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Abstract

We consider the solution of weighted linear least squares problems by
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1 Introduction

Householder (1958) proposed the use of orthogonal transformations for the solution of the
overdetermined system of linear equations

Ax = b, (1.1)

where A is an mxn matrix with m>n. The method was discussed further by Golub (1965), who
proposed the use of column interchanges. As refined by Golub, the algorithm involves the use of
Householder transformations to form a QR factorization of a column permutation of A.

The method was implemented in ALcoL 60 by Businger and Golub (1965). The factorization is
computed in n major steps, each of which may involve a column interchange. Powell and Reid (1968,
1969) proposed row interchanges, too. Apart from organizational aspects and the application of the
inverse column permutation to x, the computation isidentical if the interchanges are applied first to A
and b, and then the algorithm is performed without interchanges. We will make this assumption,
which allows us to simplify our notation greatly. The factorization obtained is

A=QR (1.2)

where Q is orthogona and R is upper triangular.

The weighted problem
min (b—Ax) TW?(b - Ax), (1.3)
where W = diag(w, ) is adiagonal matrix, can be expressed as the unweighted |east squares solution of
the system

WAX = Wh. (1.4)
Powell and Reid (1969) formed this set of equations explicitly and performed a backward error

analysis that showed the solution obtained to be exact for a perturbed system where the perturbations
in each row were small compared with the largest element in the row.

We will show that the algorithm can be extended to the constrained case by use of implicit scaling,
that is, without ever forming WA or Wb explicitly. Corresponding to the factorization (1.2), we obtain
the factorization

WA=QWR. (15)

By storing the inverse weights W1, we can include the case of infinite weights without the need to
represent co. We set out the resulting algorithm in Section 2. The backward error analysis of Powell
and Reid is applicable, as we explain in Section 3. The detailed proof of their bounds was given only
in a report (Powell and Reid 1969), which is now out of print. Therefore, it is reproduced in the
Appendix.



Gulliksson and Wedin (1992) obtain the same algorithm by introducing the concept of an
‘M—invariant reflection’ and devel oping associated mathematical theory, which obscures the fact that
itisrealy avery straightforward extension and that the error analysisis applicable. M is the diagonal
matrix

M=W?2 (1.6)
and amatrix Q,, is said to be M—invariant if the equation
QuMQy =M 1.7)
holds. It is readily verified that if Q is orthogonal, the matrix
Qu=W'QW (1.8)
is M—invariant, and the factorization (1.5) can be written
A=QyR. (1.9)

Cox and Higham (1997) provide an alternative error analysis that is shorter and does not rely on
accurate accumulation of inner products. We summarize their resultsin Section 4. They also show that
their bounds are available if row pivoting is replaced by initial sorting of the rows so that they have
descending infinity norm. The same is true for the Powell and Reid result, as shown at the end of the
section.

Iterative refinement in the weighted case is considered in Section 5 and the extension to infinite
weightsis considered in Section 6. The resulting iteration is the same as that of Gulliksson (1994), but
is not dependent on the theory of M—invariant reflections. An error analysis has been provided by
Gulliksson (1995).

2 Householder reduction for the weighted problem

In this section, we set out the details of the Householder reduction with implicit scaling. We start with
the system (1.4) and end with the factorization (1.5). Thus, A, R, and b are implicitly scaled by W.
Other quantities are implicitly scaled as shown in Table 1. Where both sides of an equation are
weighted in the same way, we omit the weights. All we are actually doing is taking the algorithm and
the variant of Powell and Reid and writing down what happens when the quantities are held with
implicit scaling. For each of the equationsin this and the next section, the equivalent original equation
may be recovered easily by making the substitution W=1.
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Table 1. Implicit scaling factors.

The reduction involves n steps starting from AP =A and ending with A™? =R. The k-th step
involves the transformation

WAKD = HOWAR k=12, ...,n, (2.1)
where HY is the matrix
H® = -w2B Wu®u® Tw, (2.2)
the vector u® has components
u® =0, i<k
Ul = (0, +la ) sign(a) [] @3
ui(k) - ai(li()i i >k, |:|

and o, and B, are given by the equations

m
Wy O = ZWizai(l?z (2.4)
=%
and
-1
B = (ot + o aldl) . (25)

This choice of S, ensuresthat H® is orthogonal and that the k-th column of WA®D = H® wAW js
zero below the diagonal. Later multiplication by H®, j >k, preserves this property since u®, i<k, is
chosen to be zero. Therefore, finaly, A™? is the upper triangular matrix R of the factorization (1.5).

For the right-hand side, we start with b® =b and the k-th step involves the formula

Wb&D = H®WwWp® k=12 ... n, (2.6)
which requires the computation of
Vi = W2 By u® TW2p® 27)
and
b®) = p® -y u®, (2.8)

Finally, the upper-triangular system



n
S af™x =b{™, i=12..,n (2.9)
=

is solved by back-substitution.

The column interchanges are chosen so that the inequalities

m m
2 2 .
weo = [y wiald® 2[5 wiaf" >k (2.10)
1=k i=k

hold for each k.
Computing A%V | see equation (2.1), requires the computation of
y®O T =w2B u® " w2A®, (2.11)

whose nonzero components are

m 2
W,
K — ! K =
yO=p u_( a®  j=k . .n (2.12)
i k; i Wk ]
and
AlD = A® _u(k)y(k)T_ (2.13)

A consequence of the column interchanges is the bound

ly®¥] <2 (2.14)

on the components of y®, which is important for the stability of the algorithm, see equation (3.6).
Thisis proved by applying Schwarz’ sinequality to the j-th component in equation (2.11). For reasons
explained in the next section, Powell and Reid introduced row interchanges to ensure that the
inequality

w.aW¥l = |w.aldl], i>k 2.15
k “kk i ik

is always true.

3 Theerror analysis of Powell and Reid

Powell and Reid (1968, 1969) performed a backward error analysis for the explicitly weighted case,
assuming that al floating-point operations (including square roots and inner products) are performed
with relative accuracy bounded by € and terms of order £ are ignored. The results hold equally well
when every number is scaled by a power of a weight, provided the scaling can be performed without
error, which will be the case when the weights are powers of the base. We summarize their results



here for this case. The effect of other weightsis to increase the numerical values of the factorsin the
bounds, but it does not affect the qualititive result.

Using bars for computed quantities, Powell and Reid introduced the row factors
o =max|al], =12, ..m, (3.2
i,k

and showed that if all terms of order £ are ignored, the computed solution X is the exact weighted
least squares solution of the system

(A+4)x=b+d (3.2
where the elements of A are bounded by the inequality
4, < [nz(%%@)—n(%f_Lf)+(z4+14@]sai (3.3)
and the elements of d are bounded by the inequality
16, < [nZ(A;%W) +n(3+13v2) +(z4+14@] gpa;, (3.4)
where
- (K2
2
o A
P = max| max——, max —— . (3.5)
ik O k W\ Oy

These results show that Golub’s algorithm is backwards stable in the presence of rows with widely
varying norms provided there is no significant growth of these norms during the reduction. The
column interchanges ensure that, outside the pivot row, the growth is limited by the factor 1++/2ina
single step:

max|af?| < (L+y2) max|afl, i>k (36
j i
This is an immediate consequence of the bound (2.14) and the equations (2.3) and (2.13). However,

there may be growth in the pivot row unless row interchanges are included, too. Powell and Reid used
the simple example

0 2 1
_|10°10° O

A 1100 0 100 &7
0 1 1

for illustration. Without row interchanges, there is disastrous growth in the first row, with
a, = 10°4/2. With row interchanges to ensure that inequality (2.15) holds they were able to prove the
inequality



k K]
mjax| al™| < mlaf|. (3.8)

To prove this, we note that since orthogona transformations preserve the Euclidean norms of

columns, the inequality
n 2 i 2
k+1 2 o (k+1 — 24K
w,|ad | < > w; afd” = > w; ald”. (3.9)
i=k 1=k

holds. The result now follows from the inequality

m
'S wiaf? 2 < w0, (3.10)
X

which is a consequence of the column interchanges, and the inequality
o, <Vm|af], (3.11)
which is a consequence of of the row interchanges.

The results (3.6) and (3.8) allowed Powell and Reid to prove that the inequality

a; < (1++2)" Vmmax | ay| (3.12)
J

holds.

4 Thework of Cox and Higham

Cox and Higham (1997) provide an alternative error analysisthat is shorter and easier to read because
they use vector and matrix notation exclusively and are not concerned with obtaining explicit
constants. It is not a first-order analysis and does not assume that inner products are accumulated in
extra precision. They use the notation y, for the quantity

— _ cke

e = 1= cke’
where c is a small integer constant whose exact value is unimportant. We will again express their
results in terms of the weighted problem. Corresponding to the bound (3.3), they find the bound

(4.0)

14| < Ymi®ea. (4.2)
The presence of the factor mis attributable to ordinary accumulation of inner products.
Corresponding to the bound (3.4), they find the bound
5] < ¥, n?e max(1, p) a;. (4.3)

The row interchanges in general ensure that rows with large norms are pivoted first, but Cox and
Higham show that their bounds hold if the weighted rows are ordered initialy to have decreasing



infinity norm, that is, so that the relations
max |w;a; | < max |w,a,|, >k (4.4)
J J

hold. Thisruleis also applicable to the analysis of Powell and Reid. The bounds (3.8) and (3.11) will
no longer always be true, but relationship (3.12) does still hold. To establish this, we note that
relationship (3.9) gives the inequality

max |w, 2| < Ymmax max |w;a{| = Ymmax max |w;a{?|. (4.5)
>k =k =k ik j=k
Now using relationship (3.6) repeatedly gives the inequality
max |w,al™| < ymmax (1++/2) " max |w; ;| (4.6)
jzk izk j

from which relationship (3.12) is a consequence of the row ordering, see equation (4.4).

5 Iterativerefinement

Bjorck (1967, 1968), see also Bjorck (1996), showed that the key for successful iterative refinement
of the least squares solution of equation (1.1) is to work with the augmented system

I A\ (r\ (b 51
AT 0 (x - o)’ G
For our weighted case, this becomes
w2 Al (r b
= . (5.2)
AT o/ \x] 10
The residual for this system is
f by (W?Z A (r
= - (5.3)
g/ 10 AT 0] \x
and iterative refinement involves solving the equation
W2 A| (& f
= : (5.4)
AT of \x| \g
Using equation (1.5) to substitute for A gives the equation
W2 WIQWR) (o f
= : (5.5)
R'WQW™ 0 X g

which can be rewritten as the equation



(W‘2 R) (WQTVV'15r) _ (V\rlQTWf)_ (5.6)

RT 0 OX g
Since Ris upper triangular, this can be rewritten in the form
W? 0 U h, d,
0 W;2 0f[hy] =|d;]. (5.7)
u™ o of \& g

where U is square and upper triangular. The matrix of equation (5.7) is a permutation of a triangular
matrix and can therefore be solved by first solving the equation

UTh, =g (5.8)
by forward substitution, then solving the diagonal system
W;?h, =d,, (5.9)
and then solving the equation
Udx=d, -W,?h, (5.10)

by back-substitution. The vector d=W™Q"Wf may be calculated as f™? from f=f® by the
sequence of steps

fl D) —wWrig®OWwWi® - k=12 ...n, (5.11)

which are exactly like those applied to b in equations (2.6) to (2.8). Similarly, & =WQW *h may be
caculated as h© from h=h™ in the backward sweep:

D = WHOWh® = (1 - g w2 W2u®u® ) h®, k=n,n-1,..,1, (5.12)
which requires the computation of
Ny = Bu® 'h® (5.13)
and
h®D = h® —w 2 W2ul®. (5.14)

It is usual to start the iteration with r =0 and x=0, so that in the first iteration equation (5.3) gives
f=b and g=0. It is interesting that the computations applied to f to form d are exactly the same as
those applied to b in the method without refinement. Further, since g is zero, so is h, (see equation
(5.8)) and equation (5.10) simplifies to

Udx=d,, (5.15)

which has the same matrix and right-hand side as equation (2.9). Therefore thefirst iteration will yield



exactly the same approximation for x as the non-refined method.

6 Theconstrained case

We now consider the constrained weighted least squares problem. We suppose that there are p
equality constraints and that they are linearly independent. Infinite weights are needed to implement
the Powell-Reid method, so we store W rather than W. The weights always appear relative to each
other, which means that if a weighted sum involves a nonzero with an infinite weight, we can ignore
all nonzeros without infinite weights. We take the infinite weights to be equal to each other, that is, the
ratio of any two of them to be unity.

The column and row interchanges, see inequalities (2.10) and (2.15), are sure to bring the constraint
rows to the front if they are not already there. The steps of the algorithm become

(i) Choose next column and calculate g,. If k< p, inequality (2.10) reduces to

p p
0k = \/ yaltz [yaPt, j>k (6.2)
1=k 1=k
For k>p, inequality (2.10) is used as before.
(if) Choose next row. If k<p, use row interchanges to ensure that the inequality
lal| = [ald], k<i<p (6.2)
is always true. For k>p, we return to inequality (2.15).

(i) Caculate u and B,. Equations (2.3) and (2.5) are used unchanged since they do not
involve the weights.

(iv) Calculatey® . If k<p, equation (2.12) reduces to
K P K ;
v =By uald, j=k..,n. (6.3)
1=k

For k> p, we return to equation (2.12).
(v) Caculate A**Y . Equation (2.13) is used unchanged since it does not involve the weights.

The resulting algorithm is equivalent to that of Gulliksson and Wedin (1992). The error analysis of
Powell and Reid is still applicable. We will have performed aweighted and constrained solution of the
perturbed system (3.2) with bounds given by inequalities (3.3) and (3.4), where p has the value



| (K 2 | )2
|b(k)| Zb Z(W b )
0 = max| max visk vk

ik O k>p Wy Oy

(6.4)

Weillustrate this behaviour with the example considered by Gulliksson and Wedin (1992). Here, A
is the matrix

11 5 4
1 2 42
A=113 31
10 61
1 610 2

and the right-hand side is defined by the equation b = W2A+Ax for A=[3,-9,5,1,0]" and x =
[-12,1,3,3]". Since ATA=0, this yields a problem whose solution is x. Using a SUN Ultra 1
workstation, we held the given problem and the vectors x and r in double precision and the other
quantitiesin single precision. Taking W™ = [, i, 11,1, 1] " for = 1,1073,107°, 0, we found residuals
with norms as shown in Table 2. Convergence was good in all these cases and only 3 iterations were
needed to obtain as much accuracy as can be expected.

u 1 1072 108 0
lteration1 |||, 5.0e:06 2.3e06 2.3e06 2.3e-06
loll. 4.4e07 1706 1.2e06 1.2e-06

lteration2 ||, 8.8e13 45e13 33e13 43el4
lol., 33el13 35e12 13el2 22e12

Iteration 3 |ff]l.. 0 3.6e-15 7.1e15 0
llall., 0 18615 1319 1.7e-19

Table 2. Residual norms after 1, 2, and 3 iterations.

For the constrained but unweighted case, the usual approach (Bjorck and Golub 1967) isto perform
a QR decomposition of the p leading (constraint) rows, with column interchanges, to yield the system

A TA X b
QA QAL ( 1): Q 1)’ (6.5)
Ay Ay X2 b,
that is,
R,, A X C
11 A 1):( 1), (66)
Axn Axpl X, b,




where R,; is upper triangular. Now Gaussian elimination is applied to yield the equivalent system
X Cc

1) = ( l) . (6.7)
X2 C,

QR decomposition is used for the least squares solution of

R A
0 A,

ApXy =Cy (6.8)
and x, isfound by back-substitution

Using infinite weights in the Powell-Reid method yields an algorithm that is very closely related.
The infinite weights mean that the computation in the leading rows ignores all datain the remaining
rows, so that Ry, Ay,, and ¢, are computed as in (6.6). In fact, when replacing A®¥ by A every
row of the matrix is atered by a multiple of y® ', see equation (2.11), which is now a linear
combination of rows k to p since w;/w, =0 for i >p. Thus, aform of Gaussian elimination is applied.
The number of arithmetic operations is the same and the end result is the same,

Ay =Ap—-~Ay Rl_ll Ap =Ay, _A21A1_11 Q QTA12 = Ay _A21A1_11 A, (6.10)
apart from roundoff effects.

Stewart (1997) considers the constrained case and compares elimination methods with explicitly
weighted methods. He suggests weighting so that the ratio of the norm of the non-constraint part of
the matrix to the norm of the constraint part islessthan the relative precision. However, hisanalysisis
based on the use of norms and does not provide a row-wise backward error result comparable with
inequalities (3.3) and (3.4).

7 Conclusion

The Powell and Reid agorithm, with minor changes, is available for constrained weighted linear |east
squares problems and their backward error bounds apply. Those error bounds apply also if row
interchanges are applied a priori to order the rows by decreasing weighted infinity norms. The
algorithm can be applied with iterative refinement.
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Appendix: Harwell report of Powell and Reid

In this appendix, we provide atypeset version of the report of Powell and Reid (1968), which is out of
print.
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ABSTRACT

We derive some new error bounds for Golub’'s (1965) algorithm for
calculating the least squares solution of an overdetermined system of linear
equations, which are useful when the equations have widely differing weights.
We show that improved accuracy can sometimes be obtained if Golub's
algorithm is extended to include row interchanges.
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1. Introduction

An excellent algorithm for calculating the least squares solution of the overdetermined system of
linear equations

n
>ayx =b;, i=1,2,...m, (1)
=1

(m>n) isdescribed by Golub (1965), and an ALcoL listing is given by Businger and Golub (1965). It
exploits the fact that the required solution is aso the least squares solution of the system

QAX = Qb, )

where Q is any mxm orthogonal matrix, by finding an orthogonal transformation that causes QA to be
an upper triangular matrix. This upper triangular matrix is obtained by a sequence of n elementary
transformations, which we write as

AD = A []
Ak = pOA® (k=12 ...n) ] ©
QA =A™ [

and the matrix P® is calculated so that all the elements of the first k columns of A that are below
the diagonal are zero. Each matrix P® is of the form

PO = |- uOu®T] @)
the orthogonality of P® being obtained by the condition

Blu®|3 = 2. (%)

Wilkinson (1965) gives an error analysis of this type of calculation, and shows in his equation
(45.3) on page 160 that the calculated components of QA differ from their true values by small
multiples (depending on the precision of the computer) of ||A||z. One purpose of this paper isto extend
Wilkinson's results, because they are not suitable for a situation that occurs frequently in data fitting
problems. We are referring to the case when some of the data to be fitted are much more accurate than
the remaining data, so, to take account of the difference in precision, some of the rows of A are scaled
so that their elements are much larger than those of the remaining rows. In this case the value of the
number ||A]lz is dominated by the large rows, but, if the number of very accurate observationsis less
than n, the required solution has an important dependence on the less precise data. Therefore we
would prefer any error bounds or estimates to reflect the scaling of the rows of A; such bounds are
derived in Sections 3, 4 and 5 of this paper.

In obtaining these bounds we find that the ordering of the columns of A is important; our results
depend of the strategy that Golub recommends. A discussion of the ordering of both rows and

14



columnsis given in Section 6, and it indicates that Golub’ s algorithm should be extended to include
some row interchanges. Although this result is presented as a conclusion of the theoretical analysis,
really the theoretical analysisis a consequence of the need for row interchanges, for the work in this
paper was begun when Golub’s algorithm failed on areal problem.

2. Golub’s algorithm
We quote the details of Golub’s algorithm that are needed for our error analysis.

The strategy for ordering the columns of the matrix A is applied before each elementary
transformation P® is calculated. It depends on the numbers

m
2 .
i = ;aiﬁk’ ,j=kkH, N, ©)

and we let the largest be 7{Y. If q = k then no interchanges take place, but otherwise the unknowns x;
are reordered so that the k-th and ¢-th columns of A® are interchanged. This process does not
introduce any errors so, in order to simplify our notation, we suppose that the matrix A is such that no
column interchanges are necessary. Therefore we have the inequalities

m

2 2 .
al)” =y af’”, j>k (7)
i=k

M s

1=k

Next the transformation P® is applied both to A® and to the current right-hand side vector of the

equations. The numbers
n 2
0= .2 afl )
1=k

B = (o2 +aa¥l) ™ 9

are evaluated, and the components of u® (see equation (4)) are set to

and

u® =0, i<k ]
uf = (o+afl) sign (all) ] (10)
u® =al, i>k []
We obtain the numbers
yj(k) = B.u® TAj(k) L i>k, (11)

where the notation A" represents the j-th column of A%, and we calcul ate the elements of A" from

15



the equations

o™ = aff i<k -
ald = al, i<k, j2k —
ai™ = -o, sign(ayd) [ ] (12)
ald = 0,i>k —
ald = al —u®y®, izk j>k ]

For the right-hand sides of the equations we et

b® =p ]
O (13)
p®D = po p®

To calculate b®**™ we obtain the number
Vi = Bu® 'b®, (14)
and then use the equations

b = p®, i<k O

b i(k+1) (15)

(I

Thus, by applying the sequence of transformations PY, P@ ... P™ we obtain a system of linear
equations

n
> ai§n+1>xj =b™V i=12,..,m,
=1

having an upper triangular matrix. The equations indicated by the values i = n+1, n+2, ..., m are
ignored, and the required vector x is obtained by back substitution.

To conclude this section we derive a result that indicates why Golub’s strategy for interchanging
columns is important. It is a bound on the numbers y, defined by equation (11), and we will use it
many times in the error analysis.

Theorem 1

vl =~2. (16)

Proof By applying Schwartz's inequality to the definition of y, and by using the statements (7),
(8) and (5) we obtain the inequality

16



m
K K K) 2
ly®| < Blu®Il; Zai(,-)
1=k

K
= Uk:Bk"u( )"2

20,

= m (17)

Also from the definitions (10) and (8) we have the identity
W®Z = 20, (0, +1afl), (18)

which implies the inequality
lu®l, 2 v20,. (19)
Therefore the theorem is an immediate consequence of the inequality (17). ]
Note that for j >k Golub’s algorithm includes the equation

AKD = A0 _y©y®©, (20)

so the theorem bounds the multiple of u® that is added to the j-th column of A®. An operation like
equation (20) can cause any errors to grow persistently as k ranges from 1 to n, so the column
interchanges are justified by the fact that they limit the multipliers y®.

3. The errors of the transformation P®

In the error analysis we assume that we are using a floating-point computer on which all the
operations of addition, subtraction, multiplication, division, extraction of square roots and rounding to
single precision are performed with relative errors no greater than &, and we omit terms of order £2.
We also assume that a subroutine is available for the double-length accumulation of inner products,
followed by roundoff to single precision. To distinguish computed numbers from those that would
result from exact arithmetic, we attach “bars’ to numbers that are calculated; for example g, and u™®
are computed quantities.

The intention of Sections 3, 4, and 5 is to bound the total error of the calculation in a way that
reflects the scaling of the rows of A. We state our resultsin terms of the greatest numbers that occur in
each row of A during the operation of the algorithm, namely

a; =maxfaf’], i=1,2,..,m. 1)
j,k

We find that the calculated vector x is the exact least squares solution of a system of linear equations
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that islittle different from the system (1), and we bound the differences between corresponding matrix
elements a; by multiples of a;. In fact these multipliers are of order n?, which is pleasing because
equations (16) and (20) suggest that we might have had terms of order (1+4/2)".

In this section we bound the errorsin A®*? that are caused by the calculation when the matrix A®
is exact, and we use the notation

A% = ALY pleD), (22)
The effect of errorsin A® istreated in Section 4.

By using the double-length scalar product routine, we calculate o (see equation (8)) to arelative
accuracy of &, so, because a square root halves a relative error, we obtain the result

oy — 0| < 3ea. (23)
The error in B,.* (see equation (9)) is bounded by the inequality
B - B < eB* +eog + ea ol |+ 3eailall| = o, (20, + Jlalll), (24)
and for the error in u{ (see equation (10)) we have the bound
50 - U] < e+ 260, = £{501+ ) @

However in bounding the error in y® we depart from the ALcoL listing of Businger and Golub
(1965), because we can gain some accuracy by dividing by B! in expression (11), instead of
calculating B, and multiplying. Thus, using the inner product routine, the error in yj(") is at most

B9 -y < ely® 2+ B0y (20, + P} + B (S0 + Pl (26)

the second term being a consequence of the error in u®. Therefore, from Theorem 1, the inequality
(7) and the definition (8), we obtain the result

VY -y < 2v2e+ B, (2v2+ ) o+ (V2 + 1] D} @)
which, because of the inequality
la®| < oy (28)
and the definition (9), gives the very simple bound
Y -y®) < g(§ 2+421). (29)

We now obtain bounds for the elements of the error matrix A® (see equation (22)), and find
immediately from equation (12) that several elements are zero:

<k
A9 =0 <k j2k (30)
Ci>k, j=k
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Also equation (23) gives the result
A% < 3eay, (31)
and from equation (29) and Theorem 1 we obtain (for i >k, j >k) the bound
4§01 < elaff ™ ++2elu ]+ (PV2+7) | = e{laf 1+ (Fv2+ ) u1} (32)

For the case i =k, j >k there is also an error from u®, so using equation (25) as well we find the
inequality

401 < e{lal 1+ (ZV2+ ) P} +ev2(30 +lal)- (33)
We express the results (31) — (33) in terms of the numbers a;, defined by equation (21), using the
inequalities
o, < a,, (34)
(derived from the expression for a{*® in equation (12)),
u® < a;, i>k (35)
(derived from equation (10)), and
u¥| < 2a, (36)

which follows from the statements (10) and (34). Thus we obtain the bounds

B@| < Seay []
AP < £(15V2+3)ay, >k ] (37)

AP < &(2y2+Y)a;, i>k j>k []

In the next section we also require bounds on the numbers [|A® |, where again the single subscript
indicates a column of a matrix. From equations (30), (31) and (19) we obtain the results

0,j<k ]
L]

3 K

;n@ellu( M2 ]

but it is more difficult to derive our bound for j >k. We use equations (30), (32), (33) and (28) to
calculate the inequality

K k 2 K
IIAJ-”IIZSE[,/Za(”’ ( +§)IIU”II2

and from the fact that Euclidean norms are invariant under orthogonal transformations, and from
equations (7), (8) and (19), we find the bound

K
1411,

(38)
18811,

IN

+ %\FZEU ks (39)
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||Aj<k)||2ss{(§ 2+§)||u<k)||2+(% 2+1)0,}
< a(%f 2+%)||u(k)||2, >k (40)

This completes the analysis of a single transformation P®, and we use the results (30), (37), (39)
and (40) to obtain the bounds for the whole calculation.

4. The error of the sequence of transfor mations

In our notation for the analysis of the errors of the sequence of transformations P™ P | p® we
make a slight change from the nomenclature of the last section. Now welet P® (k=1, 2, ..., n) bethe
orthogonal transformation that would be obtained from the computed matrix A% if exact arithmetic
were used, and in place of equation (22) we write

k+1)

A9 = A¥Y —pOAY, (41)

The purpose of this section is to bound the elements of a matrix A having the property that the final
computed matrix A™ would be obtained by an exact application of the algorithm to the
overdetermined system of linear equations

(A+AQ)x =Db+d (42
Therefore A is related to A and A™ by the equation
A+A=QA™Y, (43)

where Q is an exactly orthogonal matrix. Different choices of Q provide different error matrices 4,
and, in order that A is zero if the calculation of AT s exact, we define A by the equation

A+A={P®prD  pO} A"
=p® p@ p(n)K(nﬂ)’ (44)

the last line being a consequence of the symmetry of P®. It is possible that the error bounds of this
section can be improved by a different choice of Q.

To bound the elements of A we use equation (41) to express the right-hand side of equation (44) in
termsof Aand A% (k=1, 2, ..., n), which gives the identity

A+A=PD pA  pOA®M 1 p® p@ pe-HAD

S PO P@ _ plAK +AD, )
=)

from which we deduce the equation
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n
A= kz PO PA  phak, (46)
=1

Our results for the total error from the sequence of transformations are obtained from equation (46)
and the inequalities of the last section.

In the k-th term of the sum (46), we substitute expression (4) in place of some of the orthogonal
matrices, obtaining the result

PO PR  pl AK :{| ~ B uDy® T}{ pQ@ p®d p(k)A(k)}

=P@ PO p®AK - g yWy®TPA pA  p®A®

k
AR — Z ﬁqu(Q)u(Q)Tp(qﬂ) p@2 pkAK (47)
g=1

Thus, using equation (5) and the orthogonality of the transformations P®, we deduce the inequality

k
1) p(2 K K K T 1 2 K A K
PO P@ _ P® AW Slﬂ()liﬁqglﬁqlui(q)l \u@ p(q+)p(q+)mp()Aj()‘
k
K 1 2 K K
< |A( )|ij +qglﬂq|ui(Q)|"u(Q)”2 H p@+) p@+2) pl )Aj( ) H ,

k
= 1aW], +2)4% "2qgl|ui(q)|/”u(q) I,. (48)

We simplify the inequality (48) by removing the term [Ju@]|, from the summation. We do this by
noting that inequality (7) gives the result

04 2 0y, g<Kk, (49)
so from statement (19) we deduce the inequality
W, 2 v20; 2 u®|, /42, a<k, (50)

the last line being a consequence of equations (8) and (18). Thus from expression (48) we find the
bound

POPE..PYAY]; <IAP I+ AR & 1AL, /U, (51)

where A is defined by the equation
k-1
;A = 242 3 @]+ 2ul] (52)
g=1
equations (10), (21) and (36) give the result
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[?\@(iﬂ), i<k
AW < [PV2(k-1)+4, i=k (53)
[ PvV2(k-1)+2, i>k.

To summarize the inequalities that we have obtained so far, we combine expressions (46), (51),
(30), (37), (38) and (40) and write

14| < (U; +Vj)eay, (54)
where
[(2743 2+%)(i—1)+(15@+g), i<j
Uy = []5V2+3)i-D+], i=] (55)
[(15V2+%)i, i),
and

- 3{;‘0)4,(25(4,21) /\(k) (56)

The theorem of this section states that |4;| is not greater than a certain multiple of ea;, and for
simplicity the multiplier is independent of i and j. Therefore we now seek the best value of this
multiplier that can be obtained from expressions (53), (54), (55) and (56).

Clearly both U;; and V; are greatest when j = n, but the value of i that yields the required multiplier
is not obvious. However it is apparent that U, , is an increasing function of i for i<n-1, and it is not
difficult to show that if expression (53) isan equality then V; , isanincreasing function of i for i <n-2.
Therefore we consider the details of four separate cases and derive the results

n)+(1T + 2542 ) i=n-2
n)+(24+144/2), i=n-1
(Uin+vin) = in)_'_(;u 19\/*) (57)
4
]a(n)+(£23 1 i>n

where
@n) = n?(Z+242) +n(-2+5y2). (58)

Thus we obtain the theorem
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Theorem 2

Tofirst order in € the accumulation of errorsin calculating AT by Golub’salgorithm is so small that
the elements of the matrix 4, defined by the equation

AT = [pO) p(-D)  p®}(A+4), (59)
are bounded by the inequality

14,1 {n?(2+242) =n(2-22) + (24+ 14D} e, (60)

5. Theerror in the solution of the equations

To complete the error analysis we must consider the sequence of calculated right-hand side vectors
p® , b ey p™ (see equation (15)), and we must treat the back-substitution stage of the algorithm,
in which x is determined from the equation

Ay = p™, (61)
If it happens that ||b||, is so small that both the inequalities

g =maxp®| < a,i=1,2,...,m (62)
k

m K 2
_gkbi“ <o, k=1,2,..,n (63)

hold, then we have already carried out much of the analysis of the errors of the vectors b , because
we can regard b® as an additional column of A® . However if the number

and

Vi

= max max& maxﬁ (64)
p i ai’ k Uk

exceeds one, then to make the inequalities (62) and (63) hold we could scale the origina right-hand
side vector b by the factor p™. As a result the numbers y; (see equation (14)) and b** would be
scaled by pt, and the size of any errorsin the vectors b® would also be scaled by the same amount.
Therefore, instead of carrying out this scaling, we may anticipate its effect by including the factor pin
our error bounds. For example, using the definition

o0 = php® _ t_)(k+1), (65)

we obtain from equations (30) and (37) the bounds
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, i<k
691 < [Fo(15v2+3)ay, i =k (66)
Dp(%?’ 2+%)ai, i >k,
and from expression (40) we find the inequality
16911, < p(ZV2+ 5 ) Iu®ll,. (67)

To calculate bounds on the components of 9, defined in equation (42), we find by the argument that
led to equation (46) the result

o= § pOPp@ . phsk, (68)
k=1
and instead of equation (51) we obtain the bound
POPA._ PO <158+ A0 a |69 /u®],. (69)

Therefore the inequality corresponding to statement (54) is

15| < (S +Ti)epas, (70)
where
B2+ (i) + (15v2+2) , i<n
S - I:(; 141) . ( 2) (71)
22+ 4)n, i>n
and
Ti = (%f\/é-l_zéll)él/\i(k)' (72)

Again it happens that our final bound is derived from the case i = n—1, and we calculate that the
elements of the vector J are bounded by the inequality

16,] < @2(325#17@)+n(§1+13(2)+(24+14\@) = o (73)

Wilkinson (1965) gives the error analysis of a back-substitution process on pages 247 and 248 of
his book. From his work we conclude that the computed solution of the equations (61) is the exact
least squares solution of a system

A™ + B)x =p™?, (74)
where, to first order in &, the elements of E are bounded by the inequality
E;l < elal™| oy, (75)
9;; being the Kronecker delta.

We absorb these errors into our analysis by supposing that each orthogonal transformation P®

24



causes an extraerror of £o, in the matrix element a{<™. Thereforein theinequalities (37) and (38) the
case | = k becomes

K
AR < Sea L]

0 (76)
1481, < SV2eu®ll,.

so, instead of the middle line of expression (55) and expression (56), we now have the equations

U; = (? 2+%)(I—1)+§’ I:l
- 77
vy = 20+ (33242 5. 5 @

More calculation shows that in the new bounds that replace the inequality (57), the case i=n-1
remains dominant. Thus we obtain the main theorem of the error analysis.

Theorem 3

The calculated vector x obtained by Golub’s algorithm is the exact least squares solution of a system
of equations

(A+4)x = b+, (78)

where the elements of J are bounded by the inequality (73), and where the elements of A are bounded
by the inequality

451 s EN? (2 +252) —n( T - 52) +(24+ 142) ey, (79)
a; being defined by equation (21).

6. The need for row interchanges

Aswe said in the introduction, the theorems we have given were derived because Golub’s algorithm
failed on a rea problem, so the main purpose of this section is to recommend a modification to the
agorithm. This modification is a strategy for interchanging rows of the matrix A%, and we note that
the theorems proved so far do not depend on any particular ordering of the rows.

The fact that Golub’s algorithm will sometimes give poor accuracy isillustrated by the matrix

0 2 1
_[10°10° O

A 100 0 200 (80
0 1 1
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Using exact arithmetic we calculate that A® is the matrix

-10%y2 -10%/42  -10°/42

AP = 0  110°-42 -110°-1n2]. (81)
0 -110°-42 110°-1/42
0 1 1

However, if five-decimal floating-point computation is used, the terms —+/2 and —1/4/2 in the second
and third rows are lost, which is equivalent to the loss of all the information present in the first row of
A. Thisloss of information is disastrous because the number of rows of A containing large elementsis
less than the number of components of X, so there is a substantial dependence of the required vector on
the first and fourth rows of A.

Theorem 3 shows that Golub’s agorithm would have worked well if the numbers a,, a,, a; and
a,, were of an acceptable size, but in the case of the example

a, = 1052, (82)

which is much larger than the elements in the first row of A. Therefore the theorem suggests,
correctly, that there may be loss of accuracy. It also shows that the difficulty would not occur if we
can prevent the elements of every row of AXY from being much larger than those of the
corresponding rows of A®: fortunately we can achieve this aim by making some row interchanges.

Already from equations (10) and (20) we have the result
mjax lald| = mjax lal], i<k, (83)
and from Theorem 1 and equations (10) and (20) we deduce the inequality
mjax lal“?| < (v2+1) mjax lal], i>k. (84)

Therefore just the k-th row of A®*Y iscritical. We ensure that it is not much larger than the k-th row of
A® by exploiting the following theorem:

Theorem 4
If the inequality

a1 =[], 1>k, (85)
holds, then we have the bound

max [a* | < Vmmax [af?]. (86)
j j
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Proof.  Since P® isan orthogonal transformation that leaves the first (k—1) components of avector
unchanged, we find the inequality

(k+1) D k2 2 w2
lag ™| < a; = ai (87)
(RN 2

All the components of the sum are zero if j <k, so from equations (7) and (8) we obtain the result

2™l < 0. (88)
From statements (8) and (85) the inequality
o, <Vmja (89)

holds, so the theorem is a consequence of statement (88). ]

Therefore the modification that we recommend just provides the inequality (85). After the columns
of A®¥ have been ordered for the calculation of P, we obtain the largest number in the sequence
{IaR [2& ], - [al1} say itisald], and we interchange the k-th and g-th rows of AY if q#k.

Thus in place of the matrices (80) and (81) we have

10° 10° 0

A=l 0 2 1 (90)
10° 0 10°
0 1 1

and

-10°%4/2 —-10%/4/2 —10%/~/2

A@ = 0 2 1 : (91)
0 -10%+2 105/42
0 1 1

so the previous loss of accuracy is avoided.
In the modified algorithm the inequalities (83), (84) and (86) provide the bound
a; < (1+y2)"ymmax a], (92)
j

but if this bound is attained and n is large, Theorem 3 is not very useful. Therefore we carried out
some numerical experiments to estimate typical values of the ratio

B = max [ai /max [a{V ] . (93)
i ]

We used one hundred 20x10 matrices whose elements were
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a; = 101°piqij , (94)

where p; and q; are pseudo-random numbers from the distribution that is uniform over [-1, 1]. We
found that in all cases the value of the ratio (93) was less than five, so it seems that the error bounds
are sufficiently small to be useful in many real calculations. However the last row of the pathological
matrix

1  -099 -099 -099 . . . -099 -0.99
0 01 -0099 -0.099 . . . -0.099 -0.099
0 0 001 -00099 . . . -0.0099 -0.0099
0 0 0O 0001 . . . -0.00099 -0.00099
0 0 0 0 .. . 102 -0.99x10™™2
10—n—10 10—n—10 10—n—10 10—n—10 ) ) ) 10—n—10 10—n—10

shows that the ratio can approach the value 2".

The same matrices (94) were also used to try a different strategy for column interchanges, namely
to arrange the columns so that in place of statement (7) we have the inequality

m
/;ai(l'(‘)2+ max |a{d| = lgka“‘) + max [al¥], j>k, (95)
i=] k<ism k<ism

but the results did not justify the extrawork required to follow this alternative. The reason we tried it
is that if inequality (95) holds, and if the recommended row interchanges are made, then in place of
Theorem 1 we can derive the result

y¥l <1, (96)

so the theoretical results corresponding to inequalities (60), (73), (79) and (92) would contain smaller
numbers.

To complete this paper we must remark on the importance of the scaling of the columns of the
matrix A. The point to notice is that the error bounds of Theorems 2 and 3 are moderate multiples of
the numbers £a;, and a; is governed by the largest elements of the i-th row of the matrices A(l) A(Z),

. A" Therefore if X; is scaled so that for i=1,2,...,m the element a;; is much smaller than the
other elements of the i-th row of A, then the bounds on 4;; will be rather unsatisfactory. Careful
scaling of columns can avoid this happening, and before applying Golub’s algorithm the variables x;

should be chosen so that the n numbers
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la; | .
max , 1=1,2,...,n, (97)

i mlf‘x |2k

are all close to one.

Remember that in aleast squares problem thereis no freedom to scal e the separate rows of A, which
is the motivation for the character of our error bounds.
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