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INTRODUCTION 

(1) 

(2) 

The purpose of these lecture notes is primarily two-fold: 

To discuss the classical theory of free point particles, free 

strings and free membranes from a unified view point. 

To present in the process of doing this the rudiments of an 

intrinsic geometrical calculus that the author has found of 

immense value in investigating these systems. 

The geometry of submanifolds and the calculus of exterior 

differential forms are widely exploited in many branches of mathematics 
. . 1 . (l) Th . . . d d and grav1tat1ona phys1cs • e 1nterest 1n class1cally exten e 

relativistic systems as potential models for elementary particles 

raises the possibility of their usefullness as tools in high energy 

physics. 

The essential characteristic of a geometric calculus is its 

independence of co-ordinate representations. In the language of 

extended particles this means that the theory can be discussed in a 

reparameterisation or gauge invariant way. One can consequently 

concentrate on the intrinsic aspects of the system. Although we shall 

not discuss interactions in any detail in these notes, the formalism 

certainly suggests how external fields (or potentials) may be coupled 

in a way that does not spoil the reparameterisation invariance. 

It will be shown that the equations of motion arise in a very 

simple manner from a principle of stationary action and furthermore the 

boundary conditions for finite systems are derived in a gauge invariant 

way. Momenta are naturally introduced and the primary constraints that 

exist in a Hamiltonian description follow simply. The calculations 

can proceed in an index free manner until components are required. It is 

at this stage that one can if one desires impose gauge conditions and 

remove non-independent degrees of freedom. 

The methods can be applied in a space-time of any dimension and 

metric. 

There exist at present a large number of excellent reviews on the 
. . 1 . . . t . ( 2 ) Th t class1cal and quantum theor1es of re atlVlStlc s r1ngs • ese no es 

will not be concerned with the intricasies and problems of consistent 

1 

quantisation or with the rules that exist for the construction of 

scattering amplitudes. However, it is hoped that these notes will help 

elucidate the basic essentials of string dynamics and provide a means 

of naturally generalising to systems with other degrees of freedom. 

Section I establishes the basic formalism used in the rest of the 

notes. Some concepts are mentioned only briefly but the interested 

d . 11 f. . . . . ( 3) H . rea er w1 1nd ample 1nformat1on 1n the l1terature quoted • e 1s 

warned that mathematical notation is by no means uniform and in some 

cases its economy seems designed to promote elegance rather than to 

assist in computation. This first section is hopefully self contained 

but in the process of distillation all proofs have been relegated to the 

literature. Section II formulates the familiar relativistic point 

particle in the language of differential forms. In this case electro­

magnetic and gravitational couplings are explicitly accommodated. 

Section III generalises the procedure to relativistic strings and the 

question of fixing a suitable gauge is discussed in some detail. The 

last section discusses some recent work concerned with a generalisation 

to relativistic membranes. 
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I. The Exterior Calculus 

The formalism to be described is approached only in the language 

of finite dimensional vector spaces. We recall that these are composed 

of abstract elements which with the operations of addition and 

multiplication by scalars may be thought of as points or vectors. The 

requisite associativity and commutativity of addition, the existence of 

a zero vector and the distributive property of scalar multiplication are 

all satisfied by elements composed of ordered sets of n real numbers. 

These elements may be taken to compose of fundamental space Rn (sometimes 

called arithmetic n-space). A standard basis for this vector space will 

be denoted by el' e2, ... en where ej is the ordered n-tuple 

(0, 0, ... 1, 0 •• ) with unity in the j-th position. A general vector 

when regarded as a geometric entity will be denoted by letters such 

as § or v etc. without any suffices. In terms of a particular oasis 

with vectors e1 we introduce real components Vi of V by 

V vi e. 
1 

i 1, ... n (1) 

and the usual summation convention is adopted. A vector space becomes 

Euclidean as soon as we introduce a real bilinear symmetric scalar 

product U.V of two vectors such that V.V > 0 if V is non zero and with 

orthonormal basis vectors satisfying e .. e.= 6 .. a norm is defined by 
1 J 1J 

I vi 
1 

(V. V)~ (y1)2 + (V2)2 + ••.• + (Vn)2 (2) 

We can form vector spaces of tensors on a given vector space by means 

of the tensor product ~. However there exist a class of tensors with 

antisymmetric components that play an important role in what follows. 

Given two tensors T and U we can define their Grassman product 

T , U A(T ~ U) ( 3) 

where A applied to any tensor antisymmetrises its components (and 

supplies a conventional normalisation factor). This product can be 
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defined independently of the tensor product if we introduce the Grassman 

(or exterior) product , to be anti-commutative, (but associative and 

distributive). 

ei , ej - e. 
J ei (4) 

for any pair of basis vectors. 

On an n-dimensional vector space the p-multivectors are constructed 

from linear combinations of e. , e. 
11 12 

•.••.• e. with real coefficients. 
1 

p 
Clearly only n!/p!(n-p)! of these are independent and they may be chosen 

as a basis in the space A( with their indices 
p) 

ordered so that 

il < i2 < •••• < ip 

The table below gives some examples: 

Dimension of 
vector space 

2 

3 

4 

Vector Basis 
for A (l) 

el ,e2 

el,e2,e3 

el,e2,e3,e4 

2-vector basis 
for A( 2 ) 

el,e2 

el.e2 

el-e3 

e2-e3 

el'e2 

el-e3 

el-e4 

e2,e3 

e2'e4 

e3,e4 

4 

3-vector basis 
for A( 3 ) 

el,e2,e3 

el,e2,e3 

el,e2.e4 

el ,e3'e4 

e2,e3'e4 

(5) 

4-vector basis 
for A( 4 ) 

el.e2.e3''\ 



In terms of components if 

u = Uie. 
~ 

V = Vie . 
~ 

n 
uivje .A e . = E (uivj - ujvi) e. A e. u A V = E 

i,j ~ J i<j ~ J 

A general p-vector W may be written 

w 
n 
t 

il i2 ... i w p e. 
~1 

e. 
~2 

Aei 
p il < i2 <· .• ip 

ili2 ... i . 
and theW p are ~ts components. If a general p-vector f is 

multiplied by a q-vector g then from (4) 

f A g (-l)pq g A f 

(6) 

(7) 

(8) 

Thus although er A er is always zero f A f need not be. The set of 

linear functions that map vectors into numbers can be added and 

multiplied by scalars and so form a vector space which is said to be the 

dual space of the former. The real valued linear functions are calledco-

vectors. Except in those cases in which we wish to identifY with a 

common nomenclature they will be denoted by Greek letters. Thus a 

is the map 

a Rn ~ R , V ~ a(V) (9) 

In some cases the notation a(v) is replaced by av especially where a 

profusion of brackets would lead to confusion. If e1 , ... en is a 

t . · .. A . 12 n. h vec or bas~s ~n n-d~mens~onal (l) the dual bas~s £ , £ , .... £ ~s t e 

set of elements defined by 

£i (ej) oi. 
J 

(10 ) 
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Once a basis is chosen the two spaces are isomorphic. Any eo-vector 

a can be expanded as 

a a. £ 
~ 

i 

in terms of its real components ai. The evaluation of this covector 

on the vector v of (1) is the number 

a(v) i 
aiv 

( 11 ) 

(12) 

Hulticovectors are defined 

numbers. If A(p) and A(p) 

as linear mappings of multivectors into real 

denote the ( ~) dimensional vector spaces 

of p- eo-vectors and p -vectors respectively a general 

8 is the mapping 

8 A(p) ~ R , v ~ 8(v) 

In terms of the dual basis of A(p) composed of vectors 

il i 2 ... 
£ A· £ 

i 
£ p il < i2< ••• < ip 

such a general p-co-vector has the expansion 

8 
n i

1 
E 8 · · · £ 

. . . ~1~2' .~ 
~1<12< •• ~p p 

i2 
£ 

i 
£ p 

multi eo-vector 

and the numbers 8· . constitute its components in this basis. 
~l'''~p 

In terms of basis vectors the duality is expressed by 

i 
P (e. Ae . . .. Ae. ) 

(13) 

(14 ) 

(15) 

/1 i2 
A £ A£ Jl J 2 JP 

il ... ip I il i l il 
o = ojl oj 2 ....... ojP 
j 1 ... jP I (16) 

'i i i 
0 .P 0 .P ....... o .P 
Jl J2 Jp 
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Thus the action of simple multi-eo-vectors (i.e. those obtained by 

exterior multiplication of single eo-vectors) on simple multi-vectors can 

be expressed in terms of a determinant of numbers. 

In some of our analyses we encounter terms of the form a (v ) p q 
where a is a p- eo-vector and v is a q-vector. 

p q 
For p > q this 

may be termed a (p-q) eo-vector e defined by the condition that p-q 

(a (v )) (W ) = e (W ) =a (V A w ) p q p-q p-q p-q p q p-q 

for all p-q vectors W n" A computational scheme for the explicit p-... 
calculation of e. will be presented below. p-q 

(17) 

For a A( l) space with a metric we can write the operation of 

taking the scalar product in terms of a bilinear function g so that for 

any two vectors u and v 

U • V g(u,v) g(v,u) (18) 

g(u,v) 0 'i V if u 0 (19) 

Clearly for fixed u,g(u,-) is a linear function of v and hence it is 

an element u say, of the dual space A(l). In terms of the eo-vector 

i1 the scalar product may be expanded as 

g(u,v) ii(v) (20) 

If we write 

= i u u e. 
~ 

(21) 

'V = U·E 
i 

u 
~ 

(22) 

then since iii depends linearly on uj there is some matrix with elements 

g .. such that 
~J 

ii. 
~ 

g .. uj 
~J 

(23) 
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so that 

g(u,v) U(v) = g .. ui vj 
~J 

(24) 

for any vectorv. This establishes a relation between the components 

of a vector and the components of an associated eo-vector in a space 

with metric properties. Condition (19) ensures that the matrix gi. 

h 
. . . . . A(l) J as an ~nverse wh~ch may be used to establ~sh a metr~c ~n . 

Having estaCLished the spaces A(p) and A(p) based on Rn we now 

introduce the notion of mappings that relate a space Rn to another Rm. 

One of the most important mappings is that required to set up alternative 

or curvilinear co-ordinates in Rn. This may be considered as a 1- 1 

regular mapping x of a set in arithmetic n-space into Rn. If 

§ E Rn is a vector then § = X(x), x E Rn, establishes the co-ordinates 

( 1 2 3 n) ( 1 2 3) of§ to be x = x, x, x, .. x . For example, a vector § ,§ ,§ 

in arithmetic 3-space can be co-ordinated by the 3-tuple (r,e,~) 

such that 

-1 1 2 -1 1 -1 2 -1 3 
(x ) : (§ ,§ ,§ 3 ) + (r,e,~) = ((x ) (§), (x ) (§), (x ) (§) 

2 2 2 , 
r = ((§1) + (§2) + (§3) )~ (25) 

2 2, 2 2 2, 
e = sm-1 ( ((§1) + (§2) )~I ( (§1) + (.§2) + (§3) )~) (26) 

2 2 2 , 
~ = cos-1 (§3/ ( (§1) + (§2) + (§2) + (§3) )~ ) (27) 

for (r,6,~) in a suitable domain. 

Under the mapping X : Rn + Rn the line x + tv at x E Rn in the 

direction v maps into the curve X(x + tv)E Rn parameterised by the 

variable t. The tangent vector to this curve at the point X(x) 

is given by the vector 

Lim X(x + tv) - X(x) 

t + 0 t (28) 
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and is denoted by 9X(x,v), the derivative of the mapping X at x along v. 

If we map, in particular, the vector v ~. with X we obtain the vector 
~ 

ei(§) = 9X(x, ei) . l 2 i n) ( ) L~m X(x ,x, ... x +t, •• x -X x 
t ... 0 t 

ax(x) = ll i 1, ... n (29) 
axi axi 

as a basis vector in Rn (see fig 1). Strictly speaking this vector is 

said to lie in the tangent space T Rn at x. 
X 

_a_ 
ai 

A common notation has evolved whereby one writes e.(§) as . ~ 

since the values of the co-ordinates x~ do specifY the position at 

which the tangent vector is evaluated. Such an entity is often referred 

to as a natural or co-ordinate basis vector. 

l 
X ' 

It will be observed that working in Rn with general co-ordinates 

x2 
•• xn it is necessary to specifY the point§ at which one is 

evaluating vectors. A differential r-form w in Rn is a function whose 

values w(§) are r-eo-vectors, i.e. at any point w(§) (V) is a 

number if V is an r- vector. For any real valued smooth function ~ of 

n variables: 

~ Rn ... R 

then 9~ (§;e) is a number where §, e e: A( 
1

) • Thus 9~ ( §) is a eo-vector and 

9~ a differential form. If we expand the eo-vector 9~(§) in a basis 

9~(§) yi(§)e:i(§) 

then y i ( §) 9~(§,ei) lli.U 
ai 

9 

(30) 

(31) 

If we chose for~(§) the jth component function xj(§) (i.e. the inverse 

of 
cSj 

i 

x(x)) then we see that the eo-vector 9xj(§) has components 

i.e. 

9xj ( §) cSj i e:i( §) e:j ( §) (32) 

In this co-ordinate basis the eo-vector e:j(§) is usually written 

simply dxj again with the § being implicitly located by the general 

co-ordinates (x1 , •.• xn). The symbol 9 which takes the gradient of a 

function ~ : Rn ... R (which is also referred to as a o- form) ia written 

d so that (30) becomes the eo-vector 

d~(§) .lli_§) dxi 
i ax 

In terms of a differential form we see that the function 9~ _ 

can be written 

d~ 
M_ 

a xi 
dxi 

For any vector V 

d~(V) vi 11 
a xi 

since we can write (10) as 

dxi ( a:i) 
cSi. 

J 

d~ 

In this co-ordinate basis a general differential r-form in Rn may be 

written 

w 

where 

n 
l: 

0 < . < <" 
~l ~2 ·· ~r 

w . 
i . ~l 

l ~2 .•. i dx r 

W• • Rn ... R . 
~1. · ·~r 

10 

i2 
dx 

i 
.dx r 

(33) 

(34) 

(35) 

(36) 

( 37) 



At a point 

the eo-vector 

in Rn with co-ordinates (x1 , ..• xn) it takes as a value 

w( §) 
n E 1 2 . 

i <i · wi · · ( x n ~ 1 2< ... ~ 1~2' .. ~ .x .... x ) dx 1 
i2 in 

dx ..... ,dx 
r r 

The term differential r- form could perhaps be replaced by the term 

differentiable r- form since all our manipulations will assume that 

(38) 

w. . (x1 , .• xn) is a function with enough smoothness to allow evaluation 
~1''~ 

of therre~uisite number of partial derivatives at any point. 

The natural basis introduced here for exterior forms is useful in 

many calculations. It must be noted, however • that many other bases can 

be constructed that may be better suited for particular problems. Recall 

that a point in R3 with a Euclidean metric expressed in spherical polars 

(r, e, ~) has a triad of orthogonal non-co-ordinate tangent vectors 

c - - ) -( a 1 a 1 a J er• ee• e~ - ar. rae •rs~n0ae (39) 

A vector in this space can be expressed in either basis 

V 
-r - -e - -~ -
V er + V e~ + V e~ vr ..L + ve ..L 

ar ae 
(40) + v+ a 

~ 

so the relation between co-ordinates in the two bases is 

vr = vr 
ije = rVe 

ij~ rsin0 v~ (41) 

The co-ordinate basis is particularly well suited to describe an 

important linear map that takes differential r forms to differential 

r + 1 forms. This operation is called exterior differentiation and the 

map is also symbolised by d 

d A(r) ... A(r + 1) (42) 

11 

Since the map is to be linear (alternating multilinear to be precise) 

it will be defined as soon as the action on a simple r- form is given. 

If 

Cl 

then 

da = 

n 

E a. · 
. . . ~1' .• ~ 
~1<~2 .. <~r r 

il 
dx 

n aa. 
E 

11' .. ir 

il ~ .. . <ir 
J-> 

axj 

i2 
dx 

dxj • dxi1 dx 

i 
dxr 

i2 i 
dxr 

(43) 

(44) 

The summation is over all j from 1 to n so it may be possible to simplifY 

(44) with the rules of exterior algebra. The important properties of 

d (which are independent of any particular basis) are 

d(a + el 

d(a ' e) 

d(dw) 

da + dfl 

da .e + (-l)ra. dfl 

0 

(45) 

(46) 

(47) 

where a and e are r and s forms respectively. These result< may be readily 

verified in the co-ordinate bases using (43) and (44). For example 

from (44). 

a
2
a. 

. . i i i 

d(da) = E E 
dxJ. • dxJ , dx 1 • dx 2.. . dx r 

il < .. ir i ,j 
- 11''' ir 

aiaxj 

- .!_ E 
- 2 il < •• ir ( 

2 
E a __ -

i ,j axiaxj 

2 ) i j il i2 ir a a. dx ,dx ,dx .dx •... dx 
--.-. J.l'"i 
axJax~ -r 

0 (48) 
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This result is referred to as Poincar~'s Lemma. A form w such that 

dw = 0 is said to be closed. It is said to be exact if it can be 

expressed as ds. Every exact form is closed but in a general manifold 

(see below) not every closed form is exact. 

The motivation for the definition of exterior differentiation may 

seem obscure at this point. Ultimately one maytraceit to the generalised 

Stoke's theorem (to be discussed) in much the same way as the 

3-dimensional curl of elementary vector analysis can be defined with 

respect to this theorem. 

Everything we have discussed so far has been formulated in 

arithmetic n- space. General curvilinear co-ordinates have been 

introduced and if necessary the space can be made Euclidean with the 

introduction of the Pythagorean metric. For a picture of a two dimensional 

Euclidean space one may visualise a large piece of flat graph paper. It 

is intuitively clear that the geometry of this space differs from that 

on the two dimensional surface of a spherical globe. The basic idea for 

generalising the above formalism to smooth manifolds is to exploit one of 

their defining properties. At each point p of an n- dimensional manifold 

there is a tangent plane T M which can be thought of as an arithmetic 
p 

n- space, i.e. locally manifolds are like Rn (with or without some metric). 

A co-ordinate system set up in T M can be projected into some 
p 

neighbourhood of p on the manifold. Fig (2) visualises this projection 

in some embedding space but this is not really necessary. (There is no 

space that we know of in which space-time is embedded). A smooth or 

differentiable n- dimensional manifold M is a connected topological space 

(i.e. each point has a set of neighbourhoods) together with a set of 

co-ordinate maps ~1 • ~2 •..• from M into arithmetic n- space. This 

definition is illustrated in fig (3). In general more than one map ~ 

is required to cover a manifold. If the range of two such maps ~l and ~2 
overlap then the composite function~ 0 ~ -l should be a well behaved 

2 1 
transformation. The differentiability properties of such overlap maps .. are 

in fact taken to characterise the smoothness of the manifold. The 

formalism of exterior forms has been established in Rn. If we can define 

the effect of a mapping ~ on forms and multi-vectors in Rn then we can 

establish a formalism on manifolds. We have already mapped vectors from 

Rn to Rn and since this space is identified with the tangent space at 

each point on the manifold we can write tangent vectors in terms of a 
* mapping ~· defining the manifold. If w is a k- form on Rm and f is some 

~ * 
mapping from Rm into Rn then we define a k- form f w in Rn by the 

equation 

* (f w) ( §) / (w(§)) * n f we: R 

* 

(49) 

This requires a knowledge of what f (w(§)) means. The least abstract way 

is to give the rule in a co-ordinate basis where 

m i 1 ik 
(50,) w(§)= l: w .. . (§)dx ~ ... dx 

. . ~1 ~2' .~k 
~1< •• ~k 

If f : Rn + Rm , y + x = f(y) (51) 

then /w(§) 
m 
l: ( . i . w. ~ 1<~2 .. ik :~:li2 .. ik(f(y)) ar.l 

j) { i2 k\ ( ik R.' 
dy;l:;k dy;~· .. ~l!~ dy/ ayJ 

where the indices j, k, 1 are summed from 1 ton. The mappings are 

illustrated in Fig 4. The rule 

* . 
f (dx~) 

together with 

* f (w1 + w2 ) 

/ (w • n) 

j 

n 
E afi 

1 ayj 

dyj i 

* * f (w
1

) + f (w
2

) 

* * f (w) ~ f (n) 

l, ..• m 

(52) 

(53) 

(54) 

(55) 
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enable one to "pull back" forms from one space to another. What is really 

working here is the remarkable behaviour of the exterior derivative under 

a general change of co-ordinates: 

r* (dw) d (f* w) (56) 

As an explicit example of these results let us consider a three 

dimensional space with points co-ordinated by the functions x, y and z. 

We examine the 2- form 

w 
2 

x dy A dz + xy dz A dx + 3 dx A dy 

under the mapping 

where 

f 

X 

y 

* R3-+- R3 

u2 + v 

v
2 + w 

Z = W +V 

(x, y, z) -+- (u, v, w) 

The 3-form dw is 

dw ( l + 2xy I dx A dy A dz 

Thus 

* f dw * * * f dx A f dy A f dz (l + 2(u2 + v) (v2 + w)) 

But 

* f dx ax du + .£.! dv + ax dw 
au av aw 

2u du + dv 

15 

(57) 

(58) 

(59) 

(6o) 

(61) 

Similarly 

* f dy 

* f dz 

So 

2 v dv + dw 

dw + dv 

(62) 
(63) 

* * * f dx A f dy A f dz (2u du + dv) A (2vdv + dw) A (dV + dv) 

giving 

* fdw 

2u (2v- 1) du A dv A dw 

2u(l + 2(u2 + v)(v2 + w)(2v- 1) du A dv A dw. 

Alternatively 

* f w (u2 + v) (2 v dv + dw) A (dw + dv) 

+ (u2 + v) (v2 + w) 2 (dw + dv) A (2u du A dv) 

+ 3 (2u du + dv) A (2v dv + dw) 

(64) 

(65) 

Simplifying this 2-form we obtain (64) again on exterior 

differentiation thus verifying (56). It should be stressed that no 

metric enters any of these calculations so that (x, y, z) an~ (u, v, w) 

need in no sense be regarded as Euclidean co-ordinates. (The notion of 

orthoganality requires a metric for its definition). 

A k-form w on a manifold is now defined to be a function that 
• ( ) • l (k) . 

ass~gns a eo-vector w § ~n the space " at each po~nt § of the 

manifold. K- multivector functions v(§) are similarly defined in terms 

of vectors from A(k) at each point on the manifold. As long as we stay 

at one point on the manifold a co-ordinate map can be used in conjunction 

with (49) to bring the manipulations back into Rn. However, as soon as 

one moves about the manifold one meets different tangent spaces each with 

16 



their own co-ordinate maps back into Rn. 

One of the powerful properties of the general exterior differential 

form is that although it was defined originally in terms of comparing 

forms at two different points it can nevertheless be defined on a manifold 

independently of a particular co-ordinate system. (Essentially, any 

connections linking eo-vectors in one co-tangent space to eo-vectors in 

another get antisymmetrised away). The definition of dw on the manifold 

relates it to the exterior derivative of the k-form w in Rn. Thus for 

every co-ordinate system ~ : M ~ Rn there is a unique k + 1 form dw 

on M such that 

* ~ (dw) d (~*w) (66) 

In many physical applications of the above formalism a manifold 

is the entity that is being sought from some physical principle. A field 

of momentum, field energy, action density etc. may be established on a 

manifold in some suitable space and its integral over the complete 

manifold required to be extremal. Thus we are led to consider integration 

of differential r- forms over manifolds( 4 ). It is convenient to think of 

an m-dimensional element of an integration domain as a cell composed of 

m independent vectors. More precisely the m-domain can be constructed 

by joining together small domains each represented by an m-

multivector. For example a curve may be approximated by a polygon of 

1-vectors joined end to end. A surface may be triangulated by fitting 

together triangles each represented by 2-vectors e.(§) A e.(§) attached to 
~ J 

some vertex §. A three dimensional manifold can ~e built up of elementary 

parallelibipeds represented by the 3- vectorsei(§) A ej{§) A ek(§}. Given 

the elementary r- multivector Mi at some point in the manifold and an 

r- form a one may evaluate the number a(§i) (Mi(§i))and by finer and finer 

subdivision define the integral of an r- form on an r- manifold as 

J 
a= Lim E a(§.) (M.(§.)) . ~ ~ ~ 

M ~ 

(67) 
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It is interesting to observe that we have given the manifold a 

precise orientation at each point by associating it with a particular 

multi-vector. Furthermore, the degree r of the form and the dimension 

of the manifold must match for this construction to make sense. 

The actual calculation of an integral such as (67) is performed by 

using a co-ordinate mapping to bring the domain in the manifold into 

some standard domain in Rn. As an example, consider the simplest one 

dimensional smooth manifold M embedded in two dimensional R2 where poin~ 
are labelled with the co-ordinate functions (x, y). The manifold 

will be a curve which can be defined by the mapping C of a unit interval 

[ 01] E Rl into R2 

c : r 01 J ~ R
2

• t ~ c ( t, (x,y) (o1 ( t), c2 ( t) 

If w( §) wx(x,y)dx + wy(x,y) dy 

then 

f w 
M 

f w 
c 

J c*w 

[o1] 

r (wx(G1 {t),c2{t)} cht) + wy(c1 (t),C
2

{t)) rf {t)) dt 

0 

In general if f is any mapping of the region (o1]n in Rn onto an n 

dimensional manifold M the integral of the differential n form w 

is evaluated from 

f w f * f 

M [01]n 
w 

(68) 

(69) 

(70) 

the last integral being considered as an ordinary repeated integral. 

This rule can be generalised so that if ~ is a mapping (with a Jacobian 

of definite sign to preserve orientations) of the manifold M into the 

manifold N of the same dimension 

18 



cp 

then 

( 
J 

M 

M+N 

* 
'*' w I w 

cj>M 
I w (71) 

N 

This rule for the change of variable in a multiple integral can be used 

to show that integrals of forms over manifolds are reparameterisation 

invariant. This is what makes them so useful in our later applications. 

Reparameterisation invariance should not be confused with ordinary change 

of variable in an integral. As a simple example consider 

I 
T r F (dx(T) 

dT ' 
Erl!J.) dT 

dT 
0 

an integral that depends on the curve (x(T), y(T)) in R2. A 

reparameterisation that preserves the unit interval might be 

, 
0 = T~ 

The integral is said to be reparameterisation invariant if 

Io r 0 

F (dx(o) 
do • ~)do do 

has the same value as (72). If F(u,v) 

(x(T) ' y(T) ) 

I 
T 

I 
0 

(aT , bT ) then 

a2 + b2 

4 
3 

(a2 + b2) 
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u2 + v2 and the curve is 

(72} 

(73) 

(74) 

(75) 

so {72) is not repara.meterisation invariant. However if F(u, v) = 
( 2 2 )~ th I I . . . . C . . u + v en = and the ~ntegral ~s ~nvar~ant. learly ~n th~s 

T 0 
case any function F that is homogeneous of degree one in x and y will 

ensure repara.meterisation invariance. If we have the integral of a 

differential r- form w over a manifold M part of which is being 

parameterised by the map 

C : ( 01Y +M 

then we can ask what will happen if we choose some other co-ordinates 

related to the original Rr by a mapping E 

E : [OlY + [OlY 

that preserves orientations. 

composition 

The new co-ordinates are given by the 

C oE [01]r +M 

(see Fig. 5). Thus we deduce 

I I * f **I * w = ( CoE) w = E ( C w ) = C w 

CoE . I01Y [01Y E [oiJ r 

(76) 

J c* w = J w (77) 

[OlJ c 

which establishes the co-ordinate independence of this integral over the 

manifold. It is worthwhile spelling out in detail what lies behind these 

formal manipulations for a particular case of interest. 

Suppose we consider a 2 dimensional manifold M with points §. 

In some neightbourhood U of let the map cj> co-ordinate the points by 

cp U + R2 , § + cj>(§) (a,cp) (78) 
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A natural basis for 2-forms on M in this co-ordinate system is da " d,. 

As an illustration let us work with the particular 2-form 

w=a da.d' 

Consider the reparameterisation of the manifold defined by 

c [01] 2 -+- M, (T,cr)-+- (a,,) (cl(,,cr) , c2(T,cr) ) 

The integral of w over the manifold parameterised by C is then 

I J a 
c 

d8 " d' = r c * ( e de " d' ) 

to1] 2 

Now c* (8d8 " d') ( ) ( ae ae ) (.£.1 8 o, T aG do + aT dT " acr do + .£.1 d'I) at 

2(< cr) l£ l£ _l£_ l£ [ 2 1 2 lj 
c ' a, acr acr a, 

Hence 

I 
J 

1 J 1 2 1 c 2 < ) a ( c , c ) .. _ d T,O ~~ , uu T 
0 0 

Under the reparameterisation [oi] 2 -+- [o1] 2 by 

and 

' -+- ' ' (T ,cr) 
a -+-a' (T,a) 

a(cf?, c1 ) 
ah,cr) 

2 1 a(c ,c ) 
a(T• ,cr') 

a (T' ,a') 
a(,,cr) 

do dT iliill 
=~·) do' d<' 
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dcr " d, 

(79) 

(80) 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

hence 

I 2 ( 1 I) a ( C ,C ) d t d t 

f
l Jl 2 1 

c T ,o .... , . . , T a (87) 
0 0 

which is the reparameterised form of the integral. 

The function 

f Rn-+- M (88) 

that maps the unit . "cube" [01] n is elevated to the status of a special 

map called a singular n- cube and linear combinations of such n- cubes 

with integer coefficients 

c E 
i 

n.f. 
l. l. 

(89) 

are called n- chains. (A o- chain can be considered as a map that acting 

on a field evaluates it at a set of points). The reason for this 

concept is that it allows one to calculate the boundary ac of a chain 

in a well defined manner. The straightforward combinatories of such a 

calculation will not be given here, but we note that the boundary of a 

1- chain is the o- chain (set of points), the boundary of the square 

[01] 2 is the 1- chain perimeter and the boundary of the cube [01] 3 is 

the set of six oriented faces constituting a 2- chain. 

Since the chain is a map any complicated boundary structure of a 

manifold can be neatly mapped into the orderly boundary structure of sets 

of simplices in Rn. Of particular importance is the result that the 

boundary of any chain that is itself a boundary is zero 

a2c 0 (90) 

Note that the operator a takes n-chains into n - 1 chains compared with 
. 2 

the operator d that takes n-form into n + 1 forms and obeys d = 0. 
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We now have enough apparatus (and jargon) to state the crowning 

theorem that relates integrals of forms on manifolds to integrals of their 

exterior derivative over the boundary of the manifold. It is the key 

formula in most of our applications and is the raison d'etre for the 

definition of d. Given then a differential (r - 1) -form w and an r -

chain C 

I dw I w (91) 
c ac 

This powerful theorem reduces to many known results in manifolds of low 

dimension and is generally referred to as Stoke's theorem. 

II. The Relativistic Point Particle 

Our first application may seem rather trivial. It does however 

illustrate a number of points that are generalised in the subsequent 

applications. A free point particle has associated with it a particular 

world-line in space-time. This may be regarded as a 1-dimensional 

submanifold immersed in a 4 dimensional manifold endowed with a 

Minkauskian metric. In the usual formulation the principle of stationary 

action dictates that the world line joining two events should have an 

extremal "len~h" calculated with the metric of space-ti:ae. The equation 

of the path can be considered as the mapping x~ =A~(,) from soae interval 

in R into space-tiae with points labelled by _x~ 

c ~ 
R+R ,T+ X~ A~ (,) (92) 

If this mapping is varied then different world lines will occur in 

space-time. We seek a 1-form in 4-dimensions that can be integrated along 

some 1-chain. The forms of interest in physical applications m~ depend 

on x~ (such as external electromagnetic fields) or on geometrical 

properties of the subset over which we integrate. 

The w~ to formulate the problem is to allow the 1-form to depend 

on x~ and the co-ordinates of the tangent vector to the world line. The 

world line itself is now regarded as a projection from some curve in a 
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phase space with co-ordinates x'-1 and p~ where p~ is proportional to the 

components of this tangent vector. Just as in conventional Hamiltonian 

dynamics x~ and p~ are regarded as independent co-ordinates during the 

variational procedure and any extremal manifold established in phase 

space can be projected into the configuration space with co-ordinates xP. 
We assume that the particle is massive so that with a time-like Minowski 

metric (adopted throughout these notes) the tangent vector to the world 

line has positive length. Special relativity imposes the condition that 

once normalised the length of this vector is invariant. In order to 

secure Lorentz invariance we must ensure that this condition is not 

violated. In phase space this means that we are working in a 7-

dimensional manifold defined by the condition _ 

2 
p m2 (93) 

where m is some constant (identified with the mass of the particle). A 

general 1-form in a space with co-ordinate functiomx~ and pl! would take 

the farm 

w = a dx ~ + b dp \l 
~ ~ 

(94) 

. . . Th a 
~n a co-ord~nate bas~s. e tangent vector ~ 

can be mapped with a 1-chain into the curve j 
at a point -re: [01] 

f (T ) • p~ = + ~ (T ) ~n 

phase space. The tangent vector to this curve is then given by 

a -~ a . ~ _a_ 
c* aT = A + + ~]i a/ 

(95) 

or 

V = V + V 
X p 

(96) 

say. (N.B. x and pare just convenient labels on vectors). We ensure 

(93) by identifYing 

cj>~ (T) m~~ h) 

ti" 
).1 

(97) 
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•~ i ch simply states that our dynamical variables are position x~ and 

·r-:loci ty x ~ = p \l/m. Having chosen our variables we must select an 

~;;ropri at e 1-form so that the equation of motion can be obtained by 

~emanding that the action 

s J w 

c(ll 

be stationary under arbitrary deformations of the 1-chain 

c(l) [01] -+R7 • T-+ {Jf=).ll (T),Jf = 4>V(-r)l p2 2 =m 

(98) 

(99) 

I n its convenient in the discussion to let the values l (o) and l (1) 

be finite. The differential 1-form is chosen to be 

II ~ p~ dx~ (lOO) 

where 

p~ = \) g p . 
lJ \1 

Let us displace the chain c(l) in phase space to c' (1) as illustrated 

in Fig (6) and calculate the difference 

os I II 
c(l) 

(101) J II 
C' (1) 

I II 
c(l)-c• (1), 

In 
ac( 2 ) 

-J~ +frrf 
c (l) c(l) 

The 1-chain has been closed into the .boundary ac(2)• of a 2-chain by the 

addition of two oriented 1-chains C(~) and c(i)· The generalised action 

principle demands that 

Jrr 
= 0 

ac( 2 ) 
(102) 

and 

J II = 
J II 

i f 
c(l) c(l) 

(103) 
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B.y Stoke's theorem (91 ) the first equation gives 

J dii = 0 

c (2) 
(104 ) 

c (2 ) describes a 2 dimensional manifold in phase space and we can regard 

104 as the sum 

I: d II ( § )(V(§) ~ e ( § ) ) 
§ 

over this manifold. But 

dii (V ~ e) dii (V) (e) 

0 (105) 

(106) 

and since the deformation vector field e(§) is arbitraty we must have 

the local Euler-Lagranze equations 

dii (V) 0 (107) 

Observe that this is the evaluation of a 2-form dl with a vector so 

that at each point it is an equation for a eo-vector. Let us express 
. . . - . ( ~ ~) 

th~s equat~on ~n the co-ord~nate bas~s x ,p . We have 

dli = dp\l ~ dx~ (108) 

dii(V +V ) = dp ~ dx~ ~a a + ;a a ) 
X p ~ - -

axa apa 

(109) 

But 

dp ~ wf (-a ) = dpa 
~ axa 

(110) 

dp~ ~ dx~ 
C;a) = dp~ ~ dx ( _L) = -dx 

~ apa a 
(111) 
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where the indices have been elevated with a constant metric K~v here. 

Thus 

since 

dll(V) 

pa dp 
a 

. a 
- ;a dx - A dpa a 

- ;a dx 
a 

0 by (93). 

This 1-form must be zero so we get as equations of motion for its 

components 

a 
£._p 
dT 

m£... ()_a ) 
dT .er 0 

(112) 

(113) 

.2 
If the parameter T is chosen as the arc length (proper time) then A = 1 

and the world line is the path 

~ 
X = A ~(T) x ~(o) + i ~(oh 

Equation 103 can be reduced locally to 

rr(e1 ) =I! (ef) 

(114) 

(115) 

which in this case merely confirms (113) by required pa to be a constant 

of the motion (conservation of particle 4-momentum). 

A more interesting path can be obtained if the particle is 

electrically charged and interacts with an externally applied electro­

magnetic field described by a vector potential 1-form 

A = A (x) dx~ 
:p 
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This can be coupled to the particles world line to give a total 

action 

s Jrr + e f A 

c(l) c(l) 

(116) 

where e is the electric charge of the particle. Note incidentally, that 

if the 1-form A is modified by the addition of the particular 1-form 

doj> when 4> is any 0-form 

I (A + doj>) f A + J ., f A + 4>(1) - oj>(O) (117) 
c(l) c(l) ac(l) c(l) 

so that if 4> vanishes at the extremeties of the world line then the 

interaction is invariant under this transformation. The principle of 

stationary action now yields 

d (I! + eA) (V) 0 (118.} 

and the conservation equation 

61 + eA) (ei) (1! + eA) (ef) (119) 

Since A depends only on x we find in s co-ordinate bssis 

dA(V) = dA ..dx ~ ~Y _a_ 
~ axY 

+ .,y_a_) 
apY 

= lli dxa • dxiJ (xY 
axf! a:Y) 

= ~ )_y (dxfl 
axfl 

a ~ - dx~ aa ) 
y y 

=(aAIJ_ ~) ;.~ dxfl 
axfl ax~ 

(120) 
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In this case we obtain the equation of motion for the components 

m 
d 
d, (~) e F ~ ll ev (121) 

Thus it is the 4 dimensional curl (F 

motion. Note that as a result of d2 
dA) that occurs in the equation of 

0 we have 

dF 0 (122) 

which is one of Maxwell's equations for the external field. 

Gravitational interactions with the particle can be accommodated 

with equal ease. We simply evaluate (118) in an arbitrary x 11 co-ordinate 

system and recall that 

rr = g (x) Pe dxll 
llB 

g (x) p 11pa 
llCl 

2 
m 

The exterior derivative of IT now becomes 

diT p" g dxy A dx11 + g dp\) A dxll 
vv,y ll\1 

So 

diT (V) = ~Cl p" (g - g ) dxy 
av,y yv,a 

+ ~Cl dp" .v ll 
g(l\) - g p dx 

ll\1 

The penultimate term is no longer zero but 

~Cl g(l\) dp" /'! 
2m 

g Cl \) 
av,y P P dxy 
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(12:3) 

(124) 

(125) 

(126) 

(127) 

from .(125). Substituting in (126) gives immediately 

d { ~a ) + _!L re ~Cl ~V = e Fe ~ll (128) m 
d,~ &Cl\) ll 

as the co-ordinate representation of (118) in the presence of an 

external gravitational field. The square roots can be replaced by unity 

if the world line is parameterised by its arc length. 

III. The Relativistic String 

We develop the theory of the classical relativistic string in close 

analogy with the free relativistic particle of the previous section. 

The interest in extended classical systems arises for a number of reason~ 

It is thought that they may arise as localised solutions of certain 

underlying gauge field theories( 5 ) and the relevance of the latter to high 

energy physics needs no further discussion. Having spatial extension 

such systems contain degrees of freedom that can be dynamically excited. 

Translated into relativistic terms they may be expected to sustain a 

mass spectrum. The interest in the relativistic string is greatly 

increased by the observation that its (mass) 2 excitation spectrum varies 

linearly with angular momentum in good accord with observation. The 

string is conceived classically as approximating a bounded 1 dimensional 

space-like manifold immersed in space-time. A novel feature is the 

possible existence of different spatial topologies for the string. Let 

us concentrate at first on the closed string which may be pictured 

relativistically as a tube like 2 dimensional manifold Mx in space-time. 

We therefore seek a 2 form TI which will render the action 

s 1L 
a' 

Jrr 
A 

stationary on some 2 dimensional phase space chain A. 

the manifold Mx by the chain 

Ax 
2 4 R ~ R , (cr,<) ~ xll :>. 11 (cr,,) ,cr E[o,J] 
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(129) 

Let us describe 

(130) 



where for the closed string A ~(Q ,T) 

mapped into space-time becomes 

A~ (l,T). The 2-vector a/aT A a;ao 

Ax* ( a . a) = 1 
aT ao 2 

J"v A·~J 
(131) ..LA..L 

ax\1 ax~ 

where dot and prime refer to T and o partial differentiation respectively. 

Since the squared norm of this 2-vector is 

A A' ~[a ~ a] 
.2 

1 (dx~ A dx\1) (_! A _2~= A 
4 r~ v] 

axa axa 

we can define a unit norm momentum 2-form 

IT 

where 

11 
~\I 

11~\1 
dx~ A dx\1 

A[~A 'vj__ 

2 /(~ ·.A')2-~2A•2 
- 11 

\1~ 

•2 - (~ • A' )2 A 

(132) 

(133) 

(134) 

Equation (133) and (135) may be compared with (lOO) and (98 ) for the 

point particle. We now define our phase space for the system to have 

co-ordinates x~, 11~\1 i.e. it is the 2-manifold defined by the chain 

c(2) : R2 ~ R9 , (o,T) ~ {x~ = A~(o,T),11 ~\1 =~~\l(o,T) \11~\111~\1= 1} (135) 

It may be observed that the square root in (134) has been taken assuming 

that ~~ and A 1 ~ are the components of time like and space like vectors 

respectively. Next introduce in phase space the 1-vectors 
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V =A'~a a 
- + ~·~ v - '= V +V 0 
a~ al v ox o11 

· - ~ .llv a V = :>- a 
T - + ~ -=v +V 

ax~ a 11~\l TX T11 

So that we have the 2-vector fields 

A 
X 

A 

vox 

vo 

VTX 

V 
T 

The normalisation condition analogous to (93) now reads 

n (Ax) 1 

If we work with a constant metric g~\1 in space time then from this 

equation 

dn (Ax) - l 
2 

aa , 11 
d( 11 · all 0 

(136) 

(137) 

(138) 

(139) 

(140) 

(141) 

We have now set up the problem ready for variations of A in phase space. 

We displace the 2-manifold with a new chain A' and obtain (see fig 7) 

os = [n + In - In = In + In - In (143) 

A'-A VoA ei vo. ef a(A.e) Xo· ei vo. ei 

where we have "capped" the displaced "volume" so that A'-A is the 

boundary of some closed 3-chain A • e. The variational principle gives 

with the aid of Stoke's theorem 
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d I! (A~ e) = 0 (143) 

J I! = 1 I! 
Vo~ ei Vo .ef 

(144) 

Since e is arbitrary this implies the equation 

dll(A) 0 (145) 

Jn(Vox) (pi) J rr(vox) (pf) (146) 

We have been able to replace V
0 

by V
0

x in (147) since I! is independent of 

d'lf V.l (i.e. Il(v ) = 0.) These equations mq be regarded as the most 
a 'I! 

general reparameterisation invariant statementsabout the motion of a free 

string ~stem in space-time. To obtain their co-ordinate representations 

is a straightforward matter of computation. Each equation is an 

expression for a eo-vector field and repeated application of the rule (17) 

can be used in this reduction to co-ordinates. For this purpose we give 

as illustration some results of exterior algebra that ~ be used: 

(e: IJ ~ e:v) (e ) 
a 

£1J6 V 
a 

£\16 IJ 
a 

(e: ll. e:v) (ea .eel .. cS IJ cS \1 - cS \1 <'i IJ e a a a 

( e:·ll • £ v • £P) ( e ) * £ lJ • £ v cS p - e: lJ • £P 6 v + £ v 
a a a 

£p6 IJ 
a 

(147) 

(148) 

(149) 

Inserting (133) and (139) into (145) one obtains as covariant equations 

for the string in flat space time 

;0 ,~v x(ll ~'vJ\+ a! lA,v i[v :•\JJ} 0 

/," --2- . 2 
where 6 = f(A·A') -A A' 2 

determinants 

It is convenient to define the 
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(150) 

P: (a,-r) 1 
6 

·ll 'lJ 
A A 

;\.A' A'2 

and write (150) as the divergence condition 

a 
ao 

p\J + .L 
0 h 

p\J 
T 

0 

Once we have decided on a time co-ordinate T we can use the vector 

e. (or ef) to displace the chain V in the time direction. The 
1 n 

boundary condition (146) now s~s that the 1-forms Il(V
0

) integrated 

over the initial and final boundary 1-chains are the same or in 

co-ordinate language 

P¥ I p~ (a,T) do 
0 

is a constant of the motion. 

(151) 

(152) 

(15:?) 

(154) 

Apart from their manifest Lorentz invariance the 4 equations (150) 

are not particularly useful. Because of the general o,T repar ... terisation 

invariance only 2 of these equations are independent. The exiatence of 

identities follows as soon as we look at the norms of the 1-forms. 

PT 11 (V ) 
ox 

(155) 

po TI (VTX) (156) 
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These particular forms play an important role in the development of the 

theory of strings. Once T is chosen as an evoaution parameter then PT 

becomes a conserved momentum 1-form and the identities involving pT 

become primary constraints in a Hamiltonian formulation. p
0 

appears 

in the boundary condition for an open string to be discussed below. 

The co-ordinate free calculation of the identities proceeds as follows: 

PT II(V ) ox 
VTX A '~ox ) (Vox) 

(157) {(v 
TX 

- , 
A V ) (V A V ) }~ OX TX OX 

PT (pT} [(VTX Vo) (Vox)] [(vTx A Vo) (Vox)] 

(VTx ' Vo) (VTx A Vcr) 
(158) 

Using (17) we rewrite the numerator 

(VTx " Vcrx) (Vcrx A (V A V TX crx (Vcrx))) 

- V A V TX crx ( (VTx A vcrx (Vcr)lA vcrx 

- V A V TX crx (VTx (Vcrx (Vcrx))- (VTx (Vcrx))Vcrx) A Vcrx 

- (V A V ) TX crx (VTx A Vcrx) (Vcrx ( vcrx)) (159) 

since V crxA Vcrx 0 

Thus 

P/PT) Vcrx (Vox) (160) 

In a similar manner we find 

pcr(pcr) VTX (VTX) (161) 
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Furthermore 

p . (i ) 
T OX JI(V ) ox 

( PO VTX) JI(VTX) 

ii OX 

V TX 

ll (Vox A vox) 0 (162) 

11 (V A V ) TX TX 0 (163) 

The calculations for an open string proceed in an analagous manner 

except that in the variational procedure we must add two 2 dimensional 

"panels" in phase space (See Fig 8) in order to render A' - A the 

boundary of a closed manifold. The contributions to the action from 

these integrals must separately vanish so we obtain the boundary 

conditions 

fn 
V A e 

T 

0 

at each extremity. Since e is arbitrary this implies 

11 (VTX) = 0 

or Pcr 0 

(164) 

(165) 

along each boundary in space time. From (161) we see that this means 

that the tangent vectors to each boundary world line of the open string 

are null i.e. the string ends must move with the velocity of light. 

We remarked earlier that the eo-variant equations of motion are 

of limited utility. String theory has progressed by utilising a 

remarkable geometric feature of 2 dimensional manifolds. It is possible 

to find some co-ordinates u(§), v(§) say, such that the metric can always 

be reduced to the form 

ds2 >..(u,v) (du2 - dv2
) (166) 
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and the manifold is said to be conformally flat. When such co-ordinates 

are established on the extremal string manifold the equations (150) 

simplifY considerably. However, the real significance of the gauge freedom 

associated with the reparameterisation invariance is that only two field 

degrees of freedom determined by the eo-variant equations are independent. 

The other two (in ~ dimensional space-time) effectively establish a 

co-ordinate mesh on the 2-manifold. Such time-like and longitudinal 

degrees of freedom have analogs in the vector potential A for the 

electromagnetic field. The isolation of the independent degrees of 

freedom (which are those most naturally quantised in the canonical 

approach) can only be accomplished when the 2 dimensional string manifold 

is unambiguously co-ordinated in space time. From our earlier discussion 

on defining manifolds we expect this to be a delicate job in general. 

(See the appendix of Ref.7 for some subtleties involved in fixing a gauge 

for the closed string). Partly in order to prepare the ground for the 

final section and partly to motivate the choice that is usually made for 

the string we shall approach the problem from a rather general viewpoint. 

Let us suppose that space time has general curvilinear co-ordinates 

~with a metric g (x). The 3 dimensional manifold given by the equation 
vv 

x3 = 0 will in general intersect the 3 dimensional manifold x2 = 0 in a 

2 dimensional sheet. Suppose that our co-ordinates are orientated so that 

the string manifold has the parametric representation 

V ( o 1 2 3) X z X , X 1 X , X (T, o, o, 0) (167) 

If we knew how the ~ were related to some global orthogonal co-ordinates 

~ say in some fixed reference frame then for a specific range of o 
• V h . and T the surface would be def~ned. If the y ave a metr~c naB 

then 

= 
aya 9YB (168) 

gvv naB -
ax-m ax\1 

where 

y : R4-+ R4 , :x.V -+/ = yV(x) 
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Whatever this gauge choice we can evaluate (145) in the metric 

g . This in itself will reduce us from 4 equations to 2 for the metric 

c~~fficients on the manifold x2 = x3 = 0. To this end let us introduce 

explicitly the co-ordinate basis and write 

n 

Then 

IIA 

where 

6.2 

Similarly 

JIB 

rrc 

IlD 

ol o 2 o 3 12 
nA dx ~dx + JIB dx • dx + rrc dx .dx + rrD dx .dx 

1 
6. 

1 
6. 

1 
6. 

1 
6. 

x 
0 

x' 
0 

X_v X 

V 

il 

X\ 

.v x' 
X V 

= 1 
6. 

xV x' 
V 

,v x' 
X V 

~0 g20 

~1 g21 

goo g30 

gOl g31 

glO g20 

gll g21 

+ liE dxl .dx3 + IIF dx2 ~dx3 

~ glO 6. 

~1 gll 

~0 Sol 

glO gll 
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(169) 

(170) 

(171) 

(172) 

(173) 

(174) 



liE 1 I glO g30 
t. 

gll g31 

!IF 
1 g20 g30 
ll 

g21 g31 

In these co-ordinates 

V 
T 

V 
0 =(___i 

ax0 
+ ~I _L)A (-a + JI' _a ) 

an ax+ J arr 
I J 

I, J = A,B,C,D,E,F 

We readily calculate 

• 0 I 1 I · " 2 0 = dli(V A V ) .. d TL - IT dx - !I dx - (!I - JI )dx 
T o -A A A B D 

. 3 
- (!! 'c- IE)dx 

But 

d'!A = JiA dxo + JIA_ dxl + a\ dx2 + en A dx3 

ax2 ax3 

So 

0 = a rr dx2 + arrA dx3 - (rr I - IT ) dx2 

ax2 A - B D 
ax3 

. 3 
- (rr , c - rr-E) dx 
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(175) 

(176) 

(177) 

(178) 

(179) 

(180) 

Equating to zero each component of the 2 form gives the 2 equations 

arrA I 

+IT D 0 - IT B = 
ax2 

aliA - II'c +liE = 0 

ax3 

We now fit the x~ co-ordinate system into flat space time with 

co-ordinates y 11 = (y +, y-, y2 , y3) and a "light cone" metric 

nCll3 

(

0 1 0 0) + 
1 0 0 0 

0 0 -1 0 2 

0 0 0 -1 3 

So 
2 2 

(a,-2) - (dy3) ds2 2dy+ dy- -

We try the transfarmation such that 

y+ =. xa 

y 

2 
y 

y3 

y(xo, xl) 

x2 + f(x0
, x1 ) 

x3 + g(xo, xl) 

(181) 

(182) 

(18~ 

(184) 

(185) 

(186) 

(187) 

(188) 

The string surface will then be given by the equations x 2 = x3 • 0 or 

2 
= f(T,o) (189) y 

y3 = g(T,o) (190) 
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Now 

dy+ = dxo 

dy - Y dxo + y' dxl = 

dy2 = dx2 + :fdx0 + f' 1 dxl 

dy 3 .. dx3 + g dx0 + g' dx1 

Substituting in (184) gives 

ds2 (dxo)2 (2j _ (f2 + g2) 

- (dxl)2 (f'2 + g'2) 
2 

(dx2) -

+ dx0 dx1 (2y'- 2f f''- 2g g') 

2 
(dx3) 

'<f dx2 dx0 
- 2g dx3 dx0 

- 2f' dx2 dx1 - 2g' dx3 dx1 

(191) 

(192) 

(193) 

(194) 

(195) 

We observe that with this transformation we can choose y such .. that· the 

metric (195) simplifies and can be expressed solely in terms of f and 

g. The choice 

y ~ (f2 + g2 + f'2 +g•2) 

y' = f f' + g g' 

yields the metric 

f'2 + g'2 

0 

g\J\1 

0 

-(f'2+g'2) 

-f' 

-g' 
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(196) 

(197) 

-f -g\ xo 

-f' xl 
(198) 

0 
_: ) x2 

x3 

-1 

Inserting these metric coef'f'icients into (181) and (182) we obtain the 

simple (wave) equations 

f - f'" = 0 (199) 

g - g" 0 (200) 

We see that the conditions (196) and (197) are compatable 

(aTao y = a
0

aT y) with these equations and that the conditions may be 

integrated to givey in terms of the independent field degrees of freedom 

fan~ g. (A new mode will enter here associated with the constant of 

integration). Given any functions A, B, C, D of a real variable the 

general solutions to (199), (200) 

f(o,T) =A (o + T). + B (o -T ) (201) 

g(o,T) = C (o + T) + D (o- T) (202) 

can be fitted to the boundary conditions appropriate to the system under 

consideration. 

In order to couple an external electromagnetic field to the string 

manifoldwe need a 2-form. The electromagnetic field 

F(x) El dxl dx0 + E2 dx2 dx0 + E
3 

dx3 , dx0 

(203) 

+ H dx2 dx3 + H dx3 dx1 + H d l dx2 
1' 2' 3x, 

is such a candidate and by analogy with the electromagnetic coupling 

of the point particle we investigate the equations that arise tram the 

action 

s f ( Il + eF) (204) 

V0 , VT 
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The Euler-Lagrange equations become now 

d(Il + eF) (V ~ V ) 
0 '[ 

0 

and the boundary conditions for the open string are 

f I! 

V ~ e 
'[ 

+ eF 0 

(205) 

(206) 

For a Maxwellian external field dF = 0 so the Euler-Lagrange equations 

are unchanged. The boundary conditions mey be written 

rr(V ) ± eF (V ) 
'[X TX 

0 (207) 

or in terms of components 

P
0

11 (ok,T) = (-l)k e ~)>.(ok,T) ~v f:·ok,T) (208) 

where k = 0, l labels the extremities of the o parameterisation and the 

± e arises since the boundary manifolds are oppositely orientated. The 

particular interaction (204) has a simple interpretation. By Stoke's 

theorem 

e I F e f dA e f A ·(209) 

M(2) M(2) aM( 2 ) 

aothe contributions from the spatial boundaries of the string mimic the 

point particle coupling to the vector potential. Again, the fact that 

the surface has been assumed orientable automatically produces "quarks" 

at the end points of opposite charge. For the interesting effects that 

may be conceived when the manifold becomes non-orientable see 

reference 6. For the closed string of course there are no analogous 

boundary tenns and the system is electrically inert. 
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There is no reason to restrict oneself to Maxwellian field 

couplings. If F is regarded as a "tensor potential" of some new external 

field (so dF need not vanish) then a non-trivial reparameterisation 

invariant coupling to the whole string can be achieved. 

This brief introduction to the classical relativistic string shows 

how one may employ the exterior calculus to some advantage. The 

introduction of external field interactions in a consistent w~ is 

straightforward and the exploration of gauges an automatic procedure. 

The conventional approach to canonical quantisation is via the Hamiltonian 

formalism. Since an extended relativistic system has no unique time 

parameter there is no unique Hamiltonian. The art is in generating a 

Hamiltonian which has a tractable structure and that furthermore yields 

a set of solvable field equations for the manifold. It is for these 

reasons that the Hamiltonian that generates infinitesimal translations in 

the global time variable y+ • T has gained such universal acceptance in 

the development of a canonical quantisation procedure for the string. 

IV. The Relativistic Membrane 

The final application will be to the relativistic membrane. As 

we have noted some local gauge invariant field theories indicate 

classical solutions that are localised in space and may simulate a 

confining potential for quark like fields. Considerable activity has 

been expended in formulating such ideas into bag models of the 

hadrons. Since the quantum theory of strings has peculiarities the idea 

that other localised entities mey approximate strings ( particularly 

if they have high angular momenta) in some circumstances but produce a 

quantitatively distinct theory has attractive possibilities. Such a new 

approach requires a number of ingredients among which an underlying local 

gauge invariance is probably essential. However it is of interest to 

consider in direct analogy with the free relativistic string the 

classical equation of motion of a 2 dimensional space-like manifold that 

has a bounded extent in space. As a relativistic entity it will be 

described by a 3 dimensional manifold with a local parameterisation 
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:>.. 3 4 ( ) V R + R , ,, o, p +X ;>..V( T, a, P) (210) 

At each point in this manifold we assume that the tangent vectors 

-
~v a :>.. •"' a -, - :xv _a_ 

al 
(where :>..V = a:>..V are orientated with 

axv al 
respect to a space-time frame so that 

~2 • 0 

:>..'
2 

li 0 

-2 
:>.. ~ 0 

ap 

The action consists of a 3-form in a 7 dimensional phase space and 

working by analogy with the two previous cases we postulate 

IT rr dxa _ dxs dxy 
ally -

!Tally i :>..[a :>..~ \] / t:, 

where t:, is chosen to that 

IT( IT) l 

(211) 

(212) 

(213) 

(214) 

Phase space, therefore, has co-ordinates xv, !Tally where the chain is 

c(3) 
3 7 ( ) { V V ( ) ally R + R , T ,a ,p + X = A T ,a ,p , IT 

= ~aSyh,o,p) lrr(rr) 

As before, introduce phase space tangent vectors 

V 
a 

V +V 
ox 011 

a 'ally ..1. :>..' _a_+~ ally 
a a1T ax 
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l} (2l5) 

(216) 

-
+ ;ally V - V +V =:>..a _a_ a p Px p11 axa a11aSy 

V - V +V = ~a a ;ally _a_ T <x T1T - + 
axa a1Ta~y 

and write the action for the free relativistic membrane as 

s ~ Jrr 
0 (V _v _v ) 

' a P 

If the membrane is a closed space-like surface (like a bubble) the 

variational principle gives the Euler-Lagrange equations 

di(V,-V
0

-VP) 0 

together with 

P = rr(v _ v 
' a p 

(217) 

(218) 

(219) 

(220) 

(221) 

as the conserved momentum current density l-form. 

it is useful to introduce the l-forms 

In addition to P 
T 

p 
a 

p 
p 

!I(V 
p 

rr(v 
T 

V ) 
T 

Vo) 

In the co-ordinate basis (217) the eo-variant equations of motion 

(220) become after a short calculation 

.L (~[a :>..'13 p) :>..' [ X]~- .L (>_[a ;..•ll ).YJ ~[ ). ]) 
a, wy ll aoY e 

t:, t:, 

+ .L(~[a :>..'a iY] ~[ 'A-' J) 
apY a 

t:, 

0 

46 

fr. 

(222) 

(223) 



where 

1:.2 = I ~2 I 

LA A·A . I Al2 I - I 
X •. ~ A .A (224) 

A•); 
I - x2 A ,A 

Because of the general T.o,p reparameterisation invariance only one of 

these 4 equations is independent of the others. 

If the membrane has a boundary then in order to obtain the above 

Euler Lagrange equations (220) the displaced manifold must be closed 

by the addition of a boundary contribution. If the 2 dimensional manifold 

swept out by the membrane boundary in space-time is given by the 

parameterisation 

XII B11(T.s) 

then the displaced "volume" will be 

a 
aT 

..1. 
as 

..1. 
ar 

where a is an arbitrary vector. 
ar 

rr(..1.. 2) = o 
aT as 

(225) 

(226) 

The boundary condition becomes 

(227) 

In any particular system of co-ordinates this is a rather complicated 

(free boundary) condition to impose. 

The existence of identities follows from vector algebra. The 

(norm) 2 of P is 
T 
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p (P ) 
T T 

rr(v • v ) rr (v 
OX ~X OX V ) = R px -

1:.2 
(228) 

where 

IT=V .V .V TX OX px 

[ (V A V A V ) (V A V A V l] TX OX pX TX OX px 

But 

R (v • v • v ) (v • v ) ) [(v • v • v ) (v • v '] TX ox px ox px TX ox px ox px 

(vTx.vox'vpx)~vox'vpx) • [(vTx.vox.vpx) (V A V l]l 
OX px ) 

=+(V .v .v ) { [(v .v 3 ) (v .v l] . (v .v )} TX ox px TX ox px ox px ox px 

(229) 

The term in square brackets gives 

(VTx'vox'vp) (Vox'vpx) = VT4(Vox'Vp) (Vox'vpx)) 

- (V A V ) (V ( V A V ) ) 
ax px TX ox px 

(230) 

By exterior multiplication by VOX A vpx this yields 

- - -
R = + (V A V A V ){ (V 3 ) (V A V ) (V A V A V ) } TX OX pX OX pX OX pX TX OX pX 

(231) 

so 

-
PT(PT) -(Vox A vpx) (VOX A vpx) 0 (232) 

One can also calculate 

p (V ) 
T OX IT (Vox'Vpx'vox) 0 IT (V • V ) V ox px ox 

(233) 
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PT (Vp) = II(V0 x , Vpx) Vpx II(Vox " Vpx " Vpx) 0 (234) 

In a co-ordinate basis 

(Vox" Vpx) (Vox "Vp) Al2 ~ ~ (A1.">,)2 (235) 

and the identities ~ be written 

p 2 - Al2 ):2 + (A 1 .):)2 = 0 T (236) 

p ·A I = 0 T (237) 

-
P ·A = 0 (238) 

T 

In a Hamiltonian formalism in which P~ is a momentum conjugate to x~ 
T 

these are the three primary constraints of the theory. There are other 

identities that are obtained by repeating the above calculations but 

with PT replaced by P
0 

and P respectively. 
p 

obtain the 

and 

p 2 
0 

p 2 
p 

equations 

~2 A 2 + (~ .>.) 2 

P ·A 
0 

p .1 
0 

· 2 12 . 2 
- AA +(A.A 1) 

p .A p 

p .AI 
p 

= 0 

= 0 

= 0 

= 0 

= 0 

= 0 
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In this manner we 

(239) 

(240) 

(241) 

(242) 

(243) 

(244) 

in a co-ordinate basis. Equation(242)is of interest if examined 

together with the bound~ condition for an open membrane. If we 

choose the boundary to be the image of the line p = constant then x 

on the bonndary and we can write 

rr(v 
TX Vo) p 

p 

V s V OX Then 

must be a zero 1 form on the boundary. However its norm is an 

element of area on the surface described by the elements 

V , V since TX OX 

area V TX V I dT do OX 

1 

.2 12 (. I )2 I~ X X - X X dTdO 

Thus we see that the area of the world tube swept out by the open 

membrane boundary must be null. 

(245) 

(246) 

As in the case of the string the 4 covariant equations of motion 

(224) carry redundant information. Choosing a gauge for the 

relativistic membrane is, however, considerably more difficult than for 

the string. A 3 dimensional manifold is not in general conformally 

flat and unless the membrane has a high degree of symmetry a number of 

overlapping co-ordinate systems must be considered. Although we ~an 

derive an independent equation of motion a gauge choice that yields a 

simple Hamiltonian is elusive. In all cases that have been studied( 7 ) 

non linear equations of motion arise with all their attendant problems 

when one considers quantisation. 

Let us choose a set of curvilinear co-ordinates x~ with metric 

g in space time with which to describe the membrane. If the 
~\) 

3 dimensional manifold under consideration is the co-ordinate "surface" 

x3 0 (247) 

we shall write 

X~ { T,o,p, x3 } (248) 
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The 3 form " IT has 4 components so let us write 

IT ITA dxo dxl , dx2 + JIB dxo , dxl , dx3 

+ lie dxo , dx2 , dx3 + !ID dxl , dx2 , dx3 (249) 

In these co-ordinates we can express the components of 1r in terms of 

the components of the metric since 

ITA = 1 I *o 
il :i2 

-;; 
x' x' 

0 1 
x• 2 I etc. (250) 

- -
X xl X 2 0 

Thus 

ITA = tJ. (251) 

goo glO g30 

JIB = 1 
-;; 

I 

~1 gll g31 
(252) 

g02 gl2 g32 

rre = f I goo 
g20 g30 

~1 g21 g31 (253) 

g02 g22 g32 

= t I glO g30 1 !ID g20 
(254) 

gll g21 g31 I 

gl2 g22 g32 I 
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The 3 tangent vectors in phase space simplify to 

V = a rr"k 
T - + a 

(255) ax0 
a1Tk 

V = a rr•k a a + (256) ax1 
a1Tk 

V = a + 
-k 

a JJ (257) p 2 a1Tk ax· 

k = A,B,e,D 

The evaluation of (220) proceeds with the. aid of the exterior 

algebra and one obtains the one equation (as the coefficient of a.x3 ) 

a 
ax3 

IT 
A - a 

ax0 

IT 
D 

a 
+ -1 

ax 

IT e - .L 
ax2 

IT 
B 0 (258) 

A specific gauge is adopted (at least locally) when we choose 

the metric ~v' i.e. fit the curvilinear co-ordinates into space time. 

If we contemplate a closed membrane then we might try to describe it 

any instant of time by the dependence of some radial co-ordinate 

R on polar angles 6 =a and~ : p. Thus if flat space-time has 

co-ordinates y0
, y1 , y2 , y 3 with metric 

ds 2 (dyo)2 _ (dyl)2 _ (dy2)2 _ (dy3)2 (259) 

we relate these to our membrane co-ordinates by the transformation 

0 = 0 (260) y X 

1 (R + x3 l sin x1 sin x2 y = (261) 

2 = (R + x3 ) sin x 1 2 (262) y COS X 

y3 = (R + x3 ) cos X 
1 (263) 

52 



Then x3 = 0 gives the membrane at any constant y0 

3-space as 

T in Euclidean 

y1 (T,a,p) R(T,a,p) sin a sinp (264) 

y2(T ,a ,p) R(T,cr,p) sin a cosp (265) 

y3(T ,cr ,p) + R(T ,cr ,p) coscr (266) 

Straightforward algebra gives the metric for xm as 

1- R2 - R R - R R - R \ T cr p 

-fl R -R2 - B2 
-R R - R ) 

cr (267) cr cr ~ cr p cr 

giJV i-R RP 
2 2 . 2 -R R -R -R s~n a - R p 

a P p ~ p 

R - R -R - 1 3 
X cr p 

where R = R + x3 
~ 

and R =lli . R = 2B. 0 
aa 

p ap 

The 4 components or IT can be explicitly calculated now and (258) yields 

a partial differential equation for R(T,a,p). A simple example is a 

membrane that maintains a spherical symmetry in time : R
0 

this case one obtains the equation 

2R (1 - R2
) + ~( R R2 

) 
CT 11=-R2 

with the first integral 

R2 

<1-R2 l~ 
constant 
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0 

R = 0. In 
p 

(268) 

(269) 

This differential equation can be integrated in terms of Jacobi elliptic 

functions and the radius of the sphere can be expressed as 

R(T) 
, 

4E } ~ 
b 

, 
en (y- (4 Eb) 4T 

I
Ll 
12 

(270) 

where E and b are constants or the motion and in terms or the complete 

first order elliptic integral 

y K (L) 
12 

(271) 

This motion is reminiscent of certain pulsing empty universes in 

general relativity. The spherical system has a tractable Hamiltonian 

and one can in principle quantise the motion of this pulsing membrane. 

~ electrically charging the membrane uniformly and considering small 

oscillations about the equilibrium configuration Dirac has examined 
. '1 . . . (8) 

s~m~ ar sp~n zero exc~tat~ons. 

To develop the membrane theory further is beyond the scope or 

these notes. It would be interesting to calculate the masses of spinning 

configurations but the non-linear equations appear to demand a numerical 

attack. The quantum theory has its own set of difficulties although 

approximate techniques (such as W. K. B methods) do suggest themselves 

in a number of situations. 

We have been mainly concerned with the classical relativistic 

description or extended objects in space time in terms of exterior forms 

and integrals over manifolds. This language has a power and elegance 

that can be exploited in many ways. We have not discussed symmetries or 

conservation laws in general but these can also be formulated in a 

gauge invariant way. The important operation or Hodge duality has not 

been mentioned although this is or considerable use in discussing physicaL 
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field theories. The classical de-Rham theories( 3 ) are also destined, 

in the author's opinion, to play an impo~ant role in advancing our 

understanding of topological currents. We have seen in the examples 

presented above that much of the complexity of the formalism can be 

postponed until one needs explicit co-ordinates and even then a judicious 

choice of co-ordinate system can prove advantageous. There is, of course, 

no substitute for solving equations. However, the formalism does suggest 

generalisation and furthermore is capable of realising such generalisation 

with a mint.um of computational effort. 

Ultimately the use of conventional exterior forms in physics must 

be related to the relevance of anti-symmetric tensors in physical theories. 

It is, however, possible to enlarge the phase space manifolds discussed 

in these notes to accommodate strings and membrans with intrinsic spin 

distributions. If spinonial degrees of freedoa can be described in this 

manner it seems possible that internal symmetries ~ be established in 

a similar fashion. 

These notes have concentrated on the "particJJe" aspect of extended 

objects. A relativistic "many particle" picture properly requires a 

quantum field theory. In particular local gauge invariant field theories 

have becoae fashionable of late for good reason. If the exterior 

calculus can illuminate &ome of the geometrical and topological 

properties of such theories and relate the. to strings and membranes 

then its introduction as a tool in particle physics will have been 

worthwhile. 

The author would like to acknowledge a helpful discussion with 

Dr C.T.J. Dodson of the mathematics department at the University of 

Lancaster. 
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