose here is to demonstrate that DAS does 

not provide the only possible explanation of the data and that, so far, the HERA data cannot 

identify the underlying dynamics governing the small x rise of Ff. 
In the DAS approach of ref.[1] the 'double scaling' variables r7 = .J(ln 71n fc;-) and p = 

.J(ln 7 I In fc;-) are introduced (where t =In Q2 I A2
). Perturbative QCD predicts, in the asymp

totic limit of r7, p ~ 1 and for 

.X< liP, (1) 

that 
1 

Ff( r7, p) ""exp[2'Yr7- 8r7 I p- 2ln r7- In Pill· (2) 

Where 1 2 = 4Nclf3o and 8 = (1 + 2ntf(11N:))I(1- 2ntf(11Nc)). The parameter A determines 

the small x behaviour of the structure function, F2 "" x->., in the neighbourhood of Q0 • Note 

that for A = 0, r7 ~ 1, r7 I p"" 1 the quantity 

In Ff( r7, p) I r7 

is independent of both p and r7, i.e. 'double asymptotic scaling' (p scaling is ultimately violated 

if .X =I- 0). 

In fig.(1), we compare the HERA data with the prediction of eq.(2). The data are plotted in 

different r7 bins as a function of p. We plot the ratio, R, of the data divided by the theoretical 

prediction. The overall normalisation of the theoretical prediction is considered free and fitted 

(separately) to the H1 and Zeus data. Taking n1 = 4 and Ne = 3 fixes 1 = 1.2 and 8 = 1.356. 

The small-x power is fixed by .X, and A = 0 for DAS ultimately to pertain. For Q0 = 1 GeV 

and x 0 = 0.1 an excellent fit to the HERA data is found. In this fit, only the data for which 

r7 2': 1, x ~ 0.01 are included and the resulting x2 is 50 for the 91 points satisfying these cuts. 

Nearly all these points lie in the upper two r7 bins of fig.(1) where the quality of the fit is clear. 

However, we must be cautious in our interpretation of this result. The fact that the data 

are consistent with eq.(2) puts only a weak constraint upon the allowed range in .X. Since (for 

xo = 0.1 and Q0 = 1 GeV) all the HERA data lie at p < 3.5 the implication would be that the 

behaviour of eq.(2) sufficiently far away from the boundary should hold for all A < 0.34. The 

only way to squeeze this limit on A is to get data at higher values of p. 
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In addition, it is well known that DGLAP evolution [4, 6) from some starting distribution 

which is flat at small x (i.e. .A = 0) is unstable to evolution in Q2, i.e. it rapidly develops a 

steep small x growth. As a result, we should not be suprised to find that it is not possible to fit 

the HERA data with the DAS assumption that .A= 0 for Q0 much different from 1 GeV. This 

rapid growth of the small-x gluon density in the vicinity of Q0 is generated by the singular part 

of the gluon anomalous dimension arising from soft gluon emission. 

Sensitivity to the singular part of the 1-loop anomalous dimension should be taken as a 

warning that higher-loop corrections are important. This has been demonstrated explicitly in 

re£.[7] where evolution from a starting distribution with .A = 0 was shown to be sensitive to 

corrections at the 3- and 4-loop order (computed using the BFKL anomalous dimension [8] 

and the results on the quark anomalous dimensions of ref.[9]). This is as expected, since there 

are terms in the anomalous dimension matrix which are rv (as/N)m at the m-loop level (the 

small-x limit is the small-N limit, N being the moment variable). These terms slow down the 

convergence of the DGLAP expansion at small x and, when summed, reproduce the BFKL 

anomalous dimension. At small enough x this summation will lead to the familiar power like 

behaviour of the gluon density, i.e. xg rv x->.o where .A0 = 12ln 2a6 j1f. It has recently been 

argued that the region where the power behaviour is expected to dominate is outside that which 

is accessable at HERA [10] and that the summation merely affects the normalisation of the small 

x distribution (i.e. the authors of ref.[10] support their earlier claims that DAS should pertain 

in the HERA region). We discuss the effects of including the full BFKL anomalous dimension 

in more detail in ref.[ll]. In addition, the sub-leading rv as(a8 /N)m contributions to the 

quark anomalous dimensions (calculated in [9]) have been shown to play an essential role [12]. 

Clearly it would be useful to also have the rv as( as/ N)m contributions to the gluon anomalous 

dimensions in order to allow more definite conclusions to be drawn. We have been discussing 

only the corrections to the anomalous dimensions but acknowledge that it is important to 

compute the coefficient function to the same accuracy. We recall that for a sufficiently large .A, 

there is no need to sum the anomalous dimensions since the leading behaviour is determined 

by the singular input (and not small N) and so is robust to higher order corrections. Of course, 

one is now no longer in a position to be able to discuss the dynamics responsible for generating 

the initial steepness. 

Since an input which is flat at small x for some value of Q0 rapidly develops a steep be

haviour, we might attempt to fit the data by approximating this growth by a non-zero value 
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of A (e.g. as motivated by the BFKL summation) and a higher value of Q0• In particular, we 

consider the opposite extreme to the DAS scenario, i.e. we take Q0 = 3 GeV, x 0 = 1, and 

A = 0.38 so that most of the HERA data no longer satisfies inequality (1). For u ~ 1 and 

p > 'Y I A, we then expect [1, 7, 13] 

Ff(u,p) "'exp[Aup+ ('Y2IA- 6)ulp]. (3) 

The transition between eq.(2) and eq.(3) has been studied recently in ref.[13). 

In fig.(2) we show the result of fitting eq.(3) to those HERA data which satisfy p > 'Y I A. 

Again we use the canonical values for the QCD parameters and fit to the overall normalisation. 

For the 48 data points which satisfy the p cut and have u > 1 and x < 0.01 we find a value of 

x2 = 40. 

The quality ofthe fits using eq.(3) in its region of validity is quite acceptable and, in contrast 

to the fits using eq.(2), largely insensitive to the particular choices of x 0 and Q0 • Thus we are 

tentatively led to conclude that the claim of ref.[1), i.e. that a 'hard pomeron' is ruled out by 

the HERA data, are difficult to sustain. 

In order to place our conclusion on a firmer footing, we perform the evolution of the par

ton densities using the full 2-loop evolution equations. Evolution using the summed (BFKL) 

anomalous dimension will be considered elsewhere [11). In the limit of asymptotically large u, 

we recover the results of eq.(2) and eq.(3). We parametrise the HERA data below x = 0.01 by 

a simple power behaviour, i.e. x-A, whilst above x = 0.01 we use a fit to that data fitted by the 

MRS group [14]. The normalisation of the small x power behaviour is determined by ensuring 

continuity of the parton densities at x = 0.01. This approach has the benefit that we can be 

sure our small x behaviour is really a power law growth determined by A, although it pays the 

price of having a discontinuity in the derivative of the parton densities at x = 0.01. 

In fig.(3), we perform evolution from Q0 = 3 GeV with A = 0.38. p and u are defined with 

x 0 = 1 (this is an arbitrary choice since x 0 is not defined in the 2-loop evolution procedure). 

We find acceptable agreement to all of the HERA data for Q2 > Q~, i.e. a x2 per point of 

1601138. This should be compared to fig.(2) whereupon one can see that the sub-asymptotic 

corrections play an important role in improving the quality of the fit in the region of p < 'Y I A, 

as expected. We can further improve the quality of this type of fit by taking the exact power 

law behaviour at Q0 only for x < 0.002 for example, which ensures a smoother transition than 

the choice X < 0.01. We then find a x2 per point of 1371138. 
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In fig.(4) we consider the opposite scenario, corresponding to evolution from Q0 = 1 GeV 

and A= 0 (see also ref.[17]). We take x 0 = 0.1 for comparison with fig.(1). 'Again the whole of 

the HERA data (with x < x0 ) can be fitted well, i.e. a x2 per point of 95/139. Improvement 

over fig.(1) is achieved in the low (]'regime, again as anticipated. 

Not surprisingly, it is also possible to fit the HERA data by working in the scenario somewhat 

intermediate to the extreme scenarios just discussed. For example, evolution from Q0 = 2 Ge V 

with A = 0.2 is again able to obtain good agreement with the HERA data, i.e. x2 = 106 for the 

146 HERA data points. We have not discussed the possibility of different small-x behaviours 

for the starting distributions of the gluons and sea-quarks but we expect such considerations to 

leave even more room to accommodate the dynamics of the high-energy (BFKL) summation. 

Thus we have demonstrated that the HERA data on Ff do not necessarily imply A = 0 

with evolution driven by the asymptotic form of the 1-loop anomalous dimension. 
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Figure Captions 

[1] The ratio R = F2 (exp.)/ F2 (theory) where F2 (exp.) are the H1 data (solid circles) and 

Zeus data (open circles) ofref.[2] and F2 (theory) is given by eq.(2), with free normalisation 

(separate for H1 and Zeus). Here a- and p are defined for x 0 = 0.1, Q0 = 1 GeV and 

A= 230 MeV. Only data satisfying a- ~ 1, x 0 :::; 0.01 (91 points) are used in the fit. 

[2] The ratio R = F2 (exp.)/ F2 (theory) where F2 (exp.) are the H1 data (solid circles) and 

Zeus data (open circles) of ref.[2] and F2(theory) is given by eq.(3), with>.= 0.38, with 

free normalisation (separate for H1 and Zeus). Here a- and pare defined for x0 = 1, Q0 = 3 

GeV and A= 230 MeV. Only data satisfying a-~ 1, x 0 :::; 0.01 and p ~ Pcrit = r/>. (48 

points) are used in the fit. The dashed line denotes the value of Pcrit· 
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[3] The ratio R = F2(exp.)/ F2 (theory) where F2(exp.) are the H1 data (solid circles) and 

Zeus data (open circles) of ref.[2] and F2(theory) is obtained by evolving, via the full 

2-loop equations, an updated MRS(A) parametrisation for partons at Q0 = 3 GeV where 

the gluon and sea-quark distributions are replaced by Ax-0·38 for x s 0.01 (see text). 

Here u and pare defined for x 0 = 1, Q0 = 3 GeV and A= 230 MeV. 

[4] The ratio R = F2(exp.)/ F2 (theory) where F2(exp.) are the H1 data (solid circles) and 

Zeus data (open circles) of ref.[2] and F2(theory) is obtained by evolving, via the full 

2-loop equations, an updated MRS(A) parametrisation for partons at Q0 = 1 GeV where 

the gluon and sea-quark distributions are replaced by a constant for x s 0.01. Here u 

and pare defined for x 0 = 0.1, Q0 = 1 GeV and A= 230 MeV. 
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