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and understood. In particular, we point out that the forward-backward asymmetry
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corrections using the experimentally-preferred thrust axis definition for the first time.

___________

*This work was supported in part by the EU Fourth Framework Programme “Training and Mo-
bility of Researchers”, Network “Quantum Chromodynamics and the Deep Structure of Elementary
Particles”, contract FMRX-CT98-0194 (DG 12-MIHT).

tOn leave of absence from INFN, Sezione di Firenze, Florence, Italy.


mailto:stefano.catani@cern.ch
mailto:mike.seymour@rl.ac.uk
http://jhep.sissa.it/stdsearch?keywords=QCD+NLO_Computations

Contents

=

1. Introduction

2. Definition and perturbative calculation 2
2.7 Leading order 4
2.9 Next-to-leading-order corrections 5
3. Contributions at next-to-next-to-leading order T
8.1 Triangle contributions g
8.9 Singlet contributions 0
8.3 Four-b contributions 10
3.4 Non-singlet contributions 11,

4. Calculation of the non-singlet contribution at O(a3) 13

4.7 Numerical results 14
5. Conclusion AT
A, The antisymmetric cross section in massless QCD 20
B. Integrating the E-terms 22

1. Introduction

Some of the most precise determinations of the weak mixing angle sin® f.g come from
measurements of asymmetries in fermion production on the Z peak [1]. In particular,
the forward-backward asymmetry of b quarks is measured with a precision of about
2%, allowing an extraction of sin? f.¢ with almost per mille accuracy. However, since
we are dealing with quarks in the final state, we must ensure that QCD correc-
tions, both perturbative and non-perturbative, are understood to at least the same
precision. From simple power counting, it is clear that this necessitates including
O(a3) perturbative and 1/Q non-perturbative effects. Even these will probably not
be enough in the future, when linear e*te™ colliders are hoped to reach a precision of
order 0.1% [2].

The O(ag) perturbative corrections were first calculated in ref. [3] in the massless
approximation. The mass corrections to this result were first calculated in ref. [4]



and were found to be significant ~ agm;,/Myz. These calculations used a slightly
different definition of the asymmetry than the experimental measurements, which
use the thrust axis rather than the quark direction. This difference was rectified in
refs. [, G].

To date there have been two O(ad) calculations, both in the massless approxi-
mation using the quark direction. The classic calculation of Altarelli and Lampe [7]
determined the O(ad) coefficient numerically and found it to be small. This result
has been the basis of all the experimental analyses since. However, the recent analyt-
ical calculation by Ravindran and van Neerven [B] obtained a coefficient about four
times bigger. This discrepancy is comparable to the size of the experimental errors
and needs to be resolved before the final electroweak fits to the LEP1 data can be
made. The O(a})-calculation using the experimentally-used thrust axis definition,
would also be highly desirable.

In this paper we perform a numerical calculation of the O(a3) corrections to the
forward-backward asymmetry, and compare our results with the existing calculations.
We also calculate for the first time the corrections using the thrust axis definition
rather than the quark direction.

The paper is set out as follows. In section 2 we define the forward-backward
asymmetry and the closely-related left-right forward-backward asymmetry [9] and
recall some features of the tree-level and O(ag) perturbative calculations. In sec-
tion B we discuss the general set-up of the O(af) calculation, and divide it into
several parts. We pay particular attention to the four-b final state, which will turn
out to play an important réle in our calculation. In section 4 we make some final
remarks on the details of the calculation, before presenting our results for the O(a3)
coefficients with the two axis definitions. We also compare our results with the ex-
isting calculations. We discuss the impact of our results in section §, and try to
estimate the remaining theoretical errors. We leave some more technical details of
the calculation to appendices & and B.

2. Definition and perturbative calculation

The simplest definition of the b-quark! forward-backward asymmetry Apg is

Nr — Np

App = ———
FB NF+NB’

(2.1)

where N and Ng are the number of b quarks observed in the forward and backward
hemispheres, respectively.

IThroughout this paper we explicitly consider the case of the b-quark. The results for the charm
quark can be simply obtained by properly replacing the mass and the electroweak couplings of the
massive quark.



The axis that identifies the forward direction can be defined in a variety of ways.
However, for the purpose of making Apg computable in QCD perturbation theory,
the axis must be defined in an infrared and collinear-safe manner. In this paper we
explicitly consider two different definitions: the b-quark direction, and the thrust
axis direction. The thrust axis has a two-fold ambiguity: we use the one that is
nearer the b-quark direction. In the following, the forward-backward asymmetries
with respect to the b-quark direction and to the thrust axis direction are denoted by
Abs and ALy, respectively.

According to the definition in eq. (2.1), App can be expressed in an equivalent
way in terms of the cross section

do(ete” = b+ X)
dx dcosf
for inclusive b-quark production, where z is the fraction of the electron energy carried

(2.2)

by the b quark and 6 is the angle between the electron momentum and the direction
defining the forward hemisphere (both energies and angles are defined in the centre-
of-mass frame).

Starting from the distribution in eq. (2.3), we can introduce the forward and
backward cross sections or and og:

1 1 do 0 1 do
= dcos 6 de—— = dcosf dr—— 2.
or /0 o8 /0 Tdrdcosf’ 7B / 1 o8 /0 Ydrdcost’ (2:3)

and the symmetric and antisymmetric cross sections og and o
O'SZO'F+O'B, OAN — O — OB . (24)

We can then write the forward-backward asymmetry as
Apg = 22 (2.5)
os
In the perturbative QCD calculation of g and o, we have to evaluate the cor-
responding matrix element squared, which is given by the product L, T"" of the
leptonic and hadronic tensors L,, and T"”. Then we could perform the integration
over the final-state parton momenta in 7*” and finally the integration over the scat-
tering angle 6. Nonetheless, it is more convenient to use a simplified procedure. We
can indeed avoid having to explicitly integrate over the scattering angle, by first per-
forming the angular integration of the leptonic tensor. Doing this, we can compute
os and o, by simply performing the integration over the final-state parton momenta
of the following projections of the hadronic tensor:

0s X _g;wT!wa (26)
nrQr
A X 1€u0p — QTW 7 (2.7)
where Q" is the total incoming momentum and the light-like (n? = 0) vector n*

identifies the forward direction.



2.1 Leading order

At the leading order (LO) we have to consider the cross sections for the process

ete™ — bb at the tree level and thus, the b-quark direction and the thrust direction

(0) )

coincide. The tree-level cross sections og” and 01&0 are straightforward to calculate

and the result is?

o 4ma®N, (Q? — M2)Q?
O'é ) = 3@2 engeg —+ 2TC\?2)) (Pveeve + Paeeae)ebvb +
Q* [ 2 2 2 2 }
+ v, +a, )P, + 2Paveae] vy +a , 2.8
DZ(QZ) ( ) ( b b) ( )

9 2 Aar2\N)2
(0) _ dra Nc§{2 (@* - M7)Q (Pecac + Paecve)epay +

Oa 3@2 4 DZ(QQ)
+ - Q' : [Qvaeae + P, (v + az)] 2vbab} : (2.9)
D7(Q?)
with
Py =1+PPr, (2.10)
Py = Pi+ Pr, (2.11)

where P, is the left-hand-polarization of the electron (+1 = fully left-handed, 0 =
unpolarized, —1 = fully right-handed) and Py is the right-hand-polarization of the
positron (+1 = fully right-handed and so forth),

2 2
Dz(Q) = (Q° — Mz)" + (TzMz)", (2.12)
e; is the electric charge in units of the proton charge (i.e., e = —1) and the elec-
troweak couplings are:
’U-:;(t , — 2e;sin 0 ) (2.13)
" 2sinf, cosfy, ‘ Wl '
1
(2.14)

i = o 5 U3i-
2sin 0, cos 8,

The ratio between egs. (2.8) and (2.9) is insensitive to the fine structure constant «
and the number of colours N, and thus, at LO the forward-backward asymmetry Agg,

0

0 o
AG = 25 (2.15)
gs

2Unless explicitly mentioned, we neglect the b-quark mass throughout this paper. At LO the
dominant mass corrections are proportional to m% /Q? and can be found, for instance, in ref. [:g]



gives a direct measurement of the electroweak couplings. In particular, if we are ex-
actly on the resonance, Q? = M2, and we neglect the photon contribution, we obtain

o 3 A.+P
= 2.16
BT 3T AP (2.16)
where
2v;a;
= 2.17
A= s (2.17)
P, P+ Pr
Sl g i 2 2.18
& P, 1+ P,Pg ( )
Finally, for unpolarized beams, we obtain
3
AW = A (2.19)

This is the form in which the forward-backward asymmetry is most often presented.
It is worth pointing out however that all of our results will be universal multiplicative

corrections,® so apply equally well to any of the forms (2.15), (2.16) or (2.19).
Another important variable is the so-called left-right forward-backward asym-

metry (9],

Np(P =+1) — Np(P = —1) — Ng(P = +1) + Ng(P = —1)
Np(P =+41)+ Np(P=-1)4+ Ng(P =+41)+ Ng(P = -1)

ALrFB = (2.20)

Its LO expression can be obtained from egs. (2.8) and (2.9), and again neglecting
the photon contribution exactly on the Z resonance, it is given by:

3
0
A s = 1A (2.21)

Our results apply equally well also to this observable.

2.2 Next-to-leading-order corrections

At next-to-leading order (NLO), we have to consider the one-loop cross sections
g(Miene-loop £ the two-parton process ete~ — bb and the tree-level cross sections
oitree for the three-parton process ee~ — bbg. We obtain:

(0) (1);0ne-loo (1);tree
FB ™ (0) (1);0ne-loop (1);tree * ’
0g’ +0g +og

Each of the cross sections at O(ag) is separately divergent, so they have to be reg-
ularized in some way before being combined together. In any regularization scheme

3At (’)(oz%) there are some non-universal corrections, but we do not explicitly compute them (see
the discussion in sections 5.2 and 3.1).



that preserves the helicity conservation of massless QCD* (for example, dimensional
regularization), we have the property

1);one-loo 1);one-loo
0( ); p 0( ) p

A S
= 2.23
o_g O_g ) ( )

and hence, if we expand the ratio in eq. (2.29) up to O(ag), the one-loop corrections
cancel, and we obtain

O Ug)) O_gl);tree O_él);tree
A =" 1 2 ) (2.24)
S A S

Although JS);tree and aél);tree are each separately divergent in the soft and collinear
regions, the divergences cancel at the integrand level, and the whole thing can be
calculated in the unregularized theory.

At this order, the different definitions of the forward-backward asymmetry give
different results. As already anticipated, we consider two possible definitions of the
forward direction: the b-quark direction and the thrust axis direction.

It is straightforward to calculate the NLO corrections in eq. (2.24) analytically
with either definition. We obtain:

. 3
ARE = A0 (1~ ZOF%) ~ AT (1 - 0.318as), (2.25)

2

0T 0 7 3 7 5 ) 1 as
AWT = 4Q) 1—{z—4ln§+€+ln22—gln3+2hz —5 ) (O] (2:26)

~ A0 1 - 0.6700F%> ~ AW (1 - O.285as>. (2.27)
T

The result in eq. (2:25) is well known [3]. The analytical result in eq. (2.26) agrees
with the numerical calculation performed in refs. [B, 6. The difference between the
two definitions is only about 0.4% for ag ~ 0.12.

We remind the reader that the NLO QCD correction to the symmetric cross
section og in the massless limit is equal to the correction to the ete™ total cross
section, namely

3

“Note that the relation @:2:3) is explicitly violated for massive quarks.



Thus, egs. (2.25) and (2.26) imply the following results for the antisymmetric cross

sections
o =0l (1+0(ad)), (2.29)
T (0) 3 7T2 2 5 . 1 asg 9
on=o0, | 1— 1—41n§—|—€+1n 2—§ln3—|—2L12 ~3 C’F7+O(as)
(2.30)
~ o' (1+0.034as + O(a2)) . (2.31)

The vanishing of the O(ag)-correction to the antisymmetric cross section 0% with
respect to the b-quark axis in the massless case was first noticed in ref. [3].

Unlike at LO, the corrections to Agl; due to the finite mass of the b quark are
of O(my/Q). The mass corrections have been computed in analytic form for the
b-quark direction [4] and numerically for the thrust direction [5].

3. Contributions at next-to-next-to-leading order

At next-to-next-to-leading order (NNLO) we have to consider the diagrams of fig-
ures 1-5. The single diagram drawn in figure 1)(b) stands for all the one-loop dia-
grams with one virtual gluon. Analogously, the diagram in figure 3 stands for all the
tree-level diagrams contributing to the bbgg final state, and so forth.

We separate the contributions to the cross sections into three classes: flavour
non-singlet (NS), flavour singlet (), and interference (or triangle) (7r). We thus

—
=

Figure 1: Some of the diagrams contributing to the bb final state up to O(a2). The
dashed line represents either the axial or vector current, the thick line the b and the thin
line another quark ¢, which must be summed over flavours, including the b- and t-quark

contributions.
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Figure 2: Some of the diagrams contributing to the bbg final state up to O(a%). The
dashed line represents either the axial or vector current, the thick line the b and the
thin line another quark ¢, which must be summed over flavours, including the b- and
t-quark contributions.

write the cross sections as

0s = Os,ns + 055 + 05+ O(ad) (3.1)
OA = OA,NS -+ O-EXZ,)TT —+ O(Oég) . (32)

In this notation, up to O(ag) there are only non-singlet contributions. Thus, aéi)g,

O'é?)TT, and aﬁ)Tr are proportional to a3. Note also that there are no singlet contribu-
tions to the antisymmetric cross section oa.
The forward-backward asymmetry is decomposed in a
similar way. Expanding the ratio oa/os up to O(ad), we
write

(0) (2 2) 2)
2 2 o a7 Osm 055
A2 — A8 s+ ( % ) 63)

R W R )
where A%% ng denotes the non-singlet component: Figure 3: One of
the diagrams contribut-
(2 OA,NS ; A
AF]%,NS: ' (3.4) ing to the bbgg final
gs,NS state at O(aZ). The

. . . . dashed line represents
We now discuss our treatment of each contribution in p

. . . . ither th ial -
turn. The classification of the four-b contribution of figure b, cither the axial or vec
. . . tor current.
also warrants additional discussion.

3.1 Triangle contributions

In this class we group all the cross section contributions consisting of two quark tri-
angles, one attached to each current. These correspond to the interference between
the diagrams in figures 1i(d) and 1i(a), between those in figures 2(c¢) and 2(a), and be-
tween those in figures 4(b) and 4(a). They give non-universal (i.e., non-factorizable)
corrections to both the symmetric and antisymmetric cross sections. They are cal-
culated in ref. [7] for the b-quark axis definition and found to be very small. To our
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Figure 4: Some of the diagrams contributing to the bbqq final state at O( as The dashed
line represents either the axial or vector current, the thick line the b and the thin line some
other quark flavour ¢, with q # b.

knowledge their contribution to the thrust axis definition has never been calculated,
but we expect it to be similarly small. We therefore neglect it, i.e., US)TT and JX)TT

in eq. (8:3), from our calculation.’

3.2 Singlet contributions

In this class we group the square +
of the diagrams of figure 4(b), where .
the final-state b quark is not coupled
to the current. In these contribu- (4 )
tions the b and b are produced in
a definite state of charge conjuga-

tion, ¢ = +1. They therefore can- Figure 5: One of the diagrams contributing to
not contribute to the antisymmet- ¢y p5pp final state at O(a?). The dashed line
ric cross section, oa. Their contri- represents either the axial or vector current. The
bution to the symmetric cross sec- cross indicates which of the two b quarks is trig-
tion, oy, is logarithmically enhanced gered on: both contributions must be summed.
in the small-mass limit and propor-

tional to a3 In® Q2 /m2. An approximate expression for it, denoted by FP"°  was
used in ref. [7]. It is calculated exactly to O(ad) in refs. [10, 11], and the leading and
next-to-leading logarithms are summed to all orders in «ag in ref. [11].

Note that the singlet contributions to og include an additional term coming
from the bbbb final state. As discussed in section 8.3, this term is very similar to that
described above. It was missing in the expression denoted by FBranc in ref. [i].

In some sense the singlet component is a ‘background’ to the forward-backward
asymmetry measurement and, in fact, in the experimental analyses (see, e.g., ref. [12])
it is statistically subtracted using Monte Carlo event generators. We therefore neglect

it, i.e., O'éi)g in eq. (B.3), from our calculation.

5We remind the reader that the triangle contributions to both og and o4 are finite in the massless
limit mj;, — 0, provided that the sums over quark flavour ¢ in the diagrams of figures di(d) and 2(c)
run over complete SU(2) doublets.



3.3 Four-b contributions

The classification of the four-b diagrams of figure 5 deserves special mention. Let
us first point out a basic fact. The four-b diagrams of figure § contribute to both
the b-quark cross sections og and o, and the ete™ total cross section. However,
they appear with different multiplicity factors in the two cases. In the case of the
ete” total cross section the multiplicity factor is simply equal to unity. In the
contribution to the inclusive b-quark cross sections og and o,, these diagrams count
twice since there are two b quarks in the final state. This observation is relevant in
the discussion that follows and, in particular, it is important in understanding the
results for the non-singlet component of the symmetric cross section og discussed in
section 3.4.

After summing and squaring the diagrams in figure §, we obtain two types of
contribution: (¢) those that are identical to the contributions of figure 4 but with the
other quark ¢ replaced by an untriggered-on b quark, and (i7) those that are genuine
interference terms arising from the fact that the two antiquarks are indistinguishable,
called the E-term in ref. [13]. The squared diagrams of type (i) are treated as
those of figure 4, that is, we lump them together with the corresponding terms from
figure 4 in the singlet (agzg in eq. (8.1), non-singlet (os ys and oa ys in eqgs. (3.1)
and (3:3) or triangle (aé?)Tr and U(AQ,)TT‘ in egs. (8.) and (8:3) contributions. The
squared diagrams of type (77), which give a universal (i.e., factorizable) correction to
both the antisymmetric and symmetric cross sections, can be considered part of the
non-singlet contributions.

It is not entirely clear how four-quark final states are actually treated in the
different experimental analyses, i.e., the extent to which they are genuinely mea-
suring the inclusive cross sections. Often some vague statement like “a four-b final
state is more likely to be tagged than a two-b one, but less than twice as likely”
is made. To know what to calculate one must understand the corrections that are
applied for this difference in tagging efficiency, which are not usually explicitly stated
in the papers. In the absence of a unique experimental procedure and of a defini-
tive statement from the experiments on what they are measuring, we make this
ambiguity explicit by multiplying the E-term by an arbitrary weight factor Wy.5
An inclusive definition would correspond to Wr = 2 (each b quark contributing
once), while an exclusive definition (the cross section for events containing at least
one b quark) would correspond to Wr = 1. Since the forward-backward asymme-
try is defined to be the asymmetry of a differential cross section, it is clear that

we must use the same cross section definition in the numerator and denominator,

6Note that we use the same normalization as in ref. [13] (see also eq. (B.1)) in which the E-term
already includes an identical-particle factor of 1/(2!)? because there are two identical quarks and
two identical antiquarks in the final state. Thus, when we set Wg = 2 we actually include an overall
factor of Wg/(2!1)% = 1/2!.

10



i.e. that Wg must be the same in the symmetric and antisymmetric cross sections.
We return to the role of the weight factor Wy after discussing the general form
of the non-singlet contributions.

3.4 Non-singlet contributions

Here we consider all the other contributions that have not yet been treated, namely all
the diagrams in figure 1, except those in figure 1i(d), the diagrams in figures 2(a), 2(b),
3, 4(a) and B(a), as well as the E-term defined above. All these terms are included in
the non-singlet components og ys and oa ys of egs. (B.1) and (3.9). Actually, intro-
ducing the weight factor Wy for the E-term, we can define the following symmetric

and antisymmetric cross sections

osns(Wg) = o ns(We =0) + WEUgO) /Es , (3.5)
oans(Wg) = oans(Wg =0) + WEUJ(;O) /EA : (3.6)

where [ Eg and [ Ex denote the integral of the symmetric and antisymmetric E-
term, respectively. We recall that the ‘truly’ inclusive cross sections in eq. (2.4)
correspond to the definition with Wg = 2, i.e., o5 ns = 0s.ns(Wgr = 2) and oa ys =
O'A,NS(WE = 2).

The O(ad)-calculation of the cross sections in egs. (3:5), (8:6) and of the cor-
responding forward-backward asymmetry in the case of a finite b-quark mass is ex-
tremely complicated, and we are not able to perform it. It is thus convenient to
separate the calculation into a piece that is finite in the massless limit and a simpler
piece that is not. Then, the (although, cumbersome) finite piece can be more easily
computed in the massless approximation, while the simpler non-finite piece can be
computed in the massive theory.

It is possible to show (appendix ‘A) that the inclusive definition, with Wg = 2,
results in an antisymmetric cross section o (or, analogously, o ns) that is finite
in the massless limit, at least at O(a2). However, in the same limit, the inclusive
symmetric cross section is divergent at O(a2), even if we only consider its non-singlet
component. The corrections to (the non-singlet component of) the forward-backward
asymmetry itself must therefore also be divergent in the massless limit.

This final statement remains true for any value of Wg > 0. For example, with
Wg = 1, the non-singlet part of the symmetric cross section is finite (see eq. (3:10)),
but the antisymmetric cross section contains logarithmically-enhanced terms.

The divergences in the non-singlet components correspond to logarithmically-
enhanced terms oZIn Q*/m} coming from the E-term in the triple-collinear limit,
i.e., when three fermions of the four-quark final state become simultaneously parallel
(appendix B). The integral of the symmetric E-term is calculated for finite values of

11



the quark mass in appendix B. Neglecting corrections of O(m;/Q), the final result is

C 2 13 2 2
/ES = Cy (Cp - —A> (53) {2 (— “Ly 24“3) % 81700+ 0.0013] .

4 2 mj
(3.7)
As expected from the singular behaviour in the triple-collinear limit, the analytic
coefficient in front of In@Q?/m? is proportional to the integral of the non-singlet
Altarelli-Parisi probability P¥*(z, as) (see, for instance, the first paper in ref. [14]):

! 2 1 13 72

dzPNS = (52) ar(Cr—50n) (5 -5 +2 3.8
/quq(z,as) o p|CF—50a 1 2‘1‘(37 (3.8)

as

2 1
~ (2—) Cr (CF - §CA> 0.7193. (3.9)

™

The constant term in the square bracket on the right-hand side of eq. (B.7) is the
result of our numerical calculation.

Having pointed out that the symmetric E-term is divergent in the massless limit,
it is very simple to show how the divergence appears in the inclusive symmetric cross
section. According to the definition of the non-singlet component of og, the virtual
diagrams that contribute to og ys are exactly those that contribute to the ete™ total
cross section. As for the real diagrams, they only differ by the contributions coming
from the E-term. In the total cross section, the E-term enters with a multiplicity
factor W = 1, and its divergence is cancelled by that of the virtual diagrams. In
the inclusive b-quark cross section, the multiplicity factor of the E-term is Wgr = 2
and, thus, the cancellation of the divergence with the virtual terms is spoiled.

This argument also allows us to directly compute the O(ad)-correction to
eq. (8.5). Exploiting the fact that the massless QCD correction to og ys(Wg = 1) is
equal to the correction R.+.- to the total cross section, we write

O'S,NS(WE = 1) = O'g)) [Re+e— + O(a%)} ’ (310)
and, more generally,
s =ol) [Row +0s -1 [B+0@)] . @)

Then, we obtain an explicit expression for og ys(Wg) by simply introducing in
eq. (B:IT) our result in eq. (B:7) for [ Es and the well-known result [15] for Re+e-:

3 2 21\ 2
Reto =1+ ZOFO‘S(WQ ) 4 (0‘32(7? )> x (3.12)

3 123 11
‘ cF{ oo <? _ 11<3> TN, <4g3 _ 5) } L o(ad),
(3.13)
where Ty = 1/2 and Ny is the number of light flavours (e.g., Ny = 5 at LEP).

12



In particular, for the inclusive symmetric cross section we obtain
os.ns = os,ns (Wi = 2) = o) [Re+e + /ES + O(ag)] : (3.14)

The explicit O(af)-calculation of the antisymmetric cross section o ys and of
the forward-backward asymmetry is described in the next section.

Note that our result in eq. (8.14) for the inclusive symmetric cross section dis-
agrees with the corresponding result of Ravindran and van Neerven [§]. Their ex-
pression for the correction to the symmetric cross section (fr + fi, in their egs. (31)
and (32)) is equal to the result in eq. (3.13) for the O(ad)-correction to Re+e-.
The disagreement thus regards the additional logarithmically-enhanced term [ Es
included in our expression. The multiplicity of b-quarks is not required to be finite
in massless QCD (even in the non-singlet sector), and thus we cannot find any reason
why this logarithmically-enhanced term can disappear from the inclusive symmetric
cross section.

The results of ref. [§] for osys = osns(Wr = 2) are based on the calcula-
tion of the single-particle inclusive distribution performed in refs. [16]. Our re-
sult is consistent with those in refs. [16G]. In fact, we have evaluated the integral
over the longitudinal-momentum fraction z of the non-singlet coefficient function
C8(2,05(Q%), Q*/ut) = CF5 + CL5, computed there. This integral is propor-
tional to os ys = 0sns(Wgr = 2) in massless QCD after factorization of collinearly-
divergent contributions at the factorization scale up. We find that the integral ex-
plicitly depends on In Q?/u2, thus proving that o yg is not finite in massless QCD.
The coefficient of In Q?/u% exactly agrees with the coefficient of In @?/m? in our
egs. (8.7) and (B.14).

4. Calculation of the non-singlet contribution at O(a?)

As discussed in section 8.4, the NNLO corrections to the non-singlet component of
the forward-backward asymmetry, App ng, are divergent in the massless limit. The
divergent behaviour remains true also if we abandon the fully inclusive definition
by introducing the arbitrary weight Wy for the E-term. Thus, App s cannot be
computed at O(aZ) by using the massless approximation.

Nonetheless, since both oa ys(Wg = 2) and os ys(Wg = 1) are finite when
mp — 0, we can use the dependence on Wg to construct an unphysical observable
that is finite in the massless limit:

A (2)ifinite oans(Wg = 2)

= . 4.1
B osns(We =1) (4.1)
The physical result for Wz = 2 is then given by
(0)
2 2);finite 2 2);finite 0
s = AR =25 [ Bo— At —af [Bs, w2
s
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where [ Eg is the integral of the symmetric E-term, given in eq. (B.7).

;finite

The massless calculation of A(FQ% can be performed in a similar way to the

NLO calculation of section 2.2. The total contribution can be written as

);two-loop );one-loop

A@)fnite _ a/(f) + 0/&1) + 01(3 + 01(3 + af);tree(WE =2) (4.3)
FB O_éo) + O'él) + o_é2);two—loop + o_é2);one—loop + o_éQ);tree(WE _ 1) )

(1)

where o, and aél)

are the complete contributions to the antisymmetric and sym-
metric cross sections at O(ag). The non-singlet O(aZ)-contributions from the two-
parton, three-parton and four-parton final states are denoted by o¢(itwo-loop
g@one-loop 4 g(Ditree pegpectively. Of course, the dependence on W enters only
through the four-parton terms o 0" (W = 2) and 037" (Wg = 1).

If we continue to use a regularization scheme that preserves the helicity conser-
vation of massless QCD, like dimensional regularization, the two-loop corrections are
again proportional to the tree-level results

2);two-loo 2);two-loo
S@Ditwoloop _(2)two-loop

A =" , (4.4)
O'X)) O'éo)

so that if we expand the ratio in eq. (4:3) up to O(a?), the two-loop corrections
cancel, and we obtain

A(Q);ﬁnite — ﬁ 1+(1-— Uél) 0/&1) — Uél) + Ug);one_loop o
B 0 5© EOREO) o0
S S A S .
- 0_é2);one—loop . Uf);tree(WE _ 2) B O_é2)§tree(WE = 1) (4 5)
Q) o0 o) . |
S A i

The first line can be calculated analytically (see section 2.3), but the second line is
too complicated to be able to, so must be done numerically. Since the two-loop terms
have cancelled, this has the structure of a NLO three-jet calculation, as first noticed
by Altarelli and Lampe [7]. Thus the calculation can be performed using known tech-
niques (we use the dipole-formalism version of the subtraction method [17]). One
simply has to replace the full matrix element squared by the appropriate contrac-
tions of the hadronic tensor, as in eqs. (2.6) and (2.7). We have obtained simplified
analytical expressions for these contractions by using the matrix elements originally
computed by the Leiden group [1§]. We have also checked that these expressions
numerically agree with the code of ref. [19].

4.1 Numerical results

We are finally ready to present our numerical results. We start with the unphysical,
but finite, quantity defined in eq. (4.1), and separate out the different colour factors,
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b-quark axis C N T

AL [7) 44405 ~10.3£0.3 5.68 £ 0.04
RvN [§] 3 = 0.375 —13 _ _15.375 U_55

Our Calculation | 0.3765 & 0.0038 | —15.3769 = 0.0034 | 5.5002 % 0.0008 |

Table 1: Results for the coefficients of the O(aZ) correction to the finite part of the
forward-backward asymmetry with the b-quark axis definition, eqs. (4.2) and (4.6).

as in refs. [T, §]:

!

P 3 3
A(Z),ﬁmte,b _ A(O) 1— % 1— %_C —C
FB FB o or 2 T )\t )

+ (;—;)2 Cr (CCp + NNg + TTRNf)] , (4.6)
with ag = ag(@Q?). Our numerical results are shown in table 1, in comparison with the
previous calculations. It is clear that we disagree badly with the results of Altarelli
and Lampe [7], but are in excellent agreement with Ravindran and van Neerven [§],
who give the coefficients analytically. However, we should recall that this must have
subtracted from it the logarithmically-enhanced term of eqgs. (4:2) and (8.7), which is
not present in the result of ref. [§]. In fact, in section 8.4 we have already pointed out
that their expression for the correction to the symmetric cross section does not agree
with ours, but, rather, it is actually equal to our JQVS(WE = 1). So, the fact that
their result for the complete A%zé agrees with our Aggﬁnite means that we confirm
their result [20, & for the inclusive antisymmetric cross section o) = o0 (Wg = 2)
(fa in equation (33) of ref. [§]).

The disagreement with the result of ref. [] may be related to the poor nu-
merical convergence of their calculational method (i.e., the effect of large numerical
cancellations).

Using our numerical program it is straightforward to calculate the forward-
backward asymmetry with any other axis definition (or cuts, for example on the
value of the thrust). With the thrust axis definition, we obtain

2);finite;T 0 Qs as 3
A2 =AY l1 — 5o (1= 5 5Cr) (1.34Ck) +

+ (%)2 Cr (OCr + NNg + TTNy) |, (4.7)
with ag = ag(Q?) and the coefficients given in table 2. The logarithmically-enhanced
piece that has to be added to this is identical to that in the b-quark axis definition,
namely eqs. (4.2), (B8.7). It is worth noting that the difference between the two
definitions is the same size and in the same direction as at O(ag), leading to an
overall difference of 0.8% for ag ~ 0.12.
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‘ thrust axis ‘ C ‘ N ‘ T ‘
| Our Calculation | —3.7212 4 0.0065 | —9.6011 = 0.0049 | 4.4144 & 0.0006 |

Table 2: Results for the coefficients of the O(ad) correction to the finite part of the
forward-backward asymmetry with the thrust axis definition, eqs. (#.2) and (4.7).

Since A(F%;ﬁnite;T is defined by the ratio in eq. (4.1), using the expression in
eq. (B.10) for o5 ys(Wr = 1), we can translate our result in eq. (4.7) into an equiv-
alent result for the antisymmetric cross section defined with respect to the thrust
axis. We have:

T (0) 2 as(Q%)) 3
TANS = 04 1 —I—0.0340és(@ )—0— < o > Cr [(—g +O> Cr +

n (% G+ N) Ca+ (4g3 - +T> TRNf] T o(ag)} .
(4.8)

with the coefficients C, N and T given in table 2.7

We finally recall that we include an arbitrary factor Wy in front of the four-
b contribution to account for the way in which it is treated in the experimental
analyses. For a fully inclusive definition, in which each b quark contributes once,
Wpg should be set equal to 2, while for an exclusive definition, Wg should be set
equal to 1. Our final result for the non-singlet component of the forward-backward
asymmetry, is then:

W)
A(2) — UA,NS( E) _
FB,NS(WE) os.ns (W)
fin 1 1
_ A%Q%,ﬁmte _A%O% |:<1 — §WE> <2/EA —/Es> + §WE/ES:| ,

(4.9)

2);finite

where A(Fé is given in egs. (4.6), (4.7) and tables I}and 2, [ Es is given in eq. (8.7)

and (see appendix B)

2 1
2 / Ex— / Bs = (;‘—;) Cr(Cr - §OA> (0.3620 +0.0007), quark axis, (4.10)

z/EA — /Es - (;—E)QCF (CF _ %CA) (0.1144 4 0.0009),  thrust axis. (4.11)

Note that the combinations of E-term contributions in eqs. (4.10) and 4.11 are finite
in the massless limit (see the discussion in appendix By).

"In the analogous expression for ag, Ng» the coefficient of as(Q?) vanishes and C, N and T are
those given in table :_]:, which exactly cancel the rational numbers in eq. (:il:_é:), leaving only 380(3,
with Gy = %CA — %TRNf, as pointed out in ref. [2-9']
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AL [ RvN [§] | Our calculation | Our calculatio

!

quark axis | quark axis quark axis thrust axis
Correction, A2 /A9 | 0.962 0.952 0.952 0.956

Table 3: Total QCD correction to the forward-backward asymmetry in the small-mass
limit, with ag = 0.12. In each case, the thrust axis definition is used for the O(ag)
correction and the definition shown is used for the O(a2) correction, as discussed in the text.

Putting all these numbers together, and setting Ny = 5, we write the forward-
backward asymmetry according to the two definitions as:

2

A (W) = AR 1 - 0.318as — 0.97303 + Weal (0.00405 In = 0.0240) :
L b |

(4.12)

2
L my

i , i
AR (W) = AR 1 — 0.284as — 0.67603 + Wrad (0.00405 m< - 0.0233) .
(4.13)

5. Conclusion

We have calculated the second-order corrections to the non-singlet component of
the forward-backward asymmetry in eTe™ annihilation. We have retained all terms
that do not vanish in the small-mass limit (constants and logarithmically-enhanced
terms). Our result is also valid for the left-right forward-backward asymmetry.

Using the quark axis definition we do not agree with any existing calculation.
Separating the asymmetry into its symmetric and antisymmetric parts, we find that
we agree with Ravindran and van Neerven [§] for the antisymmetric part, which
is finite in massless QCD. For the symmetric part we disagree by a term that is
divergent in massless QCD, so is logarithmically-enhanced in the full theory.

We have obtained results for the first time with the thrust axis definition, which
is actually what is used in the experimental measurements. After including the
second-order contributions, the difference between the two axis definitions is twice
as large as at first order, amounting to 0.8%.

We summarize the total QCD correction according to the various available cal-
culations in table 3. We continue to neglect all terms that vanish in the massless
limit, and discuss the effect of mass corrections below. Since in the existing experi-
mental analyses (see for example ref. [12]), the known O(ag) correction for the thrust
axis definition was included, together with the Altarelli and Lampe quark axis value
for the O(a3) corrections, we do the same in table 3.

We find that the difference between the Ravindran and van Neerven calcula-
tion and ours is numerically irrelevant, being smaller than 10~* for b quarks and
~ 2.5 x 107 for ¢ quarks. Therefore at the numerical precision required by current
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or any foreseen experiments, we agree with their result—the difference is only one
of principle. The difference between the Altarelli and Lampe calculation and ours
for the quark axis definition is more significant though, at around 1%. However, the
error in their calculation and the effect of using the thrust axis definition partially
cancel, and the total difference is around 0.6%.

Before quantifying the impact of these differences, we mention the important
fact, discussed in ref. [12], that the experimental procedures introduce a bias towards
more two-jet-like events. This actually decreases the size of the QCD corrections
considerably, so our numbers should be considered as upper bounds. In fact at
present the effect of this bias is typically taken into account using Monte Carlo
event generators. Using our numerical calculation, it is straightforward to apply
any infrared-safe cuts, for example on the thrust of the event (this effect was first
considered at O(as) in ref. [5]). This could be used to reduce the reliance on the
generators, or at the least to calibrate their reliability.

To quantify the impact of the differences shown in table 3, we recall a few
figures from the latest global electroweak fit [1]. The total error on the LEP av-
erage forward-backward asymmetry of b-quarks App is 2.1%. The second-order
QCD corrections are used to convert the measured value into a measurement of
the tree-level asymmetry, Agg, at present using the Altarelli and Lampe result.
This is then used as input into the fit for the effective weak mixing angle, sin® f.g,
and eventually into the global fit to all electroweak data. Following through this
process, our smaller value of the correction in table 3 results in a larger value of
Ag)é and hence a smaller value of sin®f.z, by about a third of its experimental
€rror.

This has a direct bearing on the fitted value of the Higgs mass, (see figure 9 of
ref. [1]). To find the effect of using our corrections would require a complete refitting
of all the electroweak data. However, we can get a rough idea simply by fitting the
data in figure 9 of ref. [1] alone. We find a roughly linear relation: for each per mille
that the corrected value of the quark asymmetries is increased, we obtain a per cent
decrease in the central value of the Higgs mass (and its upper bound). Therefore
with our 0.6% difference, we expect a reduction of about 5 GeV in the central value.
While this is certainly not statistically significant, given the importance that some
people attach to this value, it is not irrelevant either.

In trying to estimate the remaining uncertainties in the forward-backward asym-
metry, we recall the ingredients still missing from our analysis. We should bear in
mind that while the 2% precision of current experiments is close to their final limit,
a future linear collider could be capable of experimental errors on the left-right
forward-backward asymmetry of order 0.1% [2].

Within small-mass perturbation theory, the first terms that we neglect are O(a3).
To estimate their size, we assume that the coefficient grows as much in going from
O(a3) to O(ad) as it did from O(ag) to O(ad), and get 0.3%. The more conven-
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tional method, varying the renormalization scale from /2 to 2@Q) results in a similar
estimate of 0.2%. A variation in the input value of ag of +0.004 gives only 0.1%.

Within the O(ad) calculation, we neglected the effect of triangle diagrams. For
the quark axis definition, these were calculated in ref. [7], and amount to about 0.1%.
We have no reason to suppose they would be larger for the thrust axis definition,
and in any case it would not be difficult to calculate them.

We have also neglected linear mass corrections of the type m;/Q, which are
absent at tree level, but arise at higher orders. The full mass correction at O(as) is
well known, and is reasonably well approximated by its leading term, 4Crag/mm;/Q.
Since we do not have any higher order corrections to this linear mass term, its
renormalization group dependence is not under control, so to estimate the effect
of higher order corrections, we vary m; from its running value in the MS scheme
(~ 3 GeV) to its pole value (~ 5 GeV), resulting in a 0.4% variation in Apg.

Finally, at higher orders it is quite possible that the leading mass term could
become logarithmically enhanced, for instance, as ~ a2m,/QIn"(Q?*/m?) at the
second order. Terms like this certainly arise with n = 1 simply from the renor-
malization group effects just mentioned, but the question is whether additional
terms can arise from other dynamic effects. A possible additional source of single-
logarithmic enhancement is collinear emission, as in the case of the F-term con-
tributions discussed earlier. Owing to the inclusiveness of the forward-backward
asymmetry with respect to soft emission, we think that higher powers of logs are
unlikely to be present in the non-singlet component at O(aZ). Although this point
deserves further investigation, assuming n < 1 we estimate a resulting uncertainty
of 0.5%.

We have not made any attempt to estimate the uncertainty due to non-pertur-
bative corrections. In ref. [12], this is done using Monte Carlo event generators.
They find a correction of 0.25% and conservatively assign the whole of this as a
systematic error.

To summarize, there are several sources of uncertainty that all contribute at
the few per mille level. While this is certainly sufficient for the current precision of
the data, matching the precision of a future linear collider measurement could be
extremely difficult. It is likely that this could only be done by making even more
stringent two-jet cuts in order to work in a region in which the corrections and their
uncertainties are smaller.
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A. The antisymmetric cross section in massless QCD

In this appendix we show that, up to O(ad), the perturbative-QCD corrections to
the heavy-quark antisymmetric cross section o, are finite in the limit of vanishing
quark masses.

We are interested in the analogue of the cross section in eq. (2.2) for the inclusive
process e"e” — a + X where a = ¢y, §f, g denotes a generic massless QCD parton.
We thus define the antisymmetric® cross section do% /dz as follows

do ! do(ete” — a+ X) 0 do(ete”™ — a+ X)
—= = [ dcosf - dcost : Al
dx /0 o8 dz dcosf / 1 o8 dz dcosf (A1)

It is also convenient to introduce the N-moments o y defined by

1 do4
a — [ dpgN12A A2
= [ o (A2)

and likewise for any other function of the energy fraction x. Note that the massless
limit of the b-quark antisymmetric cross section in eq. (2:4) coincides with the N =1
moment of doy /dx, i.e., oA = 0§ n_;.

Since we are working in massless QCD, the antisymmetric cross section do$ /dx
is not finite in perturbation theory and, more precisely, it is collinear divergent.
Nonetheless, because of the factorization theorem of mass singularities, once the
divergences have been regularized (by using, for instance, dimensional regularization)
they can be factorized. The N-moments can be written as

04N = Z 6% NTba,n (A.3)

b=qy,d5,9

where 6% y is a finite contribution to the cross section and the factor I'q, v contains all
the collinear singularities (see, e.g., ref. [14]). This factor depends on the factorization
(or regularization) scale p and the factorization scheme, but it is universal (process
independent). Moreover, it fulfils the Altarelli-Parisi evolution equations

B) h? [ElabN = > Puc (as (MZ)) I (A.4)

with the initial condition Ty y(p? = 0) = 84 and where P,.ny(ag) are the N-
moments of the Altarelli-Parisi probabilities, whose power series expansion in ag can
be computed at any perturbative order.

Note that the antisymmetric cross section 0% y is an odd quantity under charge
conjugation. Thus we have ¢4 y = —0% y and, in particular, o y = —a% ~ and
0%y = 0. Analogous relations are valid for 4 .

8Exactly analogous definitions hold for the symmetric cross section do%/dz and its N-
moments og .
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We can now consider in detail the massless limit of the b-quark antisymmetric
cross section o4, that is, the first moment ag{, n—1- Since 64 y is C-odd, eq. (A.3) gives

q ~Qyr
UAf,N:1 = UAf,Nzlrf’f,N:l ) (A.5)
f/
where
Lppn=1 = Lopgpn=1 = Dgpqpn=1- (A.6)

Using eq. (A.2) and the property P,.(as) = Piz(as), which follows from the charge-
conjugation invariance of QCD, we obtain the following evolution equation for the
singular collinear factor on the right-hand side of eq. (A.5)

0
mrf’f,Nzl = Z [qu/qfu,Nzl (CYS (/iz)) — Pyiqpm,n=1 (Oés (M2))] Cengne1, (A7)
f//
Note that the combination of first moments of the Altarelli-Parisi probabilities on
the right-hand side of eq. (A.7) vanishes up to O(ad):

qu’qf"szl (as (“2)) - qu’qf"’Nzl (as ('“2)) - O(O‘g) : (A.8)

This result follows from fermion-number conservation and it can be explicitly checked
by using the known LO and NLO expressions [14] of the Altarelli-Parisi probabilities.
Equation (A.8) implies that I'y;yo1 = 05 + O(ad) and, thus, the massless-quark
antisymmetric cross section 03{7 N—1 is free from collinear singularities up to NNLO
accuracy:

Ufo,N=1 =04n-1t O(ag) - (A.9)

To conclude our argument on the finiteness of 0% ~N—1, we have to discuss the
effect of soft singularities. The QCD factorization theorem guarantees that the short-
distance cross section &X  is finite for any value of the moment index N > 1. The
limit N — 1 of egs. (A.2) and (A.3) has to be dealt with with care because it is
sensitive to possible soft singularities of the type doy’ /dz ~ 1/z in the inclusive quark
spectrum. These singularities can arise when gy is produced by the fragmentation
of a soft gluon. At O(ag) there are no such fragmentation subprocesses. At O(a3),
there is only the subprocess g — ¢;g;. In this O(aj)-subprocess, however, the pair
qrqs is produced in a definite state of positive charge conjugation and, thus, it gives
a vanishing contribution to the C-odd cross section 0. It follows that up to O(a2)
the limit N — 1 can be safely performed and the right-hand side of eq. (A.9) is finite.

The antisymmetric cross section o, is the integral of a single-particle (parton)
inclusive distribution and thus, the finiteness of eq. (A.9) may appear surprising.
However, this result is not accidental. The collinear safety of 03{7 N follows from
fermion-number conservation, i.e., eq. (A.8), and this is exactly the same equation
that, up to O(ad), guarantees the finiteness of the Adler, Gross-Llewellyn-Smith and
unpolarized-Bjorken sums in Deep-Inelastic-Scattering.
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B. Integrating the E-terms

In this appendix we give some details of the integration of the E-terms appearing in,
for example, eq. (4.9).

We begin with the symmetric term [ Es, which is equal to the total contribu-
tion to Re+.- from four-b final states. We label the quark (antiquark) momenta as
D12(p34) and retain all mass terms. The integral is then analogous to eq. (B.2) of
ref. [13], but with the massless phase space replaced by that with four equal final-
state masses:

1 10" 1
[ - WC’F(ﬁ)Q@/d@4(Q2;mg,mg,m§,m§) x
X [Es(p1’p2’p3’p4) + (p1 > p2) + (p3 <> pa) + (p1 > P2, 03 < p4)]’

(B.1)
and with the E-term itself in eq. (B.7) of ref. [13] replaced by:

B = (0p - &2 2
s = P 512523834 — 512524534 + 512514834 + S12513534 + S13S94 —

2 2 2
— 514523524 + 513523524 + 513514524 + S73524 — S14S93 — S14S23 — 813814323) -
— 2mj (2 +3 + — — +2 +
my | 4512513 512814 T 512523 — 512524 — 512534 $13S14 + S13S824 +

2 2 2
+ 873 + S14823 + S14S24 + S14534 — S23S24 — S23834 — Sp3 — 3524834 — 834> +
4 6
+ 4m,, (812 + 2513 + 5814 + S23 — 2824 — 3834) — 16mb)/(31382381238134> —
2 2
- (812 (312834 — 523824 — 513524 — S14523 — 314813) - me (4812834 + 2812 -
— 2513514 — 2 —2 — 52, —2 —2 — 535 ) —
13514 513523 513824 — S13 514523 523824 — So3
—4mi( —6 2 2 -3 — 24m$ 2.) —
my, 812 + 2813 + S14 + 2823 + So4 834 my 5135235723
2 2
- ((814 + 813) (324 + S23> 834 — My (2812313 + 2512893 + S12834 + Sy +
2 2
+ 4513523 + 513524 + S13834 + S73 + 514523 — S14534 + 523534 + Spg — 824334) -

- 2m§,‘( — 2512 — S13 + 3514 — S23 + 3524 + 2534) + 24mg>/(81382331343234> +

+—{(p1%+1h,pz+%zu)}}, (B.2)

where s;; = (p; + p;)? and sijx = (pi + p; + pr)? — mj. Note that by setting m;, = 0
we trivially recover the result of ref. [13].
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Figure 6: The term c in eq. (B.4) as a function of mass. The errors are purely from Monte
Carlo statistics. The solid line is our fit to the limiting value and the dotted lines its error.

In the massless case, the integral is divergent in all four triple-collinear limits.
When 7, j and £ are all collinear, we have s;; ~ si ~ sj; ~ s;; — 0 and the

leading behaviour of the squared matrix element is ~ 1/s7;. Since the volume of
three-body phase space is ~ s;ji, we obtain a logarithmic divergence. Its coefficient
is the integral of the corresponding Altarelli-Parisi splitting function (either Pq];-’S or
qu:]fs , which are equal because of the charge-conjugation invariance of QCD). After
summing over the four singular regions, we obtain one singular contribution for each
of the two partons in the tree-level contribution, so we expect the coefficient of the

logarithmically-enhanced term in eq. (B.1) to be

1 2
2/0 dz PNS(z) = 2 (1743 - % + 2@,) . (B.3)

That is, we expect the result retaining the quark mass to be of the form

. OA as 2 13 7'('2 Q2

with ¢ tending to a constant at small masses. Our numerical results confirm the
coefficient of the log. For the constant term we obtain the results shown in figure .
To obtain the limiting value, we have tried fitting various degree polynomials in
myp/Q to the points my,/Q < fimax, reducing pima.x until the fit is acceptable. We call
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the range of values from the different fits a systematic error, which is comparable to
the statistical error, and add them in quadrature, to give:

¢ = —8.7190 = 0.0013. (B.5)

At the Z peak, logs of the bottom quark mass are not yet asymptotic. Using the
log-plus-constant approximation, we obtain

my 5 ~ CA asg 2
/ES <6 = ﬁ> ~ Cr <OF - 7) (52) [-03719£00015,  (B6)

while direct integration gives

my 5 CA asg 2
/ES <5 = ﬁ> = Cy <Cp - 7) (52) [+08174£00001].  (B.)

Even so, the difference between the two results is still an order of magnitude smaller
than a2m;,/Mz, the anticipated size of mass corrections.
For charm quarks however, the log-plus-constant approximation works quite well:

/ES (% - 19_15> ~ Cp (Cp - %) (%)2 [3.0022 £ 0.0015], (B.8)
. 15 2
/ES (% - ﬁ) — Op(Cr — Ca/2) (g‘—;) [3.3527 4 0.0003] . (B.9)

We turn now to the integral (2 [ Ex — [ Es), which we claim is finite in massless
QCD. If it is defined in the most natural way, eq. (B.10), the integrand is not piece-
wise finite, making it unsuitable for numerical integration. However, we can rewrite
it in a form in which it is, proving the finiteness of the whole integral, and allowing
it to be performed numerically.

If we define Ea(n) to be the E-term contribution that is antisymmetric with
respect to the direction n, then our integral for the quark axis definition is

/ (EA(pl) 4 Ea(ps) — ES> . (B.10)

2
ijk>

again yielding a logarithmic divergence. The coefficient of this divergence is either

In each of the four triple-collinear limits s;;;, — 0, the integrand diverges like 1/s

positive or negative, depending on whether the collinear partons 5k are qqq or qqq.
However, using the fact that Ea is C-odd, we have the relation

[ Esto) = [ Bato) =~ [ Eato) =~ [ Eaton. (B.11)

which we can exploit to rewrite eq. (B.10) as

/ (%EA@Q b LEA(p2) ~ SEA() ~ S Ealp) - E) . (B12)
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In each of the four collinear limits, two of the F, terms have equal and opposite
divergences to each other and two of them have equal and opposite divergences to
Eg, yielding an integrable integrand with a finite result. We have thus proved that
eq. (B.10) is finite.

Although this argument was formulated in terms of the b-quark axis definition,
it applies equally well to any infrared-safe definition, like the thrust axis, since they
must become equal in the triple-collinear limit.

Since the integrand is everywhere integrable, we can use the same numerical

program as for the rest of the non-singlet contributions, and obtain the results in
eqs. (110) and (L1D).
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