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1 Introduction

Scaling or equilibration of data in linear systems of equations is a topic of great
importance that has already been the subject of many scientific publications, with
many different developments depending on the properties one wants to obtain after
scaling. It has given rise to several well known algorithms (see Duff, Erisman,
and Reid (1986), Schneider and Zenios (1990), for instance). Scaling consists in
pre- and post-multiplying our original matrix by two diagonal matrides,and D,
respectively. If we denote b the scaled matrix

K == D]_AD2 5

we then solve the equation
Ax=D ,
wherex = D3 'x andb = D;b.

Classical scalings are the well known row and column scaling. For row scaling,
each row in the original matrix is divided by the norm of the row. Different norms,
such as the infinity-norm or the 1-norm, may be considered, depending on the strategy
one wishes to develop. Column scaling is identical to row scaling, except that it
considers the columns of the original matrix. A more general purpose scaling method
is the one used in the HSL 2000 routin&C29 which aims to make the nonzeros of
the scaled matrix close to one by minimizing the sum of the squares of the logarithms
of the moduli of the nonzeros (see Curtis and Reid (197)J.29reduces this sum
in a global sense and therefore should be useful on a wide range of sparse matrices.
Any combination of these scalings is also a possibility. Scaling can also be combined
with permutations (see Duff and Koster (1999) and the HSL 2000 robiGé4.

The matrix is first permuted so that the product of absolute values of entries in on the
diagonal of the permuted matrix is maximized (other measures such as maximizing
the minimum element are also options). Then the matrix is scaled so that the diagonal
entries are one and the off-diagonals are less than or equal to one. This then provides a
useful tool for a good pivoting strategy for sparse direct solvers, as well as for building
good preconditioners for an iterative method.

In the 1960’s, Bauer (1963), Bauer (1969) and van der Sluis (1969), in particular,
showed some optimal properties in terms of conditions numbers for scaled matrices
with all rows or all columns of equal norm of 1.

The purpose of this article is to propose an iterative algorithm that will scale a
matrix so that it reaches asymptotically a state with all rows as well as all columns
with infinity-norm equal to one. This algorithm is introduced in detail in Section 2.
The convergence towards the stationary state mentioned above is at least linear, with
an asymptotic rate of convergence%ohnd this is clearly demonstrated and illustrated
in Section 3. From the theory developed by Bauer (1963) and van der Sluis (1969),
we also indicate in Section 4 the particular properties that this algorithm yields for
the scaled matrices and, in particular, we highlight the case of symmetric matrices
since the algorithmniaturally’ preserves such numerical structures. In that respect,
we also mention the routifdC30in the HSL (2000) library, which is a variant of the
aboveMC29routine for symmetric matrices.
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Finally, we try in Section 5 to extend the algorithm to the case of other norms.
Following the discussion in Parlett and Landis (1982), we establish under which
hypothesis the algorithm is also convergent in the case of the one-norm, and we
comment on the generalisation of these results with respect to what was stated in
Parlett and Landis (1982). Concluding remarks as well as some additional extensions
are briefly discussed in Section 6.

2 The algorithm

Consider a generab xn real matrixA, and denote by; = al’ € R, i=1,...,m,
the row-vectors fromA and byc; = a; € R, j = 1,...,n, the column-vectors
from A. Denote byDr andD them x m andn x n diagonal matrices given by:

Dy, = diag(y/Irifls)ict..m and De = diag(y/le; o)t (21)

where||.||., stands for the infinity-norm of a real vector (that is the maximum entry
in absolute value, and also sometimes called the max norm). If a row (or coluin) in
has all entries equal to zero, we replace the diagonal enidyifor D respectively)
by 1. In the following, we will assume that this does not happen, considering that
such cases are fictitious in the sense that zero rows or columns should be taken away
and the system reduced.

We then scale matriXA on both sides, forming the scaled matdx in the
following way

A =Dg'AD! . (2.2)

Now, the idea of the algorithm we propose is to iterate on that process, viz.
Algorithm 2.1 (Simultaneous row and column iterative scaling)
A®© =4, D=1, andDy =1,

fork=0,1,2,..., until convergence do :

Al — DLIA®DL
DIV =D D!, andD{") = DY D!

Convergence is obtained when

max {](1 — Hrgk)HOO”} < ¢ and 11;1%)%{\(1 — Hcgk)Hoo)‘} < e (2.3)

1<i<m

for a given value ot > 0. The properties of this algorithm, as well as its rate of
convergence, are discussed in the following section.



3 Fast linear convergence and properties

The first property of the algorithm we would like to highlight, because it has been one
of the main reasons for the construction of this iterative scaling procedure, is that it
preserves symmetry. Indeed, if the given matkixs symmetric, then the diagonal
matricesDr andD¢ in (2.1) are equal and, consequently, matixn (2.2) is still
symmetric, as is the case for the matride®) at any iteration in Algorithm 2.1. This

is not the case for most scaling algorithms which alternately scale rows followed by
columns or vice-versa.

For instance, in the case of unsymmetric matrices, one may consider the use of the
Sinkhorn and Knopp (1967) iteration with infinity-norm (in place of the one-norm as
in the Sinkhorn-Knopp method). This method simply normalizes alternately all rows
and columns iM, and iterates on that process until convergence, although in the case
of the infinity-norm, this is obtained after one single step. Because of its simplicity,
this method is very appealing, but notice however that the Sinkhorn-Knopp iteration
may provide very different results when appliedAcor to A”. As opposed to that,
and this is linked to the first comment above, Algorithm 2.1 does provide exactly the
same results when applied % or A7 in the sense that the scaled matrix obtained
on AT is the transpose of that obtained an We have quoted the Sinkhorn and
Knopp (1967) method in particular because it has been originally proposed by the
authors to provide so calledlbubly stochasticmatrices, that is positive matrices
with all rows and columns of one-norm equal to 1, and we shall come back to this
issue with respect to Algorithm 2.1 in the next section.

The particular case when the matAxhas all its rows and columns with infinity-
norm equal to one is clearly a fixed point for the iterations in Algorithm 2.1. Also, if
A is a square matrix in which the absolute value of each diagonal element is greater
than or equal to the absolute value of any other entry in the corresponding row and
column, then it can easily be seen that the algorithm converges in one iteration, with
a resulting scaled matriA () with all ones on the diagonal.

Concerning the rate of convergence of Algorithm 2.1 in the more general case, we
shall now verify that the algorithm converges in all cases towards the above mentioned
stationary point with an asymptotic linear rate%of

The first point in the demonstration of this is to notice that, after the first iteration
of the algorithm, all the entries iA(*) are less than or equal to one in absolute value.
This is very easy to see, since all entrigsin A are divided by the square roots of
two numbers||r*|| and||c§-’“)||OO respectively, each one of them being greater than
or equal toja;;| itself.

Then, for any subsequent iteratioh & 1), if we consider the infinity-norm of
any rOer-k) or columnc§k), and if we denote bycf-fg the entry in rowi for which
the equality|a§f0)| = ||rz(‘k)||oo holds, and byaz((’f} the entry in columnj such that
|at)] = [|c!¥||. respectively, we can easily verify that both entrigl§ ™ anda.'"

20]

in the scaled matriA &+1) are greater in absolute value than the square root of the



corresponding value at iteratidn and are still less than one. Indeed, we can write

(k) / (k
1 > | fo+1)| = |aij0| UO Jo
’L k k‘ Z
NN wwum

sincela m| = £l andHc )|l < 1foranyk > 1. A similar short demonstration
enables us to show that
k+1
jajg)] < lafg; V] < 1,

for anyk > 1. From this, we can finally write that the iterations in Algorithm 2.1
provide scaled matriceA™, k& = 1,2, ..., with the following properties

Vhz11<i<m, Ve <l < Il <1, (3.0
and

vh>1, 1<) <n /I lw < lafi V< il <1, (3:2)

which shows that both row and column norms must converge to 1. To conclude our
demonstration, we just need to see that

1 e 21— (el

HOO
HOO —

1+ e )

1 — Hr('k+l)

similar results holding for any of the columns norms, and which fulfils the proof of
the linear convergence of Algorithm 2.1 with an asymptotic ratg. of [

To conclude this section, we would like to come back to a few remarks made by
Duff, Erisman, and Reid (1986, pages 86—87) about scaling, and which Algorithm 2.1
seems to addressaturally’ well. As mentioned by the authors,

..equilibration, where diagonal matriceB,; and D, are selected so
that D; AD, has the largest entry in each row and column of the same
magnitude, unfortunately allowld; andD, to vary widely.

They also introduced a smallx 2 example

1.00 2420
A= ( 1.00 1.58 > (33)

and closed the discussion with the following comments:

If the unscaled matrix (3.3) had been caused by a badly scaled first
equation, then simple row scaling would be a proper choice. If it had
been caused by choosing units for variabje¢hat arel0® times too large,
then column scaling would be the proper choice.



What we wish to stress here is that, if there happens to be a badly scaled row (or
column) in the unscaled matrikx then, despite the fact that the algorithm scales both
sides of the matrix simultaneously, it naturally recovers the situation and ends up with
an “appropriat€ choice with regards to the comments above. To illustrate that, let us
just consider the following small example with a badly scaled row

a «
A:(l 1). (3.4)

If < 1in (3.4), then iteratiork (¢ > 1) of the algorithm provides the following
matrices:

~(1-35) — FaF
ng):<a 2 O),A(k):<0‘ «Q ))D(zk):I%
0 1

converging to the situation whera is the matrix with all onesD; has its first
diagonal entry equal ta~!, andD, stays the identity matrix.
If & > 11in (3.4), then the first iteration yields

1 a~z 0 —~ 1 1 1 1
DP:( 0 1>’A(1):<a—é a‘5>’D(2):a212’

and subsequent iterations & 2) will then give

1
~2 0 — 1 1
D§1) = ( . G E—— ) AWM = ( & -k ) D(zk) :04_%12,

ok—1

with an asymptotic situation very similar to the previous one except that the scalar
factor a2 appears in the column scaling matrix. Similar reasoning on a matrix
with a badly scaled column would bring us to the same type of conclusions with
an appropriate column scaling instead. The above two examples also show that we
cannot expect (apart from some particular cases) to prove faster convergence than the
linear rate of%. Finally, if we apply Algorithm 2.1 to the x 2 example (3.3) from

Duff, Erisman, and Reid (1986), convergence is achieved in 2 iterations, with the

following matrices

@ (0203 0 @ 0228 1 @ (11212 0
D _< o wso10 ) AT =1 1 woese P2 T 0 o203 )

The 2-norm condition number o is 2421.6 and that of the scaled matrk(® is now

of 1.0528. We also notice that the algorithm has distributed part of the bad scaling
of this matrix into both the row and the column scaling matribgsandD,, ending

up with a situation where the scaled matrix can easily be permuted into a strongly
diagonally dominant matrix. This is a very favourable situation for a good pivoting
strategy in Gaussian elimination, for instance, if we refer to the motivations for scaling
in Duff, Erisman, and Reid (1986).



4 Some comparisons with the symmetric scaling
algorithm of Bunch

We have stressed, at the beginning of Section 3, that Algorithm 2.1 is well suited for
symmetric scaling of symmetric matrices. Bunch (1971) also developed a symmetric
scaling algorithm for equilibration in the infinity-norm. He additionally gave detailed
explanations, by means of a smallx 2 example, about the fact that there was no
assurance at all that his symmetric scaling algorithm would be optimal in minimising
the infinity-norm condition number of the scaled matrix over all possible choices of
positive diagonal scaling matrix. Uniqueness is not even guaranteed, except under
certain conditions as recalled by the author. Our aim, in the following text, is to
exploit the same x 2 example to compare and discuss the main differences between
Algorithm 2.1 and the one of Bunch (1971) in the case of symmetric matrices.

Bunch (1971, Section 7) mentions that his symmetric scaling algorithm can
increase the condition number, but also highlights the fact that it is not always
possible to reduce it with equilibration in the infinity-norm. To illustrate this point,
he discussed the case of a simple 2 example where

a b d 0
a=(30) m=(57)

with a,b, ¢ # 0, d,e > 0, anddet A # 0. The condition number in the infinity-norm
can be easily computed in this case, giving:

2
o(A) = Al A7), = LR I

lac — b?|

and 2
poo(DAD) — UL max (ald/e, le/d)}”
lac — b2
with a minimum of 2
bl + +/|ac
min ko (DAD) = {’ | \/ﬁ} |
d,e>0 |CLC _ b2|

achieved with

B e 0
D_>\< . ’a‘), (A > 0).

The scaled matrix then becomes

<o ald b/iad
by/lac|  clal 7

and we can see that there always exists a scaling matsuch thatA is equilibrated
and with minimal condition numbet... Depending whethejuc| > b> or not, one
can indeed fix\ to set to+1 the largest entries iA above.
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The algorithm of Bunch (1971) scales in fact the lower triangular paX obne
row at a time, starting with the first element,. In the case of thig x 2 example, it

first gives
Lo\ sgn(a) —-
D<1>:( M AW | T \/j ,
Val

and then, depending which is the maximum of the two elembmw and \/H
gives the two following solutions:

sgnla b ; 0
K(gb() \/E)>,D( ol )’ifac>b2, (4.1)

and

1 0
A (e nglﬁsw D= | Y . if |ac| < b2. (4.2)
sgn(b) Gz 0 %
Now, when applying Algorithm 2.1 to thi8 x 2 symmetric matrix, we must
consider 6 different cases:

1. |a| > |b| > 0 and|c| > |b] > 0.
In this case, the algorithm converges in one iteration as already explained in the
beginning of this section, giving the same solution (4.1) as the Bunch algorithm
(becausegac| is obviously bigger tham?), which corresponds to the optimal
scaling discussed above.

2. |a] > |b] > 0,0 < |c| < |b], and|ac| < b%.
In this case, Algorithm 2.1 generates an asymptotically convergent sequence,
giving at iterationk > 2

1 1 0
b2k
X(k) _ sgn(a) ) Sgn(b) a ) DX — \/m Loy
o gl ) o e |
sgn p b \/m b

[b]
and converging to the situation (4.2), which again corresponds to the answer the
Bunch algorithm would give in this case. The scaled matrix is not the optimal
one. Its condition number is,,(A) = 4b?/|b? — ac|, since|ac| < v?, and
is smaller than the condition number a&f, x..(A) = (|b| + |a|)?/|b* — ac|,
becausga| > [b| > |c|.

3. |al > [b] > 0,0 < |c| < |b], and]ac| > V?.

In this case, we are sure that there exists an iteratjmuch that
_1
20

1
(1= 2%=1)

b

a

C

<15
7

a

b




and Algorithm 2.1 will then terminate at iteratidg + 1 with exactly the same
solution as in (4.1). This corresponds again to the optimal scaling and is also
provided by the Bunch algorithm.

4. The cases whete| > [b| > |a| > 0, with |ac| < b? or |ac| > b?, imply very
similar discussions to the two previous cases. The only difference is for the
asymptotic solution in the cagec| < b?, for which the two elements on the
diagonal ofA in (4.2) are interchanged (and their signs set appropriately), and
differs from the solution provided by the Bunch algorithm which is still exactly
the same as in (4.2). At any rate, the condition numbers of the two solutions are
equal and less than that of matex

5. Finally, in the cas@| > |a| > 0 and|b| > |c| > 0, Algorithm 2.1 converges in
one iteration and simply gives
1
a . — 0
X—( m bgfla?)),D: \/m 1

~\ sgn(b) I%\ ’ (4.3)

1ol

which does not correspond to the optimal scaling but still does not increase
the condition number. In this case, the Bunch algorithm still gives the same
solution as in (4.2), becausec| is obviously smaller thab?, but there the
resulting condition number is necessarily increased.

We observe that Algorithm 2.1 provides, in half the cases, a scaling with optimal
condition number and that, in all cases, it does not increase the condition number of
the original matrix, as opposed to the Bunch algorithm which can do so (see case
number 5 above). One of the major differences between Algorithm 2.1 and the Bunch
algorithm is that the latter always forces the first elemgntin the scaled matrix to
be equal tot-1 (see Bunch (1971, page 572)). Because of that, the Bunch algorithm
is sensitive to a priori symmetric permutations appliedtthat may change the first
element on the diagonal. In that respect, and this is easy to see, Algorithm 2.1 is
totally independent of any permutations 4n in the sense that the resulting scaling
on the permuted matrix would correspond to the permutation of the scaling matrices
obtained on the original matrix.

However, the algorithm of Bunch (1971) ensures terminatiom gteps;n being
the size of the symmetric matrix, whereas Algorithm 2.1 is only guaranteed, even
in the symmetric case (see the second case discussed just above), to converge
asymptotically to an equilibrated solution in the infinity-norm, with fast linear
convergence nevertheless. A final comment, just worth mentioning, is that
Algorithm 2.1 also has a natural parallelism, whereas the Bunch algorithm is more
intrinsically sequential.

5 Extensions to other norms

A natural idea would be to change the norm used in Algorithm 2.1, and to try for
instance the two-norm or the one-norm because of the optimal properties they induce
8



(see van der Sluis (1969), Parlett and Landis (1982)), and still expect convergence
towards an equilibrated situation with all rows and columns of norm 1 in the
corresponding norm. We shall see, in the remainder of this section, that this will
usually, but not always, work and we investigate the potential and limitations of such
extensions.

The idea of equilibrating a matrix with both rows and columns of one-norm
equal to 1 in not new, and has been the subject of constant efforts since the 1960’s,
and even before. Sinkhorn and Knopp (1967) have studied a method for scaling
square nonnegative matricesdoubly stochasticform, that is a nonnegative matrix
with all rows and columns of equal one-norm. Sinkhorn (1964) originally showed
that: Any positive square matrix of order is diagonally equivalent to a unique
doubly stochastic matrix of ordet, and the diagonal matrices which take part
in the equivalence are unique up to scalar factor¥ery recently, Borobia and
Canb (1998) gave a different proof for the existence part of Sinkhorn’s theorem with
some elementary geometric interpretations.

The above result was further extended to the case of nonnegative nonzero matrices
as follows. A square x n nonnegative matriXA > 0 is said to haveupportif there
exists a permutation such that; ,;) > 0, 1 <7 < n. Note that matrices not having
support are matrices for which roll transversalcan be found (see Duff, Erisman,
and Reid (1986, page 107)), that is a column permutation — or equivalently, a row
permutation — making the diagonal zero-free, and are stusturally singular A
matrix A is said to haveotal supportif every positive entry inA can be permuted
onto a positive diagonal with a column permutation. A nonnegative nonzero square
matrix A of sizen > 1 is said to befully indecomposabl& there does not exist
permutation matriceP andQ such thatPAQ is of the form

< All A12 >
0 Ay /|’

with A;; andA,, being square matrices. Duff, Erisman, and Reid (1986, Chapter 6)
also use the termbi-irreducible’ for such a property. Sinkhorn and Knopp (1967)
established that their balancing algorithm, which simply iterates on normalizing all
rows and columns in the matrix alternately, converges to a doubly stochastic limit
A if and only if the matrixA has support. The doubly stochastic lindit can be
represented aBb;AD, (meaning thatA and A are diagonally equivalent) if and
only if A has total support and, if the support Afis not total, then there must be
a positive entry inA converging to 0. Additionally, Sinkhorn and Knopp (1967)
proved that the diagonal matricBs andD,, when they exist, are unique up to some
scalar factors if and only if the matriA is fully indecomposable. Brualdi, Parter,
and Schneider (1966) independently showed the same diagonal equivalence between
A and a doubly stochastic matrix whexis a direct sum of fully indecomposable
matrices, and according to Soules (1991), Mirsky and Perfect (1965) showed that a
matrix A has total support if and only if there exist permutation matriesnd Q
such thafPAQ is a direct sum of fully indecomposable matrices.

Different contributions have also been made in the study of convergence of
the Sinkhorn-Knopp method under various hypothesis. Sinkhorn (1967) proved
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geometric convergence for positive starting matrices, and Soules (1991) extended
the result to matrices with total support. Finally, Achilles (1993) has established
the converse of the above, that is that geometric convergence of the Sinkhorn-Knopp
method implies total support for the nonnegative starting matrix

Parlett and Landis (1982) describe three new iterative scaling algorithms, with
experimental evidence of better average and worst-case convergence behaviour than
the Sinkhorn-Knopp method for at least one of the three. They also gave a generalized
version of the convergence theorem of Sinkhorn and Knopp (1967), including a
characterisation of scaling algorithms that will converge to a doubly stochastic
situation when the starting matrik has support. Such algorithms are called by Parlett
and Landis tliagonal product increasing (DP1algorithms, and we shall comment
on this characterisation in the end of this section since our algorithm also verifies the
DPI hypothesis stated by Parlett and Landis (1982). It must be mentioned beforehand
that the discussion in the rest of this section follows very closely that of Parlett and
Landis (1982), with a few slight differences worth mentioning.

We now state our main result, which concerns the convergence of Algorithm 2.1
with the one-norm in place of the infinity one and, to do so, we will use the same
notation as in Parlett and Landis (1982). Algorithm 2.1 produces a sequence of
iteration matrices diagonally equivalent to the starting maarix A (©):

Ak = (agf)) —DWAE®, k=1,2,...,
D® = diag (dg’“, . ,d<k>) : (5.1)

n

E®) — diag (egk), o ,€(k)) )

n

(so, for exampleq!) = d{"a;;¢!”) and we seD©® = E©® = 1. We denote by",

1=1,...,n, andcg-k),j =1,...,n, the one-norm of rows and columns respectively,
thus: .
k k
= 31,
N (5.2)

k k
cg- ) = Z|a§j)\.

We also assume for simplicity tha > 0, since scalingA or |A| will be the
same. Under this simplification, the one-norm of rows and columns reduces to
row and column sums respectively,” = 7, ol andcl” = s i), and to
generalize our results to any matrix, one just needs to extend the definition of a
“doubly stochastic matrixso that the absolute value of the matrix under consideration

is doubly stochastic in the usual sense.

THEOREM5.1 Given the sequence (5.1) of diagonal equivalentsAfpin which
(k)

a:
a£k+1) = #7 1 S Zu] S n,
j ® /®

with rz(k) and cgk) given by (5.2):



1. If A has support, theS = lim;_,.. A* exists and is doubly stochastic.

2. If A has total support, then bo® = lim;,_,.. D® andE = lim,,_,., E® exist

andS = DAE.
Proof of point (1) in Theorem 5.1:  We recall from Parlett and Landis (1982
arithmetic-geometric mean inequalityhich states that, it; > 0fori = 1,...,n
then .
[Ta < (Z ‘”) , (5.3)
i=1 i=1 1
with equality holding if and only ift; = 2o = ... = z,,.

Now, using (5.3), we can write for all
1 (k)

- (k=+1) 1 (k:+1)> " . Qi;
T < |- T = | = Y B 7
i=Hl <" @; n 1%‘:@ Vr® P

with the same inequality fof | cg-’““) since
j=1
1) N (kD) (k+1)
D7 =D ¢ = > a4y
i=1 j=1 1<i,j<n

Additionally, using the Cauchy-Schwarz inequality on the dot-product of the:wo

vectorsv = (y/at /\/r?)1<i j<n andw = (y/all) /1/7) 1<, j<n, we can write that

otk atk) atk)
(] %) vy
1<ig<n 1y /el 1<ig<n Ty \1<i7<n €

and thus, for alk > 0, we have

] < (Zr§k+1>> <1 amd [T < <Zc§k+l>) <1 (54)
"= =

i=1 j=1

Finally, if we introduce

we easily see that
(5.5)

which shows that the sequen@g)—1 -
and column sums are equal).

gooe



SinceA has support, there exists a permutatiosuch that; ,;) > 0,1 <i < n.
Leta = 1I£1j<n (a; o)) Then, forallk > 1,

(k) = (®),
Zd a ;d )a“” Zaw(z <n,
the last inequality being simply due to the fact that, after the first iteration, all the
entries in matrixA (*) are less than or equal to 1. Then, by the arithmetic-geometric
mean inequality (5.3),

S = Hdgk)el(k) <a", k=12,...

and the monotonically increasing sequefgg,—: »... is bounded. Therefore

lim s, =L >0
k—oo

exists, and

lim % =1, (5.6)

k=00 Sp41
Using (5.3) and (5.4), we can write

=TTV {Z;n (r§‘“’+c§’”)}n <1,
=1

Sk+1 i=1

and because of (5.6) we can conclude both that

lim Hr i ) =1 and hmz ( *) 4 ()) 1. (5.7)

k—>oo

Now, since all the elements iA®) are less than 1 after the first iteration, we know
that each of the two sequenc@é. Jk=12,... and( » )k:1,2,...’ foralll < i,j < n,

are bounded (note that this is also implied by (5 4)). Let us introduce the sequence
(v®))—1 2.... of the 2n-vectors

which is also bounded ilR?" of finite dimension. Consider then any convergent
subsequencev®)); and denote by

x; = lim ri(k), 1<i¢<n,
k—o00
and
Y; = hrncg) 1<j<n.

k—o0

From (5.7), we can write



and since the arithmetic-geometric mesgquality only holds if all the elements are
equal, we easily seethat = ... =z, =1 =1y, = ... = y,. Therefore any
convergent subsequence of the bounded seqt(ezrﬁ’@ek:1727,,_ in finite dimensional
space must have the same limit (made with all ones), which implies that the sequence
(v(’“))kzl,g,,,, is necessarily convergent and that
lim r® =1 and lim V=1, 1<i,j<n (5.8)

Again, since alhg-“) are less than 1 after the first iteration, the sequence of matrices

(A®),_, , . is also bounded in the finite dimensional spade (R). Let us consider

goon

S = lim A®,
k—o0
Then, paraphrasing the results in Parlett and Landis (1982) for the proof of their
Corollary 1, we can state the following: because of (58)is doubly stochastic
and, since the set of x n doubly stochastic matrices is the convex hull of the set
of n x n permutation matrices (see Birkhoff (19463)must thus have total support.

Therefore,s;; = lim;___ agf) = 0 whenevera;; > 0 cannot be permuted onto a
positive diagonal. Now, consider the matd in which all entriesa;; > 0in A

that cannot be permuted onto a positive diagonal have been set to zero, the others
remaining the same. From the previous remark, it is clearShatlim; AP s

also equal to ) )

S = lim DWAE®,

k—oo
Additionally, from the proof in Parlett and Landis (1982, pages 67-68) of
THEOREM 1, point (2), which simply exploits properties (5.3), (5.4), (5.5), and the
fact that any nonzero elementican be permuted onto a positive diagonal, since by
constructionA has total support, we know that there exists a strictly positive constant
7 such that, for each nonzero entry in A, we have:

vk >1, dPel >~ > 0. (5.9)

We mention, however, a very little difference in (5.4) and the hypothesis exploited
by Parlett and Landis, which comes from the fact that they were considesaadet!
algorithms in general, thus imposing the property

(P3) = =1,
L)
which in our case holds just as an inequality in (5.4). However, since they only use
property (P3) as an upper bound in some parts of their demonstration, the inequality
(5.4) is sufficient and all conclusions remain the same. Note also that result (5.9) is
valid for the entire sequence and not just the subsequence indeke@byisequently,
for each nonzero entry;; in A, we can write:

lim dgk)eg-k) = %S,
k—o0 Q5

13



Then, applyingLEMMA 2 in Parlett and Landis (1982) (which is itself paraphrased
from Sinkhorn and Knopp (1967, page 345)) we know that there exist positive

sequence(sfz(’;))fC and(ygk’))f~C with positive limits such that

d(l%)e(l%) _ x(k)y(’%)7 Va;; > 0 in K, and V(lA()

T g v Jj

Then, taking

X* = diag x(ic), e ,x@) ,

Y® = diag yﬁ”w-.,yﬁ”),

X =lim;__ X® and Y =lim;__ Y®),
we have

S:ﬁmDWKE“:ng®XW”:XKK

k—o00 —00

showing thatA is diagonally equivalent t&. Now, consider any other convergent
subsequence i(lA(k))kzl’27.,. For the same reasons as above, its limits will also
be doubly stochastic and diagonally equivalentﬁo and since doubly stochastic
equivalents are unique (see Sinkhorn and Knopp (1969)), the two limits must be the
same. Therefore, we can conclude that, .., A exists and is doubly stochastic,
which fulfils the proof of point (1). [

Proof of point (2) in Theorem 5.1:  As a direct consequence of the demonstration
of point (1), we can state that, A has total support, theS = lim; . A® is
diagonally equivalent té\, since in this casd& = A in the previous discussion.

To prove that, under the same hypothesis, th= lim;_ ... D) andE =
lim,_.. E®) exist andS = DAE, we first make the assumption thAt not only
has total support but is also fully indecomposable. In this ca#sas not only
diagonally equivalent to the doubly stochastic liflit= lim;_.. A*), but we also
know from Sinkhorn and Knopp (1967) that the diagonal matrices which take place
in this equivalence are unique up to a scalar factor.

Without loss of generality, we can consider that the maiikas a full diagonal,
since A has support and since Algorithm 2.1 is independent of any permutations on

goee

geae

subsequenceigi’“)),; such that
lim (dgk))k = +o00.
k—o0

As the matrix is fully indecomposable, for any indgx1l < j < n, there exist a
subset of nonzero entries A

Aigry Agrgos - -+ s jg_17q> igj

“connecting index i to indexj. Consequently, because of (5.9), we can show by
using each of the nonzero intermediate entrigs, ., in the subset above as well

14



as each of the corresponding nonzero diagonal pivots, that therengxist 0 and
Bi; > 0 such that
Q) -
lim - = q;; and lim dgk)egk) = Bij.
Since this can be done for any indgx we can conclude that the subsequence

(ITj= dg'ic));; goes to infinity agd,")" [T"_, «;; and that the subsequen@g”_, e;’;))k

(which is strictly positive) goes to zero é&ﬁf“))—" [T}—, Bij, and the last conclusion
is in contradiction with (5.4) which shows that both sequer¢gs dg»k))k:m,m and

(IT}— e§k))k:1727__. are monotonically increasing. Consequently, each of the sequences

(d™M) =15, and(e!*),_; 5. are bounded.

Now, since the two sequenc(d§(’“))k:1,2,m and(E(k)>k:1’27m are bounded in the
finite dimensional spacP, (R), let us consider two convergent subsequences:

(D(k),E(k)) . (D,Ey),
k—+4o00
and
(D®,EM) ., (Dy,Ey).
k—4o00
Obviously, D;AE; = S = D,;AE,, and thus, because of the unicity shown
by Sinkhorn and Knopp (1967), there exists > 0 such thatD; = aD, and
E, = (1/a)E;. Then, as mentioned above, since both sequefiggs, d{*));_12...
and( b1 eg‘“))k:m,,, are monotonically increasing, it is clear thamust be equal
to 1 and the two limits must be equal. Therefore, we can concludeDhat
limy_0o D® andE = lim,_ ., E® exist and point (2) in Theorem 5.1 holds for
fully indecomposable matrices.

Finally, we know from Mirsky and Perfect (1965) that matrices with total support
can be permuted into a direct sum of fully indecomposable matrices. Now, since
Algorithm 2.1 is independent of any permutation, we get the result from what
precedes by applying it independently to each fully indecomposable matrix in such a
direct sum. This fulfils the proof of point (2). [

We would like to recall some of the results contained in Parlett and Landis (1982),
which can also be collected from the proof of Theorem 5.1 above.

COROLLARY 5.1

1. If A is diagonally equivalent to a doubly stochastic mat8xthen
S = lim AW,

k—o0

2. If A has support and is not diagonally equivalent to a doubly stochastic matrix,
then for each pair of indicesi, j) such thata;; cannot be permuted onto a
positive diagonal by a column permutation,

lim al(»f) =0.
k—o00

15



Parlett and Landis (1982), in theiTHEOREM 1, additionally gave some
characterisations for iterative scaling algorithms that would converge to doubly
stochastic situations when matrix has support. Namely, they introduced three
properties (P1), (P2), and (P3) which, when they hold for the iterates (5.1), enable
one to prove convergence of the sequem@))kzl,zw to a doubly stochastic limit.
Property (P1) is simply equation (5.5), or equivalently that the sequente., o, .

is monotonically increasing. Property (P2) implies that, under the hypothesis (5.6),
both (5.8) and

lim d* ™V /d = Tim Ve =1, 1<4,5 <n, (5.10)

hold. Property (P3) is simply to consider that the algorithm is scaled, with

R ST ARES
Nz

at each iteration. In our case, this only holds as an inequality and, as we already
mentioned, it is sufficient to complete the proof. It is important to note also that we
did not need to establish the second set of conclusions (5.10) contained in (P2) to
complete the proof of Theorem 5.1. This was the main reason why we wanted to
rederive the proof of the convergence which, as one may easily see, can be extended
to any algorithm that satisfies (P1), the first part of (P2), and just an inequality in (P3).
Strictly speaking, (P3) is not even necessary and it is only sufficient to prove that all
the elementagf) are bounded. However, the inequality in (P3) was necessary in our
case to prove (5.8), and even if (P2) is a consequence of (P3), it has to be shown by
some means.

Finally, the proof that each of the sequend@$”),—i» . and (e!")),_i,
converges under the hypothesis tiathas total support is not contained in Parlett
and Landis (1982, Theorem 1), and relies on the added property induced by (5.4),
which we may call (P4), and which says that both sequefidgs, d{*));—1 ... and

youn

( b1 e;’“))k:m,m are monotonically increasing and also implies (P1). It also relies on
the property (P5) that the iterates (5.1), are permutation independent, otherwise these
results only hold a priori for fully indecomposable matrices. Now, looking carefully at
the convergence proof above, it is clear that we can extend the results in Theorem 5.1
to all sequences (5.1) of diagonal equivalentsAosatisfying the first part of (P2),
the inequality in (P3), and (P4)+(P5) instead of (P1).

A last comment for the symmetric case. Considering the fact that Algorithm 2.1
preserves symmetry, we can state the following additional results:

COROLLARY 5.2

1. If A is symmetric and has support, then Algorithm 2.1 in the one-norm builds
a sequence of symmetric scalings A&fconverging to a symmetric doubly
stochastic limit.

2. If A is symmetric and has total support, thédnis symmetrically equivalent
to a symmetric doubly stochastic matiss and Algorithm 2.1 in the one-
norm builds a convergent sequence of diagonal matrid€s such thatS =
limy_,.c D®AD®),
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We did not investigate the speed of convergence of Algorithm 2.1 in the case
of the one-norm, and we have not yet performed enough experiments to add any
pertinent comment on that. We can mention however that we have seen cases where
Algorithm 2.1 outperforms the Sinkhorn-Knopp method by a factor of 10 or more,
and cases where it is the opposite. We still need to investigate in detail what can be
the reasons for such varying behaviour in Algorithm 2.1, in order to determine if it is
possible to accelerate the convergence of Algorithm 2.1 in some way.

6 Conclusions

One particular issue concerns the extension of Algorithm 2.1 to any df therms,

1 < p < oo. and in particular to the 2-norm as mentionned in the introduction. If
the discussion in Rothblum, Schneider, and Schneider (1994) (see Section 8, page 13)
was applied to Algorithm 2.1, then scaling a matrix with theorm of each row and
column is equivalent to applying Algorithm 2.1 in the one-norm toptteHadamard

power ofA, that is the matrix whosgjth entry is(a;;)?, and to take thédadamard

pth root of the resulting iterates. Therefore, all the convergence results shown in the
previous section still hold with any of tHgnorms,1 < p < oc.

Extensions of Algorithm 2.1 to the scaling of multidimensional matrices (see
Bapat (1982), Raghavan (1984), Franklin and Lorenz (1989), for instance) can also be
done in a very simple manner. Consider for example a three dimensional nonnegative
matrix A = (a;;;,), and suppose that its one-dimensional marginals >, >, a;;,

Yj = 2i >k Qijk, andz, = 35, 375 a5 are all positive, then the idea is to scaleto
A by setting

N Ak
Aijk = —— — . —

for all 7, j, k, and to iterate on that. Generalizationpt@imensional matrices can be
done with thepth root of each of the corresponding one-dimensional marginals. We
must mention, however, that we did not investigate these extensions at all, and we
cannot state whether they are convergent of not.

Acknowledgementsl] would like to thank Nick Gould, lain Duff, and Mario
Arioli for careful proofreading of the article and the useful discussions that helped
to improve the content of the article.
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