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Abstract

One of the major difficulties in trying to predict gaseous transport in micron-sized
devices can be attributed to the fact that the continuum flow assumption implemented
in the Navier-Stokes equations breaks down when the mean free path of the molecules
iIs comparable to the characteristic dimensions of the flow domain. Under these
conditions, the momentum transfer starts to be affected by the discrete molecular
composition of the gas and a variety of non-continuum or rarefaction effects are likely
to be exhibited. Velocity profiles, volume rates of flow and boundary wall shear
stresses are al influenced by the non-continuum regime. In addition, the length of the
hydrodynamic development region at the entrance to a channel may also be affected.

The present investigation examines the effects of the Reynolds number and the
Knudsen number on the hydrodynamic development lengths in circular and paralel
plate ducts. The study was conducted using THOR-2D - a two-dimensional finite-
volume Navier-Stokes solver developed by the Computational Engineering Group at
CLRC Daresbury Laboratory. The solver was specifically adapted for the simulation
of non-continuum flows by the inclusion of appropriate tangential slip-velocity
boundary conditions at the solid perimeter walls. Results from the present study
suggest that hydrodynamic development lengths for the circular pipe are only
marginally affected by Knudsen number. However, in the case of the parallel plate
geometry, entrance development lengths in the slip-flow regime are approximately
25% longer than the corresponding continuum solution.
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1 Introduction

The analysis of flow development in the hydrodynamic entrance region of circular
and rectangular ducts has received considerable attention over the years. An
analytical solution of the complete non-linear Navier-Stokes equations is not feasible
in the entrance region and therefore early solutions of the problem often employed
approximations of Prandtl’s boundary layer equations. For example, Schlichting [1,2]
proposed a series expansion technique to analyse the flow development in a two-
dimensional channel. The method consisted of smoothly blending two asymptotic
series expansions for the flow, one based upon Blasius’ solution of boundary-layer
development, expanded in the downstream direction, and the other based upon the
parabolic Hagen-Poiseuille velocity distribution, expanded upstream towards the
entrance. By patching the two series expansions together, Schlichting was able to
produce a flow solution for any intermediate location in the entrance region. A
similar methodology was also employed by Atkinson & Goldstein [3] to analyse the
flow development in a circular pipe. Davies [4] and Van Dyke [5] subsequently
refined Schlichting’s method by including higher order terms in the expansions.

Alternatively, other researchers have chosen to linearise the inertia terms in the
Navier-Stokes equations in order to formulate an analytical solution. For example,
Langhaar [6] proposed two simplifying assumptions to obtain a tractable solution;
namely, that the pressure can be assumed constant over a given cross-section
(i.e.0p/dy=0) and that the vdu/dy term in the axial-direction Navier-Stokes
equation can be neglected. Although these assumptions permit an analytical solution,
they are not necessarily valid in the near-entrance region. Lundgren et al. [7]
employed a comparable linearisation technique to predict the pressure drop in the
entrance region of ducts of arbitrary cross-section whilst Han [8] used a similar
methodology to produce an analytical solution for flow development in a three-
dimensional rectangular duct.

In addition to the analytical techniques outlined above, numerous authors have
employed numerical simulations to investigate the same problem. One of the first
studies was conducted by Bodoia & Osterle [9] who utilised a finite-difference
method to solve Prandtl’s boundary-layer equations. Wang & Longwell [10] later
presented an alternative streamfunction/vorticity-transport model of the complete
Navier-Stokes equations for the inlet region between parallel plates. Friedmann et
al. [11] subsequently modified Wang & Longwell’s method and applied it to the
entrance region of a circular pipe. In addition, Atkinson et al. [12] analysed the
hydrodynamic development lengths in pipes and channels under creeping flow
conditions using a finite-element method. Other notable authors include Morihara &
Cheng [13] who employed a primitive variable solution methodology for the parallel
plate geometry and Chen [14] who presented a novel numerical solution for the
momentum integral equations.

Whilst most researchers have concentrated their efforts on the no-slip flow
regime, several authors have investigated the hydrodynamic entrance problem under
slip flow conditions where the momentum transport starts to be affected by the
discrete molecular composition of the fluid. For example, Sparrow et al. [15] and
Ebert & Sparrow [16] formulated analytical slip flow solutions for rectangular and
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annular ducts, Sreekanth [17] developed an analytical solution for the pressure drop in
circular pipes, whilst Quarmby [18] and Gampert [19] used finite-difference
simulations to investigate developing slip flow in circular pipes and parallel plates.

Until recently, non-continuum dlip flows were only encountered in low-density
(rarefied gas) applications such as vacuum or space-vehicle technology. However,
the rapid progress in fabricating and utilising Micro Electro Mechanical Systems
(MEMS) over the last decade [20,21,22] has led to considerable interest in non-
continuum flow processes (Beskok et al. [23,24]). The small length scales commonly
encountered in MEMS imply that rarefaction effects occur in micron-sized channels
at normal operating pressures. For example, the mean free path of air molecules at
SATP (standard ambient temperature and pressure) is approximately 70 nm (see
Appendix C). Consequently, the ratio of the mean free path of the gas molecules to
the characteristic dimensions of a MEMS device can be appreciable. This ratio is
referred to as the Knudsen number and as it increases, the gas begins to exhibit non-
continuum effects. It istherefore imperative that the designer of amicrofluidic device
understands the unconventiona transport phenomena associated with the non-
continuum flow regime.

The present study is designed to examine the effects of both the Reynolds
number and the Knudsen number on the hydrodynamic development length at the
entrance to circular pipes and parallel plates. The circular pipe is important not only
because of its fundamental geometrical properties but also because gas samples are
commonly transported to MEMS devices in fine-bore micro-capillary tubing. The
second study concerned with the parallel plate geometry is equally important as it
forms the limiting flow condition for large aspect ratio rectangular ducts commonly
encountered in silicon-based microfluidic devices (Pfahler et al. [25], Harley et al.
[26], Arkilic et al. [27-30] ).

2 Governing hydrodynamic equations

The Navier-Stokes equations governing the flow of a viscous, laminar, Newtonian
fluid of constant viscosity can be written in tensor notation as follows:
continuity:

%, 9(Pu) - ()
ot 0X,
momentum:
o(pu) , 0(pu ) _ _0p 0T, @
ot 0X, 0% 0%

where u is the velocity, p is the pressure and p is the fluid density. T1; is the viscous
stress tensor given by
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where L isthe coefficient of dynamic viscosity and 9, is the Kronecker delta.
For a two-dimensional flow in a Cartesian (x,y) co-ordinate system, the above
equations can be expressed as

continuity:
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where u is the velocity component in the x-direction, v is the velocity component in
the y-direction and the divergence of the velocity field in egns. (5) & (6) isgiven by
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Alternatively, in the case of two-dimensiona axisymmetric flow in a cylindrica
co-ordinate system, the Navier-Stokes equations can be expressed as
continuity:
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r-momentum:
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where u is the velocity component in the x-direction and v is the velocity component
in the r-direction. The divergence of the velocity field in cylindrical co-ordinates is
given by
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3 Slip-velocity boundary conditions

To account for non-continuum flow effects, the Navier-Stokes equations are solved in
conjunction with the slip-velocity boundary condition proposed by Basset [31]:

T, =By, (12)

where u is the tangential slip-velocity at the wall, T, is the tangential shear stress on
the wall and B is the dlip coefficient. Schaaf & Chambre [32] show that the dlip
coefficient can be related to the mean free path of the molecules as follows:

B= (13)

S
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where . is the viscosity of the gas, o is the tangential momentum accommodation
coefficient (TMAC) and A is the mean free path. For an idealised wall (perfectly
smooth at the molecular level), the angles of incidence and reflection of molecules
colliding with the wall are identical and therefore the molecules conserve their
tangential momentum. This is referred to as specular reflection and results in perfect
dip at the boundary. Conversaly, in the case of an extremely rough wall, the
molecules are reflected at a totally random angle and lose all their tangential
momentum (referred to as diffusive reflection). For real walls, some molecules will
reflect diffusively and some will reflect specularly, and therefore the tangential
momentum accommodation coefficient, g, isintroduced to account for the momentum
retained by the molecules. Theoreticaly, the coefficient lies between 0 and 1 and is
defined as the fraction of molecules reflected diffusively. The value of o depends
upon the particular solid and gas involved and the surface finish of the wall. TMAC

values lying in the range 0.2 to 1.0 have been determined experimentally by Thomas
& Lord [33] and Arkilic et al. [34].



Equations (12) and (13) can be combined and rearranged to give
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It is convenient at this stage to recast the mean free path in egn. (14) in terms of a
non-dimensionalised Knudsen number, Kn. The choice of the characteristic length
scale utilised in the definition of the Knudsen number depends upon the flow
geometry under consideration. In the case of a circular pipe, it is convenient to
specify the diameter as the appropriate length scale since this is then compatible with
the definition of the Reynolds number. Thus, the Knudsen number, Kn, is defined as
the ratio of the mean free path of the gas molecules, A, to the diameter of the pipe, D:

A
Kn=— 15
5 (15
Consequently, egn. (14) can be rewritten as
UFZ_O KnDTt (16)
o H

The shear stress on the pipe wall (r =R) is then expressed in terms of the local
velocity gradient:
ou

i (17)
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The negative sign is introduced into the above expression to account for the fact that
the velocity gradient, du/dr is negative. Substituting egn. (17) into (16) then yields
the tangential slip-velocity:
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In the case of non-circular ducts, the Reynolds number is traditionally defined in
terms of the hydraulic diameter, D, (see Schlichting [1], Shah & London [35] or
White [36] ):

4xarea _4A

= : = (19)
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For the specific case of flow between parallel plates separated by a distance, H, it can
readily be shown that the hydraulic diameter equals twice the plate separation, i.e.

D, =2H (20)

Consequently, the Knudsen number, Kn, is defined as the ratio of the mean free path



of the gas molecules, A, to the hydraulic diameter of the duct, D, :

Kn="—=— (21)

As an aside, it should be noted that the earlier definition of Knudsen number for a
circular pipe (egn. 15) is consistent with the present definition since D, =D for
circular cross-sections.

Substituting egn. (21) into (14), allows the tangentia slip-velocity at the wall to
be written in terms of the Knudsen number:

_2-0 Kn2H
o M

T, (22)

The shear stress on the upper wall of the duct (y=H) is then related to the local
velocity gradient as follows:

ou
T = _Ua_ (23)
Y1y
Substituting egn. (23) into (22) finally yields the tangential slip-velocity:
4 =-2"%knon M (24)
o ay y=H

The governing hydrodynamic equations were solved using THOR-2D - a two-
dimensional finite-volume Navier-Stokes solver developed by the Computational
Engineering Group at CLRC Daresbury Laboratory [37]. Additional subroutines
were specifically written to account for the slip-velocity boundary conditions at the
solid perimeter walls (egns. 18 & 24). Since the flows investigated in the present
study had relatively low Mach numbers, compressibility effects were ignored and the
flow was therefore considered to be incompressible.

4 Estimation of hydrodynamic development lengths

When a viscous fluid enters a duct, the uniform velocity distribution at the entrance is
gradually redistributed towards the centreline due to the retarding influence of the
shear stresses along the side walls. Ultimately, the flow will reach a location where
the velocity profile no longer changes in the axial-direction, and under such
conditions the flow is said to be fully-developed. Theoretically, the required distance
to reach the fully-developed solution is infinitely large. However, for practical
engineering calculations, the hydrodynamic development length is arbitrarily defined
as the axial distance required for the maximum velocity in the duct to attain a value of
99% of the corresponding fully-developed maximum velocity.



Severa authors have chosen to base the 99% velocity cut-off point in terms of
the numerically predicted fully-developed profile at the outflow boundary. This has
the advantage that the fully-developed profile does not have to be known a priori
which may be important for ducts of arbitrary cross-section. However, the regular
geometries considered in the present study permit analytical solutions of the Navier-
Stokes equations and therefore exact expressions for the fully-developed velocity
profiles can be obtained.

In the case of laminar slip flow in acircular pipe, it can be shown (Appendix A)
that the maximum velocity at the centrelineis given by

ﬁ+42_oKnE
=20 9 (25)
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where U isthe mean or average velocity in the pipe and oisthe tangential momentum
accommodation coefficient. As an aside, in the limit of Kn — 0 (i.e. the continuum
flow regime), egn. (25) yields the familiar no-slip (NS) solution given by Hagen-
Poiseuille pipe theory:

max

max (NS) = ZU (26)

Using egn. (25) in conjunction with the 99% velocity cut-off rule then allows the
hydrodynamic development length to be defined as the location where the
longitudinal velocity at the centreline of the pipe reaches a value of

%+42_0KnE
u=198 U 9 27)
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In order to determine the hydrodynamic development length, interpolation has to be
used to estimate the velocity variation between grid nodes along the centreline of the
pipe.

For the case of non-continuum dlip flow between parallel plates, it can be shown
(Appendix B) that the maximum velocity at the centre of the duct is given by

EHSZ_GKnD
3 o H
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Furthermore, in the limit of Kn - 0, egn. (28) yields the familiar no-slip solution:
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max (NS)

Using an analogous 99% velocity cut-off procedure to that employed for the circular
pipe then allows the hydrodynamic development length to be defined as the location
where the longitudinal velocity at the centreline of the duct reaches a value of

%+82_0KnD
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5 Boundary conditions
5.1 Circular pipe geometry

The imposed boundary conditions for the circular pipe geometry are detailed
schematically in Figure 1. It should be noted that the problem has been non-
dimensionalised and therefore the uniform velocity at the entrance to the duct, the
density of the fluid and the diameter of the pipe are taken as unity. With reference to
Figure 1, the four boundaries of the pipe are treated as follows:

() Entrance boundary:
The velocity distribution at the entrance is assumed to be uniform and paralel to the
longitudinal axis of the pipe, i.e.

u=1l and v=0 a x=0,0<sr<R (31)

(b) Wall boundary:
The tangentia dlip-velocity along the wall of the pipe is evaluated using egn. (18) as
detailed in Section 3. In addition, there must be zero normal flow across the wall.
Hence,

u:_gnganﬂ

and v=0 a r=R, 0<sxsl (32)
o or

r=R
where | isthetotal length of the duct.

(c) Centreline boundary:
The flow must be symmetrical about the centreline of the pipe:

g_u:() and v=0 a r=0, 0<x<l (33)
r



(d) Outflow boundary:

The flow should approach the fully-developed solution at the downstream boundary
and consequently the gradients of the flow variables in the axia-direction must tend
to zero, i.e.

a_u:O and ﬂzo a x=1,0<r<R (34)
ax ox

5.2 Parallel plate geometry

The imposed boundary conditions for the parallel plate geometry are detailed in
Figure 2. To reduce the computational costs of the numerical simulation, the analysis
makes use of the implicit flow symmetry about the mid-plane of the duct and
consequently only the upper haf-plane is considered. The four separate boundaries
are therefore specified as follows:

() Entrance boundary:
The velocity distribution at the entrance of the duct is assumed to be uniform and
paralel to the longitudinal axis, i.e.

u=1l and v=0 a x:O,%SysH (35)

(b) Wall boundary:

The tangentia dlip-velocity along the upper wall of the duct is evauated using
egn. (24) as detailed in Section 3. In addition, there must be zero normal flow across
thewall. Hence,

27%non Y ad v=0 a y=H,oO0<xsl  (30)
o ay y=h

u=

(c) Centreline boundary:
The flow must be symmetrical about the centreline of the duct:

a_u=0 and v=0 a y=i,Osst (37)

oy 2

(d) Outflow boundary:

The flow should approach the fully-developed solution at the downstream boundary
and consequently the gradients of the flow variables in the axial-direction must tend
to zero, i.e.



(38)
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6 Numerical results

The numerical simulations assessed the entrance development lengths for a range of
different Reynolds and Knudsen numbers. In the present series of tests, the Reynolds
number was varied from Re=1 to Re=400 whilst the Knudsen number was varied from
Kn=0 (continuum flow) to Kn=0.1 (a frequently adopted upper bound for the dlip-flow
regime). The tangential momentum accommodation coefficient, o, was assumed to
have a value of unity in al computations. To avoid confusion in interpreting the
results, it should be remembered that both the Reynolds and Knudsen numbers are
defined using the hydraulic diameter as the characteristic length scale. Thus, in the
case of the circular pipe:

puD

Re= and Kn= A (39)
VI D
whilst for the parallel plate geometry:
Re= pu2H and Kn :—}\ (40)
VI 2H

The tests involved a number of different grid resolutions, including meshes
composed of 51x21, 101x41 and 201x101 nodes. As detailed later, grid
independent results were judged to have been achieved using the intermediate 101x41
mesh. In addition, numerical experimentation was used to decide upon a suitable
length of duct, |. ldeally, a co-ordinate transformation which maps the downstream
boundary to infinity should be employed (see Morihara & Cheng [13] ) but it was
found that this resulted in numerical instabilities which were thought to arise from the
extremely large grid aspect ratios close to the outflow. Consequently, the meshes
were curtailed at a finite distance downstream of the entrance, with the location
chosen so as not to affect the estimation of the hydrodynamic development lengths.
In the present study (with Reynolds numbers up to 400), it was found that duct lengths
of | =40D for the circular pipe and | =20D,, for the parallel plate geometry were
sufficient to achieve a reliable estimation of the hydrodynamic development lengths.
In addition, an exponential stretching of the meshes in the axia-direction was
implemented to achieve afiner grid resolution in the critical boundary-layer formation
zone at the entrance to the ducts. The exponentia stretching was chosen so that the
grid aspect ratio (Ax/Ar or Ax/Ay) varied from unity at the entrance up to
approximately 120 at the outflow (the upper bound of 120 preventing the occurrence
of numerical instabilities). All simulations relied upon the implicit flow symmetry
about the centreline and therefore the numerical computations only considered the
upper half-plane of each duct. However, for presentationa purposes, the remainder of
the flow domain was “reconstructed” to obtain the entire velocity profile.
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6.1 Numerical validation

Preliminary validation of the hydrodynamic code was accomplished by comparing
numerical and analytical fully-developed velocity profiles for each geometry. In the
case of laminar dlip flow in a circular pipe, it can be shown (Appendix A) that the
theoretical velocity profileis given by

O 2 o-g O
[J_—|;2+42 cIKnD
u(r) = 20 = °o U (41)
E{+82_0Knm
c O

In the limit of Kn - O (continuum flow), egn. (41) reverts to the familiar no-dlip
(NS) solution given by Hagen-Poiseuille pipe theory:

r2C

Ue(r) =20 - (42)
O R
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Similarly, for laminar dlip flow between paralld plates, it can be shown (Appendix B)
that the velocity profile across the duct is given by

O

2 —

Oy ¥, ,270
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u(y) =60 (43)
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and thereforein the limit of Kn - 0, egn. (43) reverts to the familiar no-dlip solution:
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y

Uys (y) =60 _F (44)

D?D
I |<
M

The validation tests compared the analytical velocity profiles given in egns. (41)
& (43) against predictions from the downstream boundary of the numerical model.
Three separate Knudsen numbers (Kn=0 , 0.05 and 0.10) were considered and the
Reynolds number for the numerical simulations was set to its highest value
(Re=400). Choosing to run the tests at the highest Reynolds number (longest
hydrodynamic development length) allowed an immediate assessment of the
suitability of the hydrodynamic mesh. If a chosen mesh had insufficient length to
alow full development of the velocity profile, the numerical predictions would have
shown obvious discrepancies against the analytical solution.

The results for the circular pipe and paralel plate geometry are presented in
non-dimensionalised form in Figures 3 & 4. Both sets of velocity profiles show
excellent agreement between the numerical and analytical solutions, clearly validating
the hydrodynamic model. Slight discrepancies can be seen at the centreline of the
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circular pipe for a Knudsen number, Kn=0, but the maximum error amounts to less
than 0.15%.

Figures 3 & 4 also provide a useful visualisation of the changes which take
place in the velocity profile as non-continuum flow effects start to dominate. It can be
seen that as the Knudsen number increases, the maximum velocity at the centre of the
duct decreases whilst the tangential dlip-velocity at the wall increases. The net effect
of these changes is to produce a velocity profile which becomes more uniform with
increasing Knudsen number. Another interesting feature of the flow redistribution is
the fact that the velocity remains invariant with respect to Knudsen number at two
locations across the duct. It can readily be shown that for the circular pipe, the
position of this feature occurs at

r 1
—=t— 45
D ~2J2 9
whilst for flow between parallel plates, the feature occurs at
y_1.1
R e 46
H 2 243 (46)

6.2 Hydrodynamic development lengths

After validating the hydrodynamic code against the analytical fully-developed
velocity profiles, the numerical model was then used to examine the effects of the
Reynolds number and the Knudsen number on the entrance development length. As
previously described in Section 4, the computations for the entrance length were
based upon the 99% velocity cut-off point.

6.2.1 Circular pipe

Tables 1 & 2 present non-dimensionalised hydrodynamic development lengths (L/D)
for three separate Knudsen numbers (Kn=0, 0.05 and 0.10) and a range of
Reynolds numbers between 1 and 400. The resultsin Table 1 were evaluated using a
101x 41 hydrodynamic mesh whilst the results in Table 2 employed a much higher
resolution 201x 101 mesh. The computed hydrodynamic development lengths for the
two grid resolutions were found to be very similar and consequently mesh
independent results were judged to be achieved using the 101x 41 mesh.

Figure 5 illustrates the entrance development length as a function of Reynolds
number for the 101x41 mesh. Superimposed on the present results are the continuum
development length equations presented by Atkinson et al. [12] and Chen [14].
Atkinson et al. suggested that the non-dimensionalised development length can be
related to the Reynolds number viaa simple linear relationship:
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% =0.59 + 0.056 Re (47)

whilst Chen [14] analysed development length data originally presented by Friedmann
et al. [11] and proposed a more elaborate function of the form:

= 060 | 0o0s6Re (48)

L
D 0035Re+1

Figures 5 demonstrates that the present numerical results are in excellent agreement
with the entrance lengths predicted by egn. (48). In addition, it can be seen that
Atkinson et al.’s solution tends to over-predict the development length at all but the
lowest Reynolds numbers. This is confirmed in Figure 6 which shows an enlarged
view of the development length variations for 0< Re<100. Figure 6 also illustrates
that the entrance length for a circular pipe tends towards an L/D ratio of
approximately 0.60 as the Reynolds number approaches zero. Consequently, at low
Reynolds numbers, the fully-developed velocity profile is established within about 0.6
pipe diameters of the entrance.

Figures 7 & 8 repeat the development length plots for the high resolution
201x101 mesh (Table 2). Comparison of the graphs for the two grid resolutions
immediately confirms that mesh independent results are achieved using the lower
resolution 101x41 grid. The results also demonstrate that rarefaction effects only
have amargina effect on the development length in circular pipes. It can therefore be
concluded that Chen’s development length formula (eqn. 48) derived for continuum
flows is equally valid in the slip-flow regime.

6.2.2 Flow between parallel plates

Table 3 presents the corresponding hydrodynamic development lengths for the
parallel plate geometry. A mesh resolution study was undertaken, and it was found
that the 101 x41 hydrodynamic grid once again yielded mesh independent results. It
should be noted both the non-dimensionalised development length and the Reynolds
number are based upon the hydraulic diameter of the duct, D, .

The entrance lengths are illustrated in Figures 9 & 10 together with the
development length equations presented by Atkinson et al. [12] and Chen [14]. In the
case of flow between parallel plates, Atkinson et al. suggested that the non-
dimensionalised development length can be related to the Reynolds number via the
following linear relationship:

Lo 0.3125 + 0.011Re (49)

h

whereas Chen [14] suggested a more elaborate function of the form:
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L. 035 | io1iRe (50)
D, 00l75Re+1

Figures 9 & 10 indicate that the present continuum results (Kn=0) are in good
agreement with the hydrodynamic entrance lengths predicted by egn. (50). It can aso
be seen that Atkinson et al.’s solution again tends to over-predict the development
lengths except at very low Reynolds numbers. More importantly, the present results
show that the Knudsen number has a significant effect on the length of the
development region. Inspection of the L/Dy values in Table 3 reveals that at a
Reynolds number of 400, the entrance length for a Knudsen number of 0.1 is 26%
longer than the corresponding no-slip solution. Even at relatively low Reynolds
numbers, the increase in hydrodynamic development length may still be important.
For example, at a Reynolds number of 10, the entrance length for a Knudsen number
of 0.1is13.6% longer than the continuum solution. It can therefore be concluded that
the development length formulae proposed by Atkinson et al. [12] and Chen [14] for
the parallel plate geometry cannot be applied to the slip-flow regime and consequently
anew development length equation accounting for the variation in both the Reynolds
number and Knudsen number must be eval uated.

To provide extra data for the subsequent least-squares analysis, additional
development lengths were computed for Knudsen numbers of 0.025 and 0.075
(midway between the existing Knudsen numbers). Table 4 presents the complete set
of entrance lengths employed in the anaysis whilst Figure 11 provides a 3-
dimensiona representation of the data. A non-linear least-squares surface-fitting
procedure employing the Levenberg-Marquardt method [38] was used to determine
the equation of best fit; the analysis being performed using SigmaPlot, a commercial
curve-fitting and graph plotting package. The effect of the Knudsen number was
taken into account by multiplying Chen’s original development length equation by
correction factors of the form:

[(1+AKn'L

51
Bkt Y

where A and B are constants and Kn' is defined as

Kn' = 2-0 Kn (52)
o

The Knudsen number variation shown in (51) was chosen because the analytical dlip-
flow equations developed in Appendix B have similar modification factors. Applying
the Levenberg-Marquardt |east-squares technique yields the following expression for
the hydrodynamic devel opment length:

L __ 030 OL+135IKN G, 0, o LL+14 75K L 53
D, 0.0272Re+1HL+12.11Kn [ H1+9.77Kn |
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Estimation of the likely errors in each of the coefficients revedls that it is probably
better to ignore the Knudsen number correction in the first term of egn. (53) since the
coefficients of 13.51 and 12.11 cannot be determined with any degree of accuracy.
Consequently, a second least-squares analysis was conducted using a Knudsen
number dependency on just the last term, giving:

L 0.332 [1+14.78Kn C
S =__29%  ,0011Re 54
D, 00271Re+1 H1+9.78Kn 4

Figure 12 illustrates the surface fit presented in egn. (54). It can be seen that the
proposed equation provides a good fit to the development length data over the range
of Reynolds numbers considered. Moreover, the linearity of the Reynolds number
dependency in the second term of egn. (54) implies that the expression should provide
a reliable estimate of hydrodynamic development lengths up to the transition to
turbulence at approximately Re=2000. The proposed entrance length equation is
therefore appropriate for the entire laminar slip-flow regime.

7 Conclusions

An investigation of low Reynolds number rarefied gas flows in circular pipes and
parallel plates has been conducted using a specially adapted two-dimensional finite-
volume Navier-Stokes solver. The hydrodynamic model is applicable to the slip-flow
regime which isvalid for Knudsen numbers between 0 < Kn<0.1. Within thisrange,
rarefaction effects are important but the flow can still be modelled using the Navier-
Stokes equations provided appropriate tangential slip-velocity boundary conditions
are implemented along the walls of the flow domain.

The present study examines the effects of the Reynolds number and the
Knudsen number on the hydrodynamic development length in circular pipes and
paralel plates. Model validation has been accomplished by comparing numerical and
anaytical fully-developed velocity profiles across the ducts. In addition,
hydrodynamic entrance lengths for the continuum (no-slip) regime are compared with
data published in earlier studies. The results from the hydrodynamic model show that
development lengths for the circular pipe are only marginally affected by rarefaction.
However, it has been found that the Knudsen number can have a significant effect on
the entrance development region for flows between parallel plates. At the upper limit
of the dip-flow regime (Kn=0.1), entrance lengths for the parallel plate geometry
can be up to 25% longer than the corresponding continuum solution. It is therefore
important for designers of microfluidic devices to account for the possibility of
increased development lengths in the gaseous dlip-flow regime.
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Appendix A
Analysis of fully-developed laminar slip flow within a circular pipe

Consider an incompressible Newtonian fluid of density, p and viscosity, 1 flowing
through along straight tube having a circular cross-section of radius, R. Let x denote
the longitudinal distance along the axis of the pipe and let r denote the radial co-
ordinate measured outwards from the centreline. Under fully-developed flow
conditions, the velocity components in the radial- and tangential-directions are zero
whilst the velocity component parallel to the longitudinal axis (denoted by u) is solely
dependent upon r. In addition, the pressure is constant over a given cross-section of
the pipe. Therefore, under fully-developed conditions, the flow can be described
completely by the axia-direction Navier-Stokes equation, which in cylindrical co-
ordinates reduces to

+2 22 =2 1
lSey rdr%:dx @

where dp/dx isthe pressure gradient in the longitudinal direction.
In order to account for non-continuum flow effects, egn. (1) is solved in
conjunction with the slip-velocity boundary condition proposed by Basset [31]:

L =By )

where u; is the tangentia slip-velocity at the wall, 1, isthe tangential shear stress on
the wall and 3 is the dip coefficient. Schaaf & Chambre [32] show that the dip
coefficient can be related to the mean free path of the molecules as follows:

- H
g (R-0o[ 3
io &
where 1 is the coefficient of viscosity, ois the tangential momentum accommodation
coefficient (TMAC) and A is the mean free path of the gas. The tangential momentum
accommodation coefficient is introduced into the equation to account for the
reduction in the momentum of the molecules colliding with the wall. The vaue of the

TMAC depends upon the particular solid and gas involved and also on the surface
roughness of thewall. Equations (2) and (3) can be combined and rearranged to give

_2-0

u
‘o

T, (4)

= |>

At this stage, it is convenient to recast the mean free path in egn. (4) in terms of
a non-dimensionalised Knudsen number, Kn. For compatibility with the standard
definition of Reynolds number for circular pipes, the characteristic length scale in the

19



present analysisis defined as the pipe diameter, D. Thus, egn. (4) can be rewritten as

_2-0 KnD

ut
o U

T, ®)

where Kn is defined as the ratio of the mean free path of the molecules (A) to the
diameter of the pipe:

_A
Kn "D (6)

The shear stress on the pipe wall (r =R) can be related to the velocity gradient as
follows:

du

T, ="M E (7)

r=R

The negative sign is introduced into the above expression to account for the fact that
the velocity gradient, du/dr is negative. Substituting egn. (7) into (5) then yields the
tangential dlip-velocity as

-2 9%np M
o dr

u =

(8)

r=R

The axial-direction Navier-Stokes equation (1) is alinear, second-order ordinary
differential equation. It is assumed that the solution of (1) yields a velocity profile of
the form:

u(r)=ar®+br+c 9
where a, b and ¢ are constants. Repeated differentiation of egn. (9) gives

‘(r)=2ar +b
u”(r) ar % (10
u'(r)=2a 5

and substituting the derivatives shown in (10) into the origina differential equation
yields

2a+t(2ar+p)=1 P (12)
r U dx

which can be rearranged to give
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0o 1000
Hﬁla HdXHHb 0 (12

Inspection of egn. (12) thus reveals

a:i@ and b=0 (13)
4 dx

The zero-order coefficient, c, is determined using the slip-velocity constraint shown in
egn. (8). First, the velocity gradient at the wall is found by substituting b =0 into
egn. (10):

duf _ Rdp

— =—— 14
dr| . 2ndx (14
Hence, the tangentia dlip-velocity at the wall is given by
u = _£7%¢ Rdp (15)
o 2u dx
or
u = _2-¢ Kn R 1dp (16)
o M dx

The tangentia dlip-velocity is then substituted into the velocity profile proposed in
egn. (9):

1dp R2 +C=_ﬂ Kn RZE@ (17)
4 dx o M dx
which can be rearranged to give
c:—i% 2 14279 knReE (18)
4u dx o E
Thus the velocity profile across the pipeis given by
u(r :i@ﬁ_i@ 244279 knReE (19)
4u dx 4u dx o E
which can be rewritten as
1dp0, ., ,2-0 2L
u(r)=——— -r°-+4 KnR 20
(") 4 dx o E (<0)

It can therefore be seen that the velocity profile over the cross-section takes the form
of a paraboloid of revolution. As an aside, in the limit of Kn — O (continuum flow)
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we obtain the no-dlip (NS) solution given by Hagen-Poiseuille theory for flow through
acircular pipe (see Schlichting [1] ):

Uys(r) = —4—1%(? -r?) (21)

The maximum velocity in the pipe occurs at the centreline (r = 0):

2
u_ =-RdPh 4270 L 22)
4u dx E
In addition, let U denote the mean or average velocity in the pipe, defined by
1 R
Uu=— r)2rmr dr 23
— % u(r) (23)
Substituting egn. (20) into (23) yields
R
U:iz _ L 2 12442 %nreBomr dr (24)
TR 4u dx o H
which can be smplified to
R
Uz_i@% ﬁ?zr—r3+42_GKn R’r Har (25)
au dx R o E
Integrating and rearranging finally leads to the mean velocity:
2
U:—EEEEL 8— Kn (26)
4 dx 2

Hence, the ratio of the maximum velocity at the centreline of the pipe to the mean
velocity is given by
2
b _ 1

2EL+8 KnE

and therefore the maximum velocity in the pipe is found to be

(27)
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2-0 L
EL+4 oK

Uy = 20 (28)
EL 2-0
+8
o

AllowingKn - 0 yields the familiar no-dip (NS) solution given by Hagen-Poiseuille
pipe theory:

umax(NS) ZU (29)

Similarly, egns. (20) and (26) can be combined to give the velocity distribution across
the pipe in terms of the mean velocity:

0 2 9-g O
u(r) B~ E 2 oKn[
! Dl 2 - (30)
u EHS “OknH
2 o E
or
0 2 9-g O
[J_—|;2+42 cIKnD
u(r) = 20 = °o 0 (31)

EHSZ—G
o

The tangential slip-velocity at the wall, u,, can then be found by prescribing r =R in
egn. (31):

U =0 (32)

v
Q=R T = Ei%ﬁl 8— Kn (33)

Hence, in the limit of Kn - 0 we obtain the no-dlip (NS) solution for the volume rate
of flow:

_ nR*d
Qus = nR? Uys = _gid_z (34)
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Dividing egn. (33) by (34) yields

Q _1,8270
Qus o

Kn (35)

The above equation indicates that even at relatively low Knudsen numbers, the dlip-
velocity boundary condition substantialy increases the volume rate of flow through
the pipe.

Finaly, substituting egn. (32) for the tangential slip-velocity at the wall into
egn. (2) yields the shear stress on the wall:

L 82~ %kn
o
T, = (36)
2-oQ 2-0, [
+8 Kn
T B Ao T
which can be rewritten as
1, = 8‘;” (37)
D ﬁu 8-~ 9KnL
o
Furthermore, by defining the Reynolds number, Re, in the pipe as
Re=PUD (38)
M
egn. (37) can be expressed as
8u* Re
= — (39)
pD’ %+8 “9knE
o O

The no-dlip solution is found by considering Kn — 0. This yields the shear stress on
thewall as

_8u*Re

Tt(NS) - pD2 (40)
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Appendix B
Analysis of fully-developed laminar slip flow between parallel plates

The analysis of laminar dlip flow between parallel plates essentially follows a similar
procedure to that detailed in Appendix A for circular pipes. The geometry is
important as it forms the limiting flow condition for large aspect ratio rectangular
ducts commonly encountered in microfluidic devices.

Consider an incompressible Newtonian fluid of density, p and viscosity, u
flowing between two parallel plates separated by a distance, H, as illustrated in the
diagram below:

Upperwal (Yy=H)

—> Centreline (Y=H/2)
—p —

T =g
> X \ 4

Lower wall (y =0)

Figure B1: Slip flow between paralldl plates

Let x denote the longitudinal distance along the duct and let y denote the normal
distance measured upwards from the lower wall. Under fully-developed flow
conditions, the velocity component in the y-direction vanishes and the velocity
component in the x-direction (denoted by u) is solely dependent upon y. In addition,
the pressure is constant over a given cross-section of the duct. Therefore, under fully-
developed conditions, the flow can be described completely by the x-direction Navier-
Stokes equation which reduces to

du _d
o i ®

where dp/dx isthe pressure gradient in the longitudinal direction.
In order to account for non-continuum flow effects, egn. (1) is solved in
conjunction with the slip-velocity boundary condition proposed by Basset [31]:

T, =By, )
where u; is the tangentia slip-velocity at the wall, 1, isthe tangential shear stress on

the wall and 3 is the dip coefficient. Schaaf & Chambre [32] show that the dlip
coefficient can be related to the mean free path of the molecules as follows:
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B=mrorr _“GD 3)

Ho o

where 1 is the coefficient of viscosity, ois the tangential momentum accommodation
coefficient (TMAC) and A is the mean free path of the molecules. Equations (2) and
(3) can be combined and rearranged to give

_2-0

u
‘o

= |>

T, (4)

At this stage, it is convenient to recast the mean free path in egn. (4) in terms of
the non-dimensionalised Knudsen number, Kn. Anayses of non-circular ducts
generally rely upon the concept of the hydraulic diameter,D,, as detailed by
Schlichting [1], Shah & London [35] or White [36]:

_ 4xarea _4A
wetted perimeter P

©)

h

Thus it is customary to define the Reynolds number in non-circular ducts in terms of
the hydraulic diameter, i.e.

uD,
K

Re=p

(6)

where U is the mean or average velocity in the duct. In the case of flow between
parallel plates, it can readily be shown that the hydraulic diameter is twice the
separation of the plates:

D, =2H (7)
and therefore the Reynolds number in the present analysisis defined as

pu2H
U

Re= (8

For compatibility with the above definition of Reynolds number, the hydraulic
diameter should also be employed as the characteristic length scale when determining
the Knudsen number, Kn. Consequently, the tangentia slip-velocity equation (4) can
be rewritten as

_2-0 Kn2H
o M

T, €)

where Kn is defined as the ratio of the mean free path of the molecules (A) to the
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hydraulic diameter:

Kn=z—=—- (10)

The shear stress on the lower wall of the duct (y=0) can be related to the
velocity gradient as follows:

(11)

y=0

As an aside, the shear stress on the upper wall of the duct (y=H) is evaluated using
avery similar equation with the exception of a negative sign to account for the change
in direction of the velocity gradient at the upper wall. Substituting egn. (11) into (9)
then yields the tangential dlip-velocity as

(12)

The x-direction Navier-Stokes equation (1) is a linear, second-order ordinary
differential equation. It is assumed that the solution of (1) yields a velocity profile of
the form:

u(y)=ay*+by+c (13)
where a, b and ¢ are constants. Repeated differentiation of egn. (13) yields

u(y)=2ay+b [

, 0 (14)
u'(y) =2a u
and substituting the second derivative, u”(y) into the origina differential equation
gives
_1ldp

a=—— 15
2u dx (19

The first-order coefficient, b, is determined by employing the fact that the velocity
profile between the platesis symmetrical. Consequently,

, H
u(y)=0 at y== (16)
giving
b=-aH :—i@ (17)
2u dx
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Finally, the zero-order coefficient, c, is evaluated using the dlip-velocity constraint
shown in egn. (12). The velocity gradient at the lower wall is found by substituting
y =0 into egn. (14) giving

duf _ Hdp

— =——— (18)
dy y=0 2u dx
and therefore the tangential slip-velocity is given by
u=-2"%non H dP (19)
o 2u dx

The tangential dlip-velocity is then substituted back into the velocity profile shown in
egn. (13) to give

c=-2"%knp2 i (20)
o W dx
Thus the velocity profile across the duct takes the form:
(y)_idp _Hadp y_ﬂ KnHzl% (21)
2 dx 21 dx o M dx

which can be rewritten as

2 2 _
HidplOy _y*  ,2-0 L )

u(y) =-
) 2pdx%ﬁ H? o C

As an aside, in the limit of Kn - 0 (continuum flow) we obtain the familiar no-dlip
(NS) formulafor parale flow through a straight channel (see Schlichting [1] ):

H2dpOy y*LC
U (y) = ——— P =Y _ Y 23
ns(Y) 21 dx DD—H ZE (23)

H?dpl 1 .2-0, C
Uy =~ ——[—— 12 Kn 24
™ 2u dx Bﬁ 4 o E (24)
or
2 _
. :_H_@EEHg_G Kn[ (25)
2p dx 4 o E
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In addition, let U denote the mean or average velocity in the duct, defined by
H
U:—%u(y) dy (26)

Substituting egn. (22) into (26) yields

— T

g=20-

H? dp O Z _2-0
le y2
H 2udeH H

2279 knidy 27)
s A

Integrating and rearranging leads to the mean vel ocity:

2
b= —H—ﬁlﬁt 12— Kn (28)
21 dx 6

Hence, the ratio of the maximum velocity to the mean velocity is given by

| Eus Knﬁ
= (29)
u 1 o, O
+127
6% KnH
and therefore the maximum velocity in the duct equals
EHS 2- Knﬁ
U = gU (30)
%+122 o Knﬁ
AllowingKn - 0 yields the familiar no-dlip solution:
3_
umax(NS) = Eu (31)

Similarly, egns. (22) and (28) can be combined to give the velocity distribution across
the duct in terms of the mean velocity:
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2 _
Y Y 45270 np
u(y) _oH H Y 0
=TT 5 (32)
u E{+12C’KnD
6 o
or
2 —
0y _ ¥ 45270 )0
_oH H Y 0
u(y) =60 5 (33)
EL+12 ~9% knH
(6]

The tangentia slip-velocity at the wall, u,, can then be found by prescribing y =0 in

egn. (33):

12279 kn

u =0 9 (34)

Eulzz_“ KnH
o

In addition, the volume rate of flow per unit width of duct, g, is given by

3 -
q=HT= —;?%EHQQ Kn% (35)
. dx o

Hence, in the limit of Kn - 0 we obtain the no-dlip solution for the volume rate of
flow:

_ H®dp1
=Hg.=————— 36
qNS NS 2“ dX 6 ( )
Dividing egn. (35) by (36) yields
9 -141227%qn (37)
Ons o

The above equation indicates that even at relatively low Knudsen numbers, the dlip-
velocity boundary condition substantialy increases the volume rate of flow through
the duct.

Finaly, substituting egn. (34) for the tangential slip-velocity at the wall into
egn. (2) yields the shear stress on the wall:
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i 125 = Kn
a
T, = 38
' R-o @ ﬁ 2-0,. 0O (38)
H (0) o H
which can be rewritten as
12pt (39)
2H @+12 9 kn
Furthermore, since the Reynolds number in the duct is defined as
Re=PU2H (40)
M
egn. (39) can be expressed as
3u® Re
(41)

T, =
pH? @H 12g KnD

o O

The no-dip solution is found by considering Kn — 0. This yields the shear stress on

thewall as

3p*Re
T = 42
(EINYE (42)
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Appendix C
Determination of the mean free path of a gas

For an ideal gas modelled asrigid spheres of diameter, o, the mean distance travelled
by a molecule between successive collisions or mean free path, A, is given by [39]:

A= ®
J2mpa?
where,
k = Boltzmann's constant =1.380662x107 J/ K,
T =temperature (K),
p = pressure (N/m?*) and
o = collision diameter of the molecules (m).

At standard ambient temperature and pressure (SATP), defined as T =298.15 K and
p=10° N/m?, egn. (1) becomes:

9.265x10
. (2)

(9]

A

For air, the average collision diameter of the moleculesis 3.66x107° m giving a mean
free path of 6.92x10°m (or 69.2 nm).

The table below details the collision diameters of other common gases.

Gas o (m)
Air 3.66x101°
Ar 3.58x10%°
CO;, 4.53x10™1°
H: 2.71x10™"°
He 2.15x10™"°
Kr 4.08x10™
N 3.70x10%°
NH; 4.32x101°
Ne 2.54x10™"°
O, 3.55x10%°
Xe 4.78x10™%

Table C1: Collision diameters of common gases [39]
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wall r =R

u= —E Kn D % v=0
o or r=R du
= 0
Inflow | U=1 Flow direction > ()4 Outflow
x=0]|v=0 @ -0 X=
oX
93:0 v=0
or

Centreline r =0

Figure 1. Schematic layout of boundary conditions for circular pipe geometry

Wall y=H
=220 Kn 2H ou v=0
Y Y| -y ou _
—=0
Inflow | U=1 Flow direction > ()4 Outflow
x=0]|v=0 ov 0 X=
16)4
QE:O v=0
oy

Centreline y=H /2

Figure 2: Schematic layout of boundary conditions for parallel plate geometry
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Re Kn=0.0 Kn=0.05 Kn=0.10
L/D L/D L/D
1 0.6238 0.6618 0.6753
5 0.7126 0.7564 0.7746
10 0.8799 0.9254 0.9454
20 1.3483 1.3835 1.3953
40 2.4331 2.4480 2.4463
60 3.5483 3.5500 3.5394
80 4.6780 4.6670 4.6470
100 5.8035 5.7816 5.7564
150 8.6236 8.5707 8.5330
200 11.4460 11.3652 11.3158
250 14.2749 14.1606 14.0974
300 17.0736 16.9215 16.8450
350 19.7880 19.6097 19.5247
400 22.3624 22.1373 22.0322

Table 1: Non-dimensionalised development lengths for a circular pipe

(101 x 41 mesh)
re Kn=0.0 Kn=0.05 Kn=0.10
L/D L/D L/D

1 0.6210 0.6579 0.6732

5 0.7094 0.7528 0.7718
10 0.8766 0.9221 0.9418
20 1.3462 1.3791 1.3924
40 2.4303 2.4444 2.4428
60 3.5462 3.5473 3.5362
80 4.6689 4.6590 4.6400
100 5.7931 5.7732 5.7472
150 8.6017 8.5612 8.5222
200 | 11.4061 11.3497 11.2999
250 | 14.2025 14.1337 14.0728
300 | 16.9717 16.8925 16.8229
350 | 19.6703 19.5786 19.4996
400 | 222270 22.1284 22.0392

Table 2: Non-dimensionalised development lengths for a circular pipe
(201 x 101 mesh)
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Figure 5. Non-dimensionalised development lengths for a circular pipe

(101 x 41 mesh)
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Figure 6: Detail of non-dimensionalised development lengths for a
circular pipe (101 x 41 mesh)
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Figure 7: Non-dimensionalised development lengths for acircular pipe

(201 x 101 mesh)

39



L/D

O

\
O

20

Kn=0.0
Kn=0.05
Kn=0.10

40

———— Atkinson et al. (Kn=0.0)

——— Chen (Kn=0.0)

Figure 8: Detail of non-dimensionalised development lengths for a
circular pipe (201 x 101 mesh)
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Re Kn=0.0 Kn=0.05 Kn=0.10
L/Dy, L/Dy, L/Dy
1 0.3238 0.3473 0.3488
5 0.3360 0.3646 0.3703
10 0.3544 0.3915 0.4027
20 0.4092 0.4636 0.4849
40 0.5706 0.6583 0.6975
60 0.7769 0.8892 0.9436
80 0.9945 1.1316 1.2016
100 1.2141 1.3795 1.4640
150 1.7589 2.0057 2.1296
200 2.2966 2.6340 2.7994
250 2.8240 3.2633 3.4711
300 3.3425 3.8916 41447
350 3.8533 4.5224 4.8151
400 4.3555 5.1509 5.4898

Table 3: Non-dimensionalised development lengths for flow between parallel plates
(101 x 41 mesh)
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Figure 9: Non-dimensionalised development lengths for flow between parallel plates
(101 x 41 mesh)
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Re Kn=0.0 Kn=0.025 Kn=0.05 Kn=0.075 Kn=0.10
L/Dy, L/Dy, L/Dy, L/Dy L/Dy

1 0.3238 0.3389 0.3473 0.3495 0.3488
5 0.3360 0.3532 0.3646 0.3696 0.3703
10 0.3544 0.3776 0.3915 0.3999 0.4027
20 0.4092 0.4407 0.4636 0.4783 0.4849
40 0.5706 0.6168 0.6583 0.6841 0.6975
60 0.7769 0.8337 0.8892 0.9241 0.9436
80 0.9945 1.0619 1.1316 1.1762 1.2016
100 1.2141 1.2954 1.3795 1.4338 1.4640
150 1.7589 1.8808 2.0057 2.0846 2.1296
200 2.2966 2.4674 2.6340 2.7392 2.7994
250 2.8240 3.0528 3.2633 3.3951 3.4711
300 3.3425 3.6393 3.8916 4.0505 41447
350 3.8533 4.2235 4.5224 4.7083 4.8151
400 4.3555 4.8059 5.1509 5.3642 5.4898

Table 4: Non-dimensionalised development lengths for flow between parallel plates
(101 x 41 mesh)
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Figure 11: 3-dimensional representation of non-dimensionalised development lengths
for flow between parallel plates
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Figure 12: Least-squares surface fit of non-dimensionalised devel opment lengths
for flow between parallel plates
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