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To determine the link between the onset of the filamentation instability and the low temperature resistivity of
the cold-electron plasma a comparison between the transport of fast electrons through disordered aluminium
and copper targets is made using the hybrid code Zephyros. The filamentation instability is suppressed at
laser intensities below 5×1019Wcm−2 for materials where the resistivity of the material is lower than 1µΩm at
1eV. Interestingly copper targets show larger resistive magnetic field growth, and as a result more collimation
of the electron beam, despite having a consistently smaller resistivity at lower temperatures than that of
aluminium. The increase in magnetic field strength is responsible for the suppression of the filamentation
instability. This is due to the resistive filamentation growth rate for copper and aluminium, under identical
conditions, being numerically very close.

I. INTRODUCTION

The propagation of relativistic electron beams in laser-
solid interactions is a central topic in several applications
of ultra-intense lasers, including the fast ignition1,2 ap-
proach to fusion and proton3–5 or ion6 acceleration appli-
cations. The spread of the electron beam is of particular
importance in fast ignition due to the desire to deposit
near all of the fast electron energy in a locality of similar
size to the source over a stand-off distance many times
these transverse sizes2.

The filamentation of laser-driven fast electron cur-
rents in solid targets has been observed in several pre-
vious experiments7,8. There have also been several
studies into the formation of filaments via the beam-
Weibel instability9,10 caused by differing conditions in
the target including both density modulations and target
resistivity11. The motion of the cold-electron background
and resistively generated magnetic fields have been shown
to have a critical impact on the behaviour of fast elec-
tron beams12,13. Bell and Kingham14 demonstrated the
link between the growth of magnetic fields and the self
collimation of electron beams through solid materials us-
ing a simple rigid beam model. The effect of chang-
ing the crystal structure of the target materials has also
been studied8,15. Crystalline allotropes of carbon were
found to suppress filament growth whilst isotropic disor-
dered allotropes did not. The role of resistively gener-
ated magnetic fields in collimating an electron beam has
also been investigated using a proton beam to selectively
heat parts of a target to induce lattice melting16. In or-
der to suppress the formation of filaments the electron
beam can be confined to tightly collimated beams. This
collimating effect has been observed in nano-structured
targets made from carbon nano-tubes17, nano-channels
fabricated from metallic elements18 where the transverse

motion of the fast electrons was limited by the channels.

In order to understand the effect of low temperature
resistivity on fast electron transport we have studied the
disordered forms of two materials with significantly dif-
ferent Z: aluminium and copper. The disordered state
can occur either due to the materials being an amor-
phous alloy, or due to melting from the solid state. The
hybrid code Zephyros was used to study the transport
of electrons through these materials driven by a range
of laser intensities. The resistivity of the background
electron fluid is modelled using the Lee-More resistivity
model19, and the Thomas-Fermi model was used to de-
termine the ionisation state. Two important results are
obtained from this study: Firstly that materials with a
lower peak resistivity tend to exhibit larger collimating
magnetic fields which act to suppress filament formation,
and, secondly, that this magnetic field growth is due to a
lower rate of heating in those materials. The role of the
cold electron resistivity in suppression of the filamenta-
tion instability is examined analytically and shows little
change across the two materials again indicating that the
magnetic field growth is the main mechanism for suppres-
sion of filaments in this case.

II. SIMULATION METHODOLOGY

Zephyros is a hybrid fast-electron code which uses a
particle-in-cell model for the fast electron modelling with
a static fluid to represent the background electrons. The
simulated targets have dimensions 200 × 200 × 50µm3,
consisting of cubic cells 0.5µm to a side, with the laser
normal to the largest surface. An assumption of a dis-
ordered ion spatial distribution is used, which implies
an isotropic cold-electron mean-free path (m.f.p.). To
simulate the effect of the laser-plasma interaction fast
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FIG. 1. Reduced Lee-More resistivity curves for Aluminium
and Copper with an effective cold-electron m.f.p. equal to the
inter-atomic spacing at the solid density of the two metals.

electrons were injected into the target across a focal
spot with a FWHM of 9.4µm and with a uniform in-
jection angular distribution up to a maximum of 70◦ half
angle. There were a total of 5 × 107 macro-particles
used in each simulation which were gradually injected
over the total length of the pulse, tl = 800fs, at each
time-step according to a top-hat distribution. The pulse
length is chosen simply so that there is sufficient time
for the fast electrons to propagate to the far side of
the target during the laser pulse. The electrons have
an energy spectrum determined using the ponderomo-

tive scaling where Tf = mec
2(
(
0.73I18λ

2
µm + 1

)1/2 − 1)

and I18 = 1 × 1018Wcm−2. To calculate the scaling an
effective laser wavelength λ = 1.053µm is chosen to be
consistent with an Nd:glass laser system. The intensity
is varied from 0.1 to 5 ×1020Wcm−2 which given the
scaling described produces an electron distribution with
Tf varying between 1 and 10MeV . The initial temper-
ature of the targets were set to 1eV, which assumes a
high-contrast laser-pulse.

An implementation of the Lee-More19 resistivity model
was chosen as certain experiments20 have compared well
to theoretical predictions using this model, which along
with it being relatively easy to implement, has lead to its
widespread use. The two materials, disordered allotropes
of aluminium and copper, were chosen so that their
atomic number and solid density were different enough
that the Lee-More model would give significantly differ-
ent resistivity profiles. In this implementation, rather
than use the prescription given in the original Lee-More
model for the minimum m.f.p., we specify the minimum
cold-electron m.f.p. as an input parameter to the model.
We chose the initial cold-electron m.f.p. to be set isotrop-
ically to the inter-atomic spacing (rs) (1.62Å for Al and
1.45Å for Cu) to simulate disordered ion spatial distri-
butions. The two resistivity profiles can been seen in
fig.1. The resistivity profile calculated for copper peaks
at a higher temperature but lower resistivity when com-
pared to the aluminium profile (2µΩm at 40eV for Cu
vs. 3.2µΩm at 19eV for Al).

III. COMPARISON OF COPPER AND ALUMINIUM
TRANSPORT

FIG. 2. Rear surface fast electron density plots of aluminium
(left) and copper (right). At the lowest intensity (top row
1019Wcm−2) copper shows no filamentation at all whilst alu-
minium shows a significant amount. At a slightly increased
intensity of 5 × 1019Wcm−2 (bottom row) there are a small
number of more diffuse filaments in the copper, whilst the
aluminium retains a large number of tight filaments. The
halo-like features observable in the top two plots are reflux-
ing electron populations.

The fast electron transport pattern in each simulation
can be examined by looking at transverse and longitu-
dinal slices of the fast electron density at later times.
Fig.2 shows rear surface plots of the fast electron density
at the end of the laser pulse (t=800fs), from these it is
immediately obvious that there is a significant difference
in the propagation of the electron beams through the
two materials. The copper target at the lowest intensity
showed a highly collimated beam terminating in a tight
dense spot whilst the aluminium target shows multiple
smaller spots indicating a highly filamented beam.
When the laser intensity is raised to 5×1019Wcm−2, the
copper then shows a slight breaking up of the beam. In
order to summarise results from all of these simulation
runs; several line-outs were taken out of the centre of
the nfast profiles in fig.2 and a Fourier spectrum of each
was taken (see fig.3). To avoid being limited by noise
these spectra were then averaged.

The spectra in fig.3 show the relative prominence
of features at particular scale lengths. A spectra show-
ing a lot of features around the 5-15 micron level would
denote a fragmented rear spectrum indicating filamenta-
tion of the electron beam. Conversely a spectra showing



3

a dominance of features around the 50-100 micron level
would indicate a collimated beam. Only the lowest
intensity copper target simulation shows collimation of
the electron beam with negligible filamentation.

FIG. 3. Power spectra of rear surface fast electron density
features for aluminium (left) and copper (right). These spec-
tra show how often features occur at particular scale lengths,
in simulations where fast electron filamentation has occurred
there is a significant rise in the quantity of features around the
5-10 micron size. It clear from these plots that the filamen-
tation instability is turned off for copper at low intensities.

IV. MAGNETIC FIELD AND RESISTIVITY

There is a remarkable difference in the global B-field
in copper versus aluminium, namely that it has a larger
magnitude and is has a more cylindrical shape in copper.
This is curious given the lower peak resistivity of Cu.
Here we show we can explain this through a simple rigid
beam model21. The magnetic field along the axis of prop-
agation is shown for both targets in fig.5. Earlier growth
of the magnetic field in the aluminium case appears to
promote the growth of filamentary structures. At around
10 microns away from the injection region linear modu-
lations appear in the magnetic field in the aluminium
target, whilst the copper target shows strong magnetic
fields acting to confine the beam at this point.
The higher low temperature resistivity in the aluminium
target allows fine structures to grow more quickly in the
magnetic field. These fine scale structures act to pro-
mote the divergent filamentation of the electron beam,
with narrow B-field channels forming acting to individu-
ally collimate beam filaments leading to a refinement of
the fine scale structure. Conversely in the copper target,
where the low temperature resistivity is smaller, larger
scale magnetic fields tend to grow which can then act to
collimate the beam and suppress smaller scale magnetic
field growth. Whilst the fine scale structures are still
evident in the copper target, the large scale collimating
fields confine the electrons to a narrow channel suppress-
ing the smaller scale filament growth.

FIG. 4. Time taken to reach the peak resistivity as a func-
tion of distance from the the center of the beam in the two
materials, this was calculated using the rigid beam model.
The increase in tpeak with distance matches up well with final
B-file profile calculated using the rigid beam model.

In order to explain the larger magnetic fields seen in

FIG. 5. Plots of the magnetic fields after 0.4ps of growth,
halfway into the 0.8ps laser pulse. The aluminium target
shows magnetic field growth almost all the way across the
target to the rear side where as the copper target has a much
more compact magnetic field structure locate towards the
source of the fast electrons.

the copper target a rigid beam calculation21, considering
only Ohmic heating (eqn.1) and resistive magnetic field
growth (eqn.2) is used to calculate the expected mag-
netic fields. The fast electron current Jf is considered as
a rigid beam of electrons with a Gaussian profile decreas-
ing with r. To keep the analysis consistent, the Lee-More
model was used for the resistivity, and a simple fit from
the Thomas-Fermi model for ne was employed.

dT

dt
=

J2
f η(T )

3
2ne(T )e

(1)

dB

dt
= −∇(η(T )Jf (r)) (2)

Fig.6 shows much larger magnetic field growth closer
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FIG. 6. Magnetic field calculations made using a rigid-beam
model, the copper target shows a significantly larger magnetic
field compared to the aluminium target. The distance from
the centre of the beam to the peak magnetic field is much
smaller in the copper target than the aluminium.

to the centre of the beam in the copper target as com-
pared to the aluminium target. The main reason for the
larger fields in the copper target is the consistently lower
resistivity at low temperatures. This allows for a lower
rate of heating whilst still providing enough resistivity
to generate significant magnetic fields for a longer length
of time before slipping into the Spitzer regime where the
growth of the magnetic fields is significantly lower. The
time taken to reach the peak resistivity is also of interest
as this time is the point at which the Lee-More model
switches to using the Spitzer treatment significantly low-
ering the resistivity in the material, this can be seen in
fig.4. The B-field calculated by the rigid beam model
and tpeak peak at the same point in both the copper and
aluminium calculations as can also be seen in fig.4. An
approximate time taken to reach peak resistivity, and so
the peak growth of the magnetic fields, can be found
using a simpler treatment that given by the Lee-More
model. Given a simplistic approximation where τ = dion

vth
and dion is the inter-atomic spacing of the material, and
substituting for vth, we can now write:

η =
me

e2neτ
=

me

e2nedion

√
kBTe

me
(3)

The electron density predicted by the TF model varies
considerably with temperature in the region between 1

and 40eV. However, given ne = niZ(
Zeff

Z ), the relative
ionisation (Zeff/Z) of both materials have very similar
temperature profiles. If the ratio of the peak times is cal-
culated the variation in the relative ionisation in the two
materials cancels out. Equation 1 can then be integrated
between 1 and 40eV to give the time taken to reach the
peak temperature, the ratios of these two times can be
equated as follows:

tAl

tCu
=

n2
iAlZ

2
Al

n2
iCuZ

2
Cu

∼ 0.1 (4)

This result also matches up with the numerical treatment
used in the rigid beam model where at the center of the
beam at peak Jfast copper tpeak = 2.24fs and aluminium
tpeak = 0.236fs. Taking the peak resistivity from the
Lee-More model used previously, the magnetic field can
be given the same treatment as the time to reach peak η
to give:

BAl

BCu
=

ηAlpeaktAl

ηCupeaktCu
∼ 0.16 (5)

This treatment, though admittedly simplistic, does show
a magnetic field strength that has a strong dependence
on the time spent at low temperatures, i.e. time spent
outside of the Spitzer regime.

V. RESISTIVITY DEPENDANT EFFECTS

The Lee-More19 model can be used with an arbitrary
choice of the minimum m.f.p. for the electrons. So far in
this paper we have taken this to be the interatomic spac-
ing, and this is also the absolute minimum for the m.f.p.
in the original Lee-More model. However we should note
that in the original Lee-More, when the electron m.f.p.
did not fall below the interatomic spacing, the minimum
m.f.p. was determined using the Bloch-Grüneisen for-
mula complemented by an expression to account for melt-
ing. Since we assume that our target is already highly
disordered/molten already, our approach actually ends
up being equivalent to the orignal Lee-More approach for
the case where the target temperature is well above the
melting temperature. The value of the absolute limit on
the minimum electron m.f.p. is, however, open to ques-
tion, and varying this value can have a substantial effect
on the resistivity curve. To study the effect of changing
this parameter on the magnetic field growth in absence of
any other factor an altered version of the Lee-More model
was calculated where the low temperature cold-electron
m.f.p. was multiplied by a factor which was chosen to be
2, 4 or 8. The newly altered resistivity profiles are shown
in fig.7.

By altering the resistivity profile of the aluminium at
low intensities it is possible to suppress the filamentation
of the electron beam enough to get significant collimation
and confine the beam to ∼ 20µm. Fig.8 show the newly
generated feature spectra for aluminium targets with the
altered resistivity profiles. In the targets where the re-
sistivity approaches more than 0.5µΩm at a temperature
of 1eV or below filamentation occurs and shows a multi-
tude of tightly confined filaments. Above this limit and
the electron beams are collimated. There is, however, a
borderline case lmfp = 4rs, which shows less well defined
individual filaments that are held together in a large scale
collimating magnetic field. These collimating fields are
a result of low resistivity at low temperatures, meaning
less ohmic heating at earlier times and larger magnetic
fields as a result. Whether the filaments are suppressed
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FIG. 7. Plot comparing the resistivity of aluminium with
different assumed cold-electron m.f.p. lengths alongside cop-
per at the shortest assumed m.f.p. length.This comparison
shows a similarity in the cold resistivity between the longest
aluminium m.f.p. and the shortest copper m.f.p..

FIG. 8. This plot show the effect of increasing the m.f.p.
of the cold-electron background, which effectively lowers the
resistivity calculated by the Lee-More algorithm. Increasing
the m.f.p. beyond twice the inter-atomic spacing results in a
smooth profile with no filamentation.

by the large collimating fields or that they do not grow as
a result of lower resistivity is a question that needs to be
answered. Starting with Faraday’s law, Ohm’s law and
a linearised set of fluid equations the growth rate for the
resistive filamentation instability can be found11 (which
is also quite similar to an earlier treatment by Molvig22)
so that this time-scale can be compared to the growth of
the larger scale magnetic fields. Given Faraday’s law:

∂B

∂t
= −∇×E (6)

and Ohm’s law:

E = −ηjf (7)

and considering a two dimensional geometry with an
isotropic resistivity and jx = Jfast we can write:

∂Bz

∂t
= η

∂jx
∂y

(8)

The system is then perturbed so that nf = nf0 + n1 ,
ufy = uy1 , ufx = ux0 and γ = γ0. Using these per-

turbations and only considering first order terms gives a
linearised continuity equation:

∂n1

∂t
+ nf0

∂uy1

∂y
= 0 (9)

The magnetic portion of the Lorentz force (linearised
again) can be written for the fast electrons as:

∂uy1

∂t
=

eux0Bz

γ0me
(10)

Taking the density (and therefore current) perturba-
tions to be sinusoidal, the velocity (and therefore mag-
netic field) must be 90◦ out of phase, giving n1 =
nf0N(t) cos(ky), Jfast = JfastN(t) cos(ky), uy1 =
u sin(ky), and Bz = B sin(ky). Substituting into the
continuity9, Lorentz 10 and the modified Faraday/Ohm’s
law equation 8 and cancelling out the sinusoidal functions
gives:

∂B

∂t
= −ηJfastNk (11)

∂N

∂t
= −ku (12)

and

∂u

∂t
=

eux0

γme
B (13)

Repeatedly differentiating and substituting for N in equa-
tions 11,12 and 13 gives:

∂3N

∂t3
=

ηk2eux0Jfast
γ0me

N (14)

This differential equation has a solution of the form:

N ∝ egt (15)

Where

g =

[
ηk2eux0Jfast

γ0me

]1/3

(16)

Given that the growth factor, g ∝ η1/3, a change (at
1eV) from ηAl = 1.07µΩm to ηCu = 0.48µΩm yields a
growth rate in copper of 76% of that in aluminium. At
the lowest laser intensity the filaments in the copper tar-
get are completely suppressed and a strongly collimated
beam is observed. This behaviour is likely not due to
the reduction in the filamentation growth rate, which is
in itself due to the change in resistivity across the two
materials, but lies with the larger magnitude and scale
magnetic fields observed in the copper target.
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VI. CONCLUSIONS

The filamentation of the electron beam in a high-
intensity laser-plasma interaction is critically dependant
on the magnitude and typical feature size in the
resistive magnetic fields generated by drawing of a
cold-electron return current. In this simulation-based
study several hybrid fast electron simulations were
used to investigate disordered forms of aluminium and
copper. The following observations were drawn from
the results of these simulations: The simulations where
the low-temperature resistivity is high were seen to have
significantly higher levels of filamentation, indicating
a critical relationship between the starting resistivity
and the onset of filamentary structures in the electron
beam. The resulting magnitude and scale-length of the
later magnetic fields, in the material with the higher
resistivity, was significantly smaller than that of the
lower resistivity material. The heating effect attributed
to high resistivity materials has a very important effect
on the growth of the magnetic fields within them, with
higher resistivity effectively stunting the growth of large
collimating magnetic fields allowing small transverse
scale filamentation to occur. Conversely a lower rate
of heating allows for significantly larger fields to grow
resulting in far more effectively collimated electron
beams and suppression of filamentation. The growth
rate of the resistive filamentation instability is not
significantly different between the case where there is
filamentation to where there is not. This implies that
the fact that copper has a lower resistivity is not the
sole, or main, cause of the absence of filaments where the
beam is collimated. This collimation is, however, due to
the fact that high resistivity materials are heated more
quickly and so the enter the Spitzer resistivity regime
much sooner, where the resistivity drops to a much lower
level than when cold. These conclusions are supported
by a simple analysis of the case of a rigid beam of fast
electrons traversing a resistive medium and a simple
analytic model of the filamentation growth rate.
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