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Abstract

The main aim of this dissertation is to highlight the
fundamental processes involved in the concept of anomalous
resistivity, incorporating them into an overall model for the
dissipation mechanism in the earth's bow shock. The
philosophy is to elucidate the physical understanding as
clearly as possible, occassionally at the expense of more
realistic models.

The instabilities, in particular the ion-acoustic and
modified two-stream instabilities, that imay grow in the shock
layer are discussed in some detail. The interactions created
by these instabilities are described by the guasilinear
theory and particle trapping effects are employed to
determine the saturated energy levels.

The expression for the anomalous resistance developed
within the guasilinear framework is then applied to the
earth's bow shock. After having established the necessity of
dissipation for the existence of the shock it is attempted to
demonstrate that the anomalous resistance produced by any of
the various instabilities is also sufficient. The failure of
the ion-acoustic instability to operate in the regime T; 2 T.
is seen to disqualify it as a contender for the dissipation
mechanism. However, calculations for the modified two-stream
instability, an intuitively more realistic model since it
necessitates passage of a current across a magnetic field,
indicate an apparent excess of anomalous resistance. Such an
excess may bhe due to over simplifications in the model but

the results encourage further investigation.
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Introduction

A fundamental problem and a topic of extensive research,
in theoretical plasma physics, is how to explain the
existence of the earth's bow shock. [5,12] Recent satellite
missions (e.g. AMPTE - [15]) have provided a wealth of
high-quality data enabling the theories to be verified more
rigourously.

In ideal gas shocks the necessary dissipation required
to balance the nonlinear wave steepening is provided by
binary collisions. However, the mean free path between
particles in the interplanetary plasma is of the order of the
distance from the earth to the sun whilst the shock thickness
is only of the order of one hundred kilometres; hence the
term collisionless. The concept of a classical resistivity
[19] produced by binary collisions can therefore not provide
the dissipation.

The basic large-scale structure of the shock is assumed
to be laminar, allowing a two-fluid model to be used. The
incoming plasma wave (in the solar wind) grows due to
nonlinear steepening effects and the resulting magnetic field
gradients drive a current along the shock front. This
relative streaming between the ions and electrons allows
drift instabilities to grow in the shock layer. These
instabilities produce rapidly varying electromagnetic fields
which interact collectively with the individual particle
motions (the so-called wave-particle interactions) until the

waves are saturated to a level governed by a nonlinear effect



known as parlicle irapping. An anomalous (i.e. not due to
binary collisions) resistivity arises to restrict the growth
of the incoming wave. This will then alter the instabilities
generated in the shock layer, feeding back to produce a
different value for the anomalous resistivity. Eventually the
two opposing factors balance and the familiar shock profile
is formed.

Chapter 1 simply outlines the common models used in
plasma physics. In Chapter 2 we describe the analysis
required to study perturbations about the field free
equilibrium state. This is used to explain the concept of
Landau damping, the essential wave-particle mechanism, which
may result in driving certain waves unstable.

The drift instabilities (e.g. ilon-acoustic, modified
two-stream) that may occur in the shock layer are discussed
in Chapter 3. These drift instabilities cause a large number
of random collective interactions to be excited and the
situation is referred to aé turbulent in the literature. That
is, there are now many waves present in the system and we
assume it is possible to treat the phases of the waves as
being random. A statistical formalism, called the-quasilinear
theory, is developed in Chapter 4 to describe this
turbulence. The derivation of the expression for anomalous
resistivity, within the framework of gquasilinear theory, is
then presented, including a definition of an effective
"collision" frequency for use in Chapter 5. It becomes
evident at this stage that an understanding of Chapters 1 and

2 is necessary to calculate this frequency. The quasilinear



theory is also used to discuss the nonlinear effects of
Landau damping, called quasilinear diffusion. The way in
which the instabilities discussed in Chapter 3 saturate to a
finite energy level is described and an estimate provided for
this level which in turn enables the saturated collision
frequency to be calculated.

A derivation of the equation determining the shock
profile is given in Chapter 5. It is shown that the inclusion
of dissipation in the two-fluid model transforms a soliton
solution into a shock-type solution, thus demonstrating the
necessity of dissipation. The dissipative term is modelled in
such a way as to allow the "collision" frequency of Chapter 4
to be employed. A theoretical value for the shock thickness
is then calculated in Chapter 6, enabling verification of the
theory by comparison with the satellite data. [15, 20] The
results and assumptions of the model are discussed in

Chapter 7.

Note: Any reader unfamiliar with plasma physics notation is
advised to consult Appendix 1.

- iii -
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Chapter 1

Governing Eguations

There are basically three models used to describe plasma
dynamics, depending on the scale of interest. The derivation
of these models is somewhat lengthy and is not included here,
instead the reader is referred to [3,6,9].

1.1 The Vlasov-Maxwell System

The first of these models, the Vlasov-Maxwell system is

written below

af, + v.vf; + gz (E + \_7A§).v!fs =0 1.1.1a
at Mme
v.E = p/eg 1.1.1b
v.B =0 1.1.1¢
VA§ = Mo(Jjtegd(E)) 1:.1.1d
a3t
VAE = -3(B) 1.1.1e
3t
where p = zqustde is the charge density
S
and d = qustyfde is the current density.

S

The integral jdy means integrate over all velocity
space. The symbol N_.=N_/V deﬁotes the average density of
particles of species s, where N. is the total number of
particles of species s and where V is the total plasma
volume.

The function f (x,v,t) is called a one-particle

distribution function. It is such that 1f.(x,v,t)8x8v is the
v

probability of finding a particle of species s, within a

position (x,x+6xX) and with a velocity within (v,v+8v) at



time t. It is normalised via stfsdgdg = Ny, where the
integration is over all of six dimensional phase space.

This is actually a highly reduced description of a
plasma since the probability of finding a charged particle at
X is altered by the presence of another charged particle at
X' = xX. This information is not contained in f., but would
require a two particle distribution function. Similarly for

three or more particle interactions. (See the BBGKY hierarchy

in 6,9.) However,in a plasma, the range of the forces,

4

) Ap, is much larger than the mean particle spacing,

n."1®, (i.e. 1/Np << 1) so that the dominant forces on two
adjacent particles are those from the many particles further
away.

Moreover, the Vlasov equation is only wvalid on time
scales much shorter than the mean time between particle
collisions since binary collisions have been neglected. The
interactions between particles appear through E(x,t), B(x,t)
which are the average fields produced at a point x at time t
by the particles and calculated self-consistently from

Maxwell's equations.

1.2 The Two-Fluid Theory

The two fluid theory may be obtained by taking moments
of the Vlasov equation [3,6,9] and assuming an equation of
state to close the infinite chain of eguations. The resulting
equations are listed below.

Momentum equation

9 \
msn5\5¥ -t us.v)us = qsns(§+gsA§) - V.Pg 1.2.1a



Continuity equation

9 + v.(nsus) =0 1.2.1b
at
Equation of State
P = kng T, 1.2.1c
= CnSYS

where Kk is Boltzmann's constant, vyg 1is ratio of specific heat
capacities and C is alsoc a constant.

The suffix s denotes particle species. We always assume
a Hydrogen plasma. That is, one fluid consists of electrons
and the only other fluid consists of positive ions of equal
but opposite charge. We write s = e for electrons and s = 1
for ions.

Together with Maxwell's equations we have 18 scalar
equations for the 16 scalar unknowns n;,n.,P;, P.,u;,u.,E,B

but the divergence of 1.1.2f,g give 1.1.24,e.

Maxwell's equations ¢€,v.E = 0o 1.2:.1d
v.B =0 1.2.1e
1 vB = 3J + €,9(E) 1:2:1F

— A._ = — -

Mo at
v,E = -3(B) 1.2.1qg

ot

where ¢ = g;n; + d.n. 1is the charge density 1,2.1h
and J = gijnijuy + dencu, is the current density. 1.2:113

The macroscopic variables are defined in terms of f_. by

Number density ne{x,t) = stfs(g,y,t)dy
Fluid velocity u, = gijyfsdy

nS
Pressure tensor B, = mstJysysfsdy
where w, = v - u,, which reduces to the scalar



Py = msN,J(y—gs)zfsdg = n kT,
for the isotropic case.
Also, the flux of K.E. crossing unit area in phase space is

Ho(x,t) = Nomg|v(v.v)f.dy
2

On larger scales the plasma may be thought of as a
single fluid and the MHD equations may be used (Nicholson
p193) but these equations will not concern us in this

dissertation.



Chapter 2 Linear Theory

2.1 Perturbation Analysis

In this chapter we study small amplitude plasma waves
that propogate as perturbations about some equilibrium state.
We will then be able to discuss the important concept of
Landau damping which is necessary for an understanding of
anomalous resistivity.

We write

fe{x,v,t) = f5,(x,v,t) + €f5,(x,v, 1) 2.1.1a
E(x,t) = Eo(X,t) + €Ej(x,t) 2,1.1b
§(--rt) = §o(}_§:t) + Egl(glt) 2.1.1c

Substituting into 1.1.1 vyields:

Zeroth order equations

(%; + {¥.%] + g£(§0+YA§°)'V¥)f5° = 0 2.1.2a
mS
€oV.Eq = quNstsody 2.1.2b
S
19,B, = quNsJ\_rfsody + €,8(Eg) 2.1.2¢
Mo s at
Order € equations
/9 \
\5¥ £of{¥e2) + 31(§0+YA§0)'V1}f51 = —g§(§1+YA§1).v¥fso 2.1.3a
mg g
Eov.Eq = quNsIfsldy 2:1.:8b
S
1 vA§1 = qustyfsldY + €,0(E;) 2.1.3c
Mo s at
v,E; = -3(B;) 2.1.3d
at

The distribution f,, and self consistent fields E,,B,.,
when they are all independent of t, represent a stationary
plasma state whilst f,, represents the development of the

initial perturbation. The stationary states may be



constructed from the constants of the motion. (See Chapter 4)
This perturbation analysis can also be used with a two-fliud
model but the Vlasov-Maxwell system contains information not
found in fluid theory. (e.g. Landau damping)
For simplicity, consider a spatially uniform field-free
plasma that obeys the equilibrium Vlasov-Maxwell equations.
i.€. E¢g = 0 = By 5 fo0 = fo0ly) 2.1.4

2.1.2 Dbecome

|
o

zqusjfsodY =
s

1l
(@)

and ZqSNSJYfSDdY
S

We assume the perturbation to be electrostatic. (i.e.B;= 0)
[This is certainly true if the perturbed charge density

varies only in one dimension since E is then necessarily in
the form E = E(x)1 and so vAg = 0. Maxwell's equation then

yields 9(B;p) = O which implies B; = 0 since the arbitrary
9t

constant of integration is absorbed into B,]

In this case E; = -v¢,, so that fg; is given by
{3 \
\5¥ + y.v)fsi = ggVP,;.V,Foo 2.1.5
me ’
and €°V2¢1 = o= quNstsldY 2+1.6

S

We use the method of integral transforms to solve these
partial differential equations in the context of an Initial
Value Problem. The equations are reduced to algebraic
equations by taking their Fourier transform with respect to
spatial variables and their Laplace transform with respect to

time. The necessary inversions then solve the problem.



Define Fourier transform by

1 A
far(k,v,t) = 5o)a] fealx,v,t)exp(-ik.x)dx
v
with inversion
1 5
foa(x,v,t) = (Eg)aj fox(k,v,t)exp(ik.x)dx
v

Define Laplace transform by

ferlk,v.p) = J fex(k,v,t)exp(-pt)dt (Pr 2 Po)
(o]

where suffices . and ; shall, throughout the text, denote
real and imaginary parts.

The Laplace inversion is given by

Potiw
=
foi(k,v,t) = EFEJ fo1(K,v,p)exp(pt)dp
po—im

where the constant p, is chosen large enough for %sk to
converge. Remembering that f,, is independent of x and t,
taking Fourier and then Laplace transforms of 2.1.5 and 2.1.6
gives

(p+ik.v) fex = foi(k,v,t=0) + %i(ig.vxfso)$k 2.1.7

and egkZdy

qustfskdg 2,18
S

We can now eliminate f_ i to .obtain

rfsk(g,g,t=0)dv

2, = 1
k bx = D(I_Srln))quNsJ (pr‘ 2 po) 2.1.9

p+ik.v
where the denominator of this equation has been identified as

the dialectric function of a field free plasma for

electrostatic waves of frequency w = ip, wave number k.
Namely,
k.wgyf )
2 *YV+s50
= gsNg (= = 77
D(k,w) 1+ zeomgkg S dv 2.1.10
=

We now simplify the above velocity integrals by choosing



a co-ordinate system in which k lies along one of the axes
(i.e. k = ki) and then define F(u) as the integral of f(v)

over the other two velocity co-ordinates v, and v..

i.e., Fegl(u) sto(u,vy,vz)dvydvz

and F_y,(u) stk(u,vy,vz)dvydvz

Then 2.1.7,2.1.9,2.1.10 become

& 1 ) i
fsl(lerrp) = m(fSk(E'Y'tzo) &2 %z'(llf-vgfso)(pk) 2.1.11
A _ k{u t= 0}
¢’k(P) = Ik]aD(k J.D zqs fu 1P/|k| du 2.1.12
2 Eso
D(k,ip) = 1 - Z(—“lﬁs) f an P g (pr 2 Po) 2.1.13
u-ip/|k|

We obtain the time dependence of ¢(k) by inverting the

Laplace transform to obtain

Potie
2 - (u t= O)
k<dy(t) 2ﬂ1-fD(k T5) E ge<N Jh"gffTETﬁ— du exp(pt)dp 2.1.14
._lw

where p, is chosen such that all poles of &(p) lie to the
left of p,. = po.

In general this integral can not be evaluated
analytically except for a few special F_.,{(u) and F.x{u,t=0).
However, the long time solution may be obtained for a wide
class of equilibrium distributions. We shall see that this
assymptotic behaviour is determined by the normal modes of
the plasma oscillations rather than by the details of the
initial perturbation.

Note that &k(p) is only defined by 2.1.12 for pr. 2 pPo-
For convenience in performing the p integration in 2.1.14 we
define a function &, (p) that is identical with &k(p) for

Pr 2 P, whilst for p, < p,, ®k(p) is defined as the analytic



continuation of ¢,(p). (See appendix 2) Inspection of 2.1.12

reveals that analytic continuation of ¢y (p) requires a

-

statement about the analytic properties of F,.,F.), as well as

about analytic continuation of velocity integrals of the form
+oo
h(u)
= —i -
H(p) J u-ip/ |kl B (Pr 2 Ps)

-0

to values of p,. < p,.

We 1limit ourselves to functions h(u) - that are analytic
for all finite u. (e.g.Maxwellian.)

It is trivial to analytically continue (See Appendix 2)

H(p) to the half plane p, > 0 since we simply have

400
h(u)
= .
H(p) J _:§—7TtTdu . for all p. > O

-0

The only problem that arises is when we try to analytically

continue H(p) across the line of integration in the u-plane.

Consider,
h(u)
= .—d
H(p) Ju-:p/l&l u
C

where C is the contour in Fig.l as R-o«.

uiﬁ

Fig.1

Cauchy's residue theorem states that

H(p) = -2ni2res(3:§é%%ET)du



where the summation is over all isolated singularities of

f(u)

G:§E7TET. The singularity at ip/|k| will either be inside or

outside C depending on the sign of p,..

Defining
e
H(p) = G:?é%%ETdu Pr 2 0 2.1.15a
e
H(p) = j ——————u_’i‘l‘)‘jigidu + 2nih(ip/lk]) P~ £ 0 2.1,15b

)
we see that H(p) defined by 2.1.15ab is the analytic
continuation of our original expression for H(p) which was
only defined for p, 2 po.

The value of H(p) as p =0 is

+oo

. _ h(u) s hf =5
H(lpj) = J u+ipi/lgldu + ﬂlh( p;/|E|)

by the Plemelj formulae for Cauchy integrals (See Appendix 5)
applied to either of the expressions 2.1.15ab.
Alternatively we can use the function

i
. h(u)
H(p) = }EjEE7TETdu

L

where L is the Landau contour sketched in Fig.2, since this

is also analytic for all p.

Fig.2a Fig.2b
uiT Pr > O U:P Pr = 0
x u=ip/ k|
u=i k
N 5 — >p/|_|ur>




Fig.2c Fig.3

u:’ Pr <O pi <}

I—T—{}f ;Zeros of D(k,:

Pr:’

>

u,

Y
>
N

u=ip/|k|

Thus,

Tila quNs fF’k(u't=0)du

7 =3 K
L2 p B 2.1.16
2 _a_F_‘so
1 = 25(915) T
k u-ip/l k| -
& [ VARLX

where the velocity integrals are defined by the Landau
contour or alternatively, the Landau prescription 2.1.15 is
used as the analytic continuaton of &k(p). The contour in the
Laplace inversion 2.1.14 can be deformed to any other path
(because of Cauchy's theorem) provided that the poles
(namely, D(k,ip) = 0) are not crossed. Fig.3 shows a deformed

path of integration for a possible set of poles of 3, (p).

Thus,
r-iw—a
1 [-
8 (t) = JRsexp(p;(k)t) + o=l (plexp(pt)dp +
3 s
(a) 19%Po (1)
—o+ie jeot+p,
§;§J¢k(P)eXP(Pt)dP Ty QR(Q)EXP(Pt)dP
—x—je View-o

(c) (d) )
where D(k,ip;(k)) = 0 locates the poles p; of ¥,(p) and R; is



the residue

lim ( - )
R; = -p;)®
3 = popy {(P7P3) 2k (p)
[N.B. We have assumed all singularities of D(k,ip) = 0 are

isolated simple poles.]

Consider term (b)

-iR-w
lim 1 Jék(pr—iR)exp(prt+Rt)dpr
R->e 2mi .

-iR+p,

Assuming @y (p-—-iR) » O faster than exp(Rt) as R » « this
expression [and term (d)] vanishes.

Term (c) involves integration of the form
iR-«

lim §%EJ§R(-a+ipi)exp(—at+ipit)dpi

SR iR~
which decays as t—-« due to the exp(-at) factor. [It decays
faster than exp(p;irt) since a is arbitrarily large and so (c)
is negligible compared with (a) as t-ow]
Thus,

By — ZRjexp(pj(k)t) for large t.
3

We note that poles to the left of p, = 0 are damped whilst

those to the right create growing (unstable) fields.

Define the fregquency, w = ip.
Then, B, (t) = DRjexp(-iw;t) g1 17
3
where w; = w;-+iw;; satisfies D(k,w;) = 0, the dispersion

relation, with D given by 2.1.13.
Thus the non-transient response is determined by the
normal modes (the zeros of the dialectric) of phase velocity

w/k and group velocity 3w. It is important to note that the
3k



interpretation of the zeros of D being the normal modes is
only valid in the time assymptotic limit.

[N.B.It can easily be shown that [6] by assuming f,,®%, have
dependence exp(i(g.g—wt)), the same dispersion relation
2.1.13 results.]

The normal modes are those wave-like disturbances that
persist long after any transients associated with the initial
disturbance have died out. The eigenfrequency w is almost
purely real since if w; were large (assuming w; < 0, a stable
plasma) then the wave would be damped out quickly and would
not be called a normal mode. This assumption of small w;
simplifies the integration in 2.1.13 since a Taylor expansion
about w; =0 may be used.

Thus,
(o4} 0
9Fso 9F.o
[ = (s + g0,y ) (|55 )
o

Sl —— i et S ——— —
a-6/ K] o8 a-w/ K]

-0 —o0 W=

so 2.1.13 becomes

- 2
- Wps .
) s

s

«©

3Fso; :
J SEeolu) o, nlggso(u)l
u"wr/ll_{;l L=

—00

“

N
[y

.18
using the Plemelj formulae. (See Appendix 5)

It is important to remember that the dialectric 2.1.13
and 2.1.18 are only valid for E, = 0 = B,. More complicated
equilibrium states have different dialectric properties.
However, the general procedure is the same. Namely to derive
the plasma dialectric, to locate its zeros and identify those
zeros with plasma waves, which in the time assymptotic limit

represent the normal modes of the system.



2.2 Solving the Dispersion Relation

Approximate solutions of 2.1.18 may be found for phase
velocities in certain ranges. First, we assume w./k >> Vgp
where vy, is the thermal speed of the particles. (See
Appendix 1.) Then the Cauchy Principle Value integral in
2.1.18 may be evaluated via a Binomial expansion in u. This
is because contributions to the integral outside of the range
-V, < u < v, are negligible. (See Appendix 7)

We obtain

aF
2 Freo
(Eﬁe) £ 3u du = w3, + Bwi k3AZ + Lus gl
J w=e 71k w2 0l
-—Q0

Substituting this into 2.1.18, neglecting ion terms since

they are smaller by a factor m./m;, we obtain

wi

w2e.(1 + 3k2AE) 2.2.2a
o= = (@) 15 e (mes + 2)
For small kAp we have
Wr ¥ Wpell + 3k32AZ/2)
which is the familiar result for Langmuir waves obtained from
fluid theory [6,9]. The Vlasov theory, however, did not need
to assume an equation of state, unlike fluid theory; rather
it reveals the necessary equation of state needed in
two-fluid theory.

Note our solution 2.2.2 does indeed satisfy our two
assumptions w,./|k| >> vy and w; << w,., provided kip << 1. A
most important property predicted by Vlasov and not fluid
theory is the collisionless damping of the electrostatic

potentials of the normal modes. This is discussed below.



2.3 Landau Damping

The damping is characterised by the small negative
gquantity w; given by 2.2.2b. We can find w,., w; in a more
general way as follows.

Assuming w; << w,. we have

0 = D(k,w) ~ D(k,w.) + iw;dD(k,w,) 2.3.1

CIATS
where D(k,w.)

fl

Dr(lfrwr) + iDi(Erwr)

Egquating real and imaginary parts in 2.3.1 =

- - —Di(kfwr)
De(k,wy) 0 2.3.2a and w; = 3D, (K, 0y ) 2.3.2b
oW,
2
= o SWpedFso
where D; "%z 3u u=w,/ k| 2.3.3a
s
+o0
2 _@_Eso
and Dy = 1 = Z(wig) £ 34 du 2.3.3b
s J u-w-/ ki
—C0
from 2.1.18.
So we have ¢, o exp(w;t) where w; o 3F., . Thus,

au u=w./|k|
Landau damping is a resonant effect due to particles moving
with velocity close to the phase velocity of the waves.
Physically, Landau damping is explained by noting that for

9F.o < O there are more particles travelling slightly slower
Ju

than the wave than there are faster so, if the slower
particles are accelerated by the wave, the wave loses energy
and is damped.
From 2.2.2b it follows that

1/wy >> 2n/wpe for kAp = O
i.e. Landau damping time >> plasma osillation period.

As the wavelength A decreases and approaches Ap the damping



increases and then the oscillation can no longer be
considered a normal mode.

2.4 Ion Acoustic Waves

Had the ion term in D(k,w) been retained the Langmuir
frequency would only have altered by a small amount. However,
if the electrons are warm (T, >> T;) we shall see that there
exists an electrostatic wave for which the ions play a

significant role in the range

KTi 172 ) (KTe)l/Z
i = = € = £ e = . 4.
Vithi ( mi) k m. Vihe 2.4.1

For the ions we perform a similar method to that used in
deriving 2.2.1 (See Appendix 7) but for the electron integral
a different approach is required.

For the electrons we have

0 (o] <o
3Feo : i f 2
N J ou (a) du = éig+ -In{u-vg %§e°] + ln(u—vp)%ﬁge°du +
u-wr/ ki L Vp+8 "V +8
—00
< Ve—& rvp—s
JF , 3%F
-ln(vp—u)ﬁe"} + Jln(vp—u)mz'”du

-0 —<0

The terms in square brackets cancel and if F.o is an even

function (e.g. Maxwellian) then

rvp—s «
1 - 2.2_}?9 °Gu = |1 a_z_ eog
J n(v, u)auz u = J n(u vp)auz u
—00 Vp+8
But,
roo roo
2 2 2
Jln(u—vp)gage°du = Jln(u)%EEE° s %Pgageo + ...du
vp+S8 Vet+$

(The expansion is valid because u > v, throughout the

integral.)



So,

00 (o]

[ 3Feo . 2
c au M) agu = 213 115(u)8 Feogy
J_G:6—7TEI -0 Ju

el V,+8
—co
dl.€5
Q0 o0
[ 3F [ 2

e o
¢ 3u ‘Y 4y = 2Jln(u)—E§e°du

J a0 71k

— 00

since v, is small. (i.e. Wpe/ K| << Vine)
rco
Let N 9%Feo
I = Jln(u)auz du
8]
o«
= —2ch(1—2u2c)exp(—cu2)1nudu
)
for F.o = bexp(-cu?) which is in the form of a Maxwellian.
o
Consider J = Juzexp(—cuz)lnudu
o
1 N |
= [——exp(—cuz)ulnu] + ——I(1+lnu)exp(—cu2)du
2c 2c
o o
The first term vanishes so
o0
-I/2bc = K - 2c¢J where K = Jexp(—cuz)lnudu
o]
e 2]
Then I1/2bc = jexp(—cuz)du by simple substitution.
o
1({m\172
= 5(3) using the I' function.
Finally,
o
é SFeo (y) 1 2.4.3
- ou du - Eziz
JTu=e /Tk| =
-0
i b = ( Me )1/2 c = =2  for a Maxwellian
=il T \2nkT, 'Y T 2kTe ekt e
We now substitute 2.4.2 and 2.4.3 into 2.3.3a,b and employ

2.3.2a,b to obtain



w2 = k2c2/(1+k2Ag) 2.4.4a
and
T 1,2 'wLI lg_ 372 -T /T m a/2
P N A WY /(R § ol -
e (8) (1+k2x3)372 (Ti) exP(2(1+k2A§)) = (mi)
2.4.4b

. . - LT T w KT X2 %,

which are valid provided (—ET) < TET < (——j) is true.
These waves are called ion-acoustic waves since they are

like sound waves in the sense that all wavelengths propogate

at the same speed c, if kAp << 1. This is different to

Langmuir waves which have the same frequency for all

wavelengths (kAp << 1). We see from 2.4.4b that in order for

w; << w,. we require T, >> T;. From 2.4.4b one might also

think that T; >> T, ® w; << w, but this is not true since

2.4.4b is only valid for T; < T, because the assumption

yirs2 { 1./.2 . Ndr2
R Tk | £y o

actually T, > T;.

The electron damping term (Ef)n/z in 2.4.4b is always
small for ion waves which is because, although there are a
lot of electrons with approximately the same speed as the
jon-sound wave, the slope of the electron distribution is
small. (i.e. there are nearly as many electrons going faster

than the wave as there are slower so the Landau effect is

negligible, see Fig.4)



Fig.4
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The two waves (Langmuir and ion-acoustic) are actually
the only two modes favoured by the field free isotropic

plasma.



Chapter 3

Plasma Stability

We have shown that small perturbations about an
equilibrium state grow under certain conditions - this is
called instability. We shall study two types of instability
with a view to using the growth rates in a calculation of an
effective collision frequency. We have already seen that

w; o df] which implies that a distribution with a

positive slope may be driven unstable by resonant particle
(Landau) effects. (See the gentle bump instability in [6].)
However, another type of instability that is not due to these
wave-particle effects is the two-silream instabilily which
occurs when the plasma consists of two streams drifting
relative to each other with a constant velocity, V, much
greater than the thermal spread of the beams. (See Fig.5)
Such beams and currents are very common in both space and
laboratory plasmas.

Fig 5

f(u)
Electrons Ions

 J

v ,{ u

3.1 The Two-stream Instability

Consider a field-free plasma with eguilibrium

distribution
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fio(v) = 8(v-V)
feolVv) = 8(v)

i.e. Fio(v) = 8(u - k.V) 3.1.1a
Feo(v) = &(u) 3.1.1b

where k 1s the unit vector in the k direction.
Assuming that the perturbations are electrostatic we

have shown (see 2.1.13) that the resulting oscillations are

2f OF
ZE(—Li J. 2u du =0
u-w/ k|

of frequency w given by

D(k,w)

Now,

[Frmileein)a - [swngig]
L

(o3

.{S(u—g.y)(G:G%TET)zdu
-
by parts.
Thus,
D(k,w) = 1 - (—“1&)2 - (—Qﬂ—)z 3.1.2
= w w-k.V

using the well known result

jf(x)&(x—xo)dx = f(x,)
[N.B. This result 3.1.2 may also be obtained directly from
fluid theory.]

2 oy 2
Suppose we plot g(w) = (231) - (—QELV) as a function of w

Fig.6




When the value, A, of the minima is < 1, there exist 4
real roots but if A > 1 we have a complex conjugate pair with
one root corresponding to instability.

The point A is at wp

1_{-‘_,(“51) 3-1-3

(wp )
i

Thus wp is always less than k.V. i.e. the waves that are

where "

driven unstable exist between the two 2 streams and therefore
can not be due to Landau effects.

No real stream will have a § function shape but thermal
effects may be ignored if wy is not within the thermal spread
of the distributions.

Thus,

y1s/2 is2
>> (KTI) : Vg >> (5%5) 3.1.4
e

must be valid.

The question that immediately arises is "What is the
physical mechanism for the instability if it is not Landau
effects?" Consider a local decrease in charge density of
electrons, say. (This could correspond to an electrostatic
wave.) This would induce a charge perturbation in the stream
passing over the decreased density region. Ions passing over
this "hole of charge" would be slowed down and then the
conservation of charge equation

1Dn _  av

nDt 3x

implies that n increases so that the stream feeds the hole,

creating an instability.



3.2 JTon Acoustic Instability

We now tie up some of the ideas discussed in this and
the preceding chapter. In chapter 2 we saw that ion-acoustic
waves are weakly Landau damped if T.>>T; and strongly damped
if T¢=T;. The findings on the two-stream instability would
appear to indicate that these ion waves might be driven
unstable by a somewhat weak drift if the electrons are
sufficiently hot that Landau effects are overriden by the
growth from the drift.

Thus, consider the distribution

1/ 2 2
m -m, (u—u,) )
i p— (5??%:) exp(—wingzﬂ— 3.2.1a
B __m;_)i’z (:m;gi)
Fia (ZHKTi exp 2KT, 3.2:1b

where ug is the constant drift velocity.
N.B. Here we are in the ion rest frame whereas in section 3.1
we were in the electron rest frame.

Ion waves exist in the range

according to section 2.4.
Substituting 3.2.1 in the field-free dialectric of

Chapter 2 and solving as in section 2.2 implies that

2

: . . Wp 4 .
we obtain a contribution - 62* to D, from the ion term
r

Lege. ) KT.\172
since }Erl >> (——l) and we obtain a contribution

3
mj k2}\D2

) KT 172
from the electron term since EE - Ug| << (_Ei) .
e
Thus,
2
= - {Yei 1 .
D (k) = 1 - (824)°4 22y = 0



o

k22
2 - _=_~s
Or T TYk2AZ

Now, using 2.3.2b and 2.3.3a yields

o Irjw kE2c2 (Ei) 9/2(_9L _ ) [_ (_2: _ :
Wi = k2(1+kzkﬁ?{ me 7\e |EI U, jEXP Ae IE] uo) ]+

3.2.2a

m i
where we have put A_.= 2K% for convenience.
S

Now,

2 2
We ) _ _mg (wc _ )
Ae(lkl Yo 2KT .\ | k| He f &% 1

because otherwise the waves would not exist.

50,
2
- e -
exp[ e (3F - wo) | = 1

Simple algebra yields

A 0f = —— Te _ _

k2 2T; (1+k2A3)
24 3/2 = 1 (25)3/21 —_——

and cehs™ Toe/k = ST, TTTR2REY 22

Altogether this implies that w; becomes

3/2

i 10-118) T1+r2x2)272) \T, J*P\2T; (1+k322)
' (a)
1/2
(%e) (1 - %°(1+k2A§)1/2)} 3.2.2b
i s
(b)

When u,=0 we do indeed get the result 2.4.4b but if u,
is large enough the sign of w; may reverse to give
instability. Term (a) is due to the ion damping whilst (b) is

the growth due to the electron drift.



Instability occurs if

a2 1/2 KT 1/2
o> ()™ = (areite)
1+k“A% m; (1+K“A5)
i.e. if u, > (K]
1
since we also require T.>>T; for (a) to be negligible.

Under these conditions

- i(I0e)* " Hamoe k)
8m; (1+k2A8 (372

This can be differentiated w.r.t. k to find the

Wj

maximum growth rate needed in the calculation of the
"collision" frequency of Chapter 4.

3.3 The Modified Two—-Stream Instability

We now extend the idea of the two-stream instability to
include a magnetic field B, in the equilibrium state. [8] The
instabilities created by the relative streaming of ions and
electrons across a magnetic field play a crucial role in the
concept of anomalous resistance. (See Chapters 4,6.) This is
particularly relevant to a collisionless shock wave since a
current does exist along the shock front. (See Chapter 5.)

Let the ions drift relative to electrons with speed V.
We assume the electrostatic assumption is wvalid, so §=;v¢.

McBride et al initially start from kinetic theory but we
derive the dispersion relation from two-fluid theory which is
valid provided resonant particle effects are unimportant.
i.e. valid if kp. << 1

kVini << |o--k.V]|
KoVine << |6p]
where p. 1is the Larmor radius for electrons.

In the electron drift frame the perturbation potential



gives rise to a perturbation v, in electron velocity given by

the following equations where we have assumed expi(k.x-wt)

dependence for all perturbation quantities.

The linearised electron momentum equations are

Twve i
lwvey
iwve 2

lgiB for
mS

where ow.¢

species s.

—Eﬁxq’ - WeeVey 3.3.1a
Me

= -ieky,®d + WceeVex 3.3.1b
me

-iek,¢ F.3.1¢
me

s=e,j is the cyclotron frequency of

The linearised electron continuity equation =

Nie = —NgV.Ve
iw

Now, k,(3.3.1b)-ky{3.

_kvvex+kxvey

and k,(3.3.1la)+k,(3.

RyVextkyVey

o (R Vet ByVeytKo¥es) 3.8.2

8]

la) >

Wee(KkyVeytkyVeyx) 3.3.3
iw

.1b) =

—e(k3+k2)d + ivce(kyVey—kyVeyx) 3.3.4
) P w

Substitute 3.3.3 in 3.3.4 >

RKyVextRyVey

So 3.3.2 =

_ €Nes _

where Weg
Mg €q

)

2
(nge )1/2.

-e ( kZ+kZ )¢
:l"_'(")ge/(é“)2

2 2, 2
e nnib ( kx'rky 2) s
+ k sing 3.3.1cC
eomew:’.tl_wge/wZ kz (u g )
w2 k?d (sin®e + coszg) < P PR
w2-w2, w2

is the plasma frequency for species s

and where 6 is the angle between k and B, so that cos®=k;/k.

For the ions v;' = V+v; is the actual ion velocity where

v is the constant

drift velocity and v; the perturbation.



So

(vi'.9)vs' = (V+vs) .9 (V+y;)

1t

-i(k.V)v; after linearising.

So

(g¥ + (y.v)}v

i(w-k.V)y

Consider the relative sizes of the terms

a(v) : ev; B
3t A
l[iwvy | lev;B, |
b omy |
i.e. W I Wi

We consider the case wWge >> W >>wW.; SO we neglect YiA§°
in the ion equation but retain YeA§° in the electron
equation. The algebra for the ions is now the same as for the
electrons only with

w replaced by Q = w-k.V

me m;
-e > e
wPE . wPB

and (Wce " We i

Thus 3.3.5, by analogy =

enj, = w2;k%¢ 3.3.6
€q 02
Now, v.E = -v?¢p = e(nj;-n.;) is Poisson's equation.
€0

So 3.3.5,3.3.6 yield the dispersion relation

1 - _wi; - wiesin®8. - w2 .cos®8 = 0O 3.8:7
(w-k.V)?  w?-wZ, w?

For the case k,=0 and remembering wc..>>w this is seen to

be equation (5) in McBride et al.



We then have

1 - w2y - w2.s5in%6 - wi.cos®8 = 0 3.3.8
(w-k.V)2 w?-wZ, w?
(a) (b) (c) (d)

where cos®=k_,/k, sinb=k,/k and k?=kZ+k2,

3.4 Solving the Dispersion Relation

We shall now solve 3.3.8 for the special case of

i/2

cosb = (%%) . Compare 3.3.8 with the dispersion relation
i

3.1.2 for the two-stream instability. (i.e. By=0) Terms

(a),(b) are the same. Term (c) is due to the adiabatic

polarisation drift of electrons across the magnetic field.
Term (d) indicates that electrons behave as if they have an
effective mass m, = k?m./k2. This can be large for k?/k2 >> 1

(i.e.k nearly perpendicular to B,) and we shall in fact study

i/2
the case 68 = 6, where cosé = (%%) since we then have
1
me = m;. [N.B.McBride's 6 is our m-8]
2

At this angle 3.3.8 >

1 - wiy + Wi, - w2y = 0 (Uses w2; << w2_.) 3.4.1

(W-k.V/2)2? w2, (W+k.V/2)2
where we have put W=w-k.V/2 so that expressing this equation
over a common denominator leads to a quadratic in W? whose

solutions are found to be

W2 = (K.V)3/4 + wfy + ouplwiy +(k.V)%)272 3.4.2
W2 w2 172
where wry = (—31—25—) is the lower hybrid frequency.
WecetWipe

The positive root implies W? is always positive so
instability is not possible whilst W? may be negative if we
take the negative root.

Let W2 = —-a where « is some positive real.



Then W; = w3 = Ja

Now, aoy . L, 0%
dk (2/a)dk
= 0 when de = 0

dk

Simple algebra shows this occurs when

(k.V)? = 3uwiy
whereupon o = w?,y/4
Thus
Wi = w; = Ja = wpx/2 3.4.3

is the maximum growth rate for 6=6,. Assuming V is in the x
direction then this growth rate occurs at a wavenumber given
by

¥ = J/3ueg, 3.4.4

Also we have

1]

We = Wo+kV/2 = J3wLu/2 3.4.5
Thus

Wr~Wi~WpLy 3.4.6
so this instability occurs at the lower hybrid frequency,
which is why the modified two-stream instaPility is often
referred to as the lower hybrid instability. (Also as the

Buneman instability, see [2])

Since w. = kV/2 then |w-kV|>kv:; becomes approximately

V2vyi whilst |w|>k, vy, becomes Vz(%f)l/zfor the case 68=6,.
The main differences between the modified and ordinary

two-stream instabilities are that

1) the instability threshold is Vvy; rather than Vive.

2) the electrons behave as if they have an effective mass

much larger than m..



Unlike many other electron-ion instabilities (e.g.ion
acoustic) that mainly heat the electrons the modified
2-stream instability results in comparable electron (parallel
to B,) and ion (perpendicular to B,) heating. [8] Moreover
the instability is insensitive to the ratio T./T;, unlike the
ion acoustic instability and may therefore operate in regimes
where the ion acoustic instability is inoperative. We will
show in Chapter 4 how the growth rates calculated here may
give some estimate of the saturated energy level needed to
calculate an effective "collision" frequency. A comparison of
the relative importance of the two instabilities in the
anomalous resistivity of a collisionless shock wave can then

be made.



Chapter 4

Nonlinear Effects

A weakly nonlinear theory (i.e. nonlinear theory treated
by perturbation methods) is now presented in order to provide
a basis for the explanation of plasma phenomena beyond the
scope of linear theory. Examples of such nonlinear properties
are as follows:

a) Linear theory predicts growth/damping of amplitudes of
plasma waves and the corresponding change in wave energy must
be balanced by a change in energy of the particles. Energy
conservation theorems are nonlinear since wave energy is
proportional to EZ.
b) In linear theory the change in the distribution function
due to the growth of the waves is given by

fo = foo + Jexp(ig.g)fskdg
Each Fourier component vanishes on averaging so changes in
the average plasma properties (e.g. temperature) only appear
in nonlinear theory.
c) Waves of finite amplitude exhibit properties which depend
on products of wave amplitudes and are necessarily nonlinear.

There are two cases for which weakly nonlinear theory is
tractable
a) Where there are only a few waves of finite amplitude it is
possible to treat each wave individually - the theory of weak
coherent waves. [1,13]

b) Where there are so many waves present that a statistical

approach is needed to determine the features that do not
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depend on the initial phase of the waves - the theory of weak
turbulence or quasilinear theory.

Both theories fail when the wave amplitudes become so
large that
a) the perturbation series fails to converge.

b) the particle orbits become so distorted by the wave fields
that f. = f., can no longer be used to calculate the 1linear
wave properties. (e.g. particle trapping - see 4.5)

In quasilinear theory the finite wave amplitudes are
considered to be small enough that the wave propogation can
be treated by linear theory but nonlinear theory is needed to
determine the long term effect of many waves on the
background distribution function f,. (N.B. The term
quasilinear is not to be confused with the usual mathematical
definition associated with partial differential equations.
i8] )

4.1 Quasilinear Theory for the General Equilibrium State.

We use the Vlasov-Maxwell system for a collisionless
plasma. By collisionless we mean one in which transport
properties are dominated by collective interactions
(instabilities) rather than by short range binary collisions.
We follow the work done by Liewer and Krall [7].

We can not write f, = f ,+f.,, where f_,, is the initially
spacially averaged or ensemble averaged distribution, since
f., would then contain the difference between the final and

the initial distributions. This difference may be as large as



fso itself in the vicinity of the instability and would cause
the expansion to break down.

Instead, we write

fo(x,v,t) = foo(x,v,t) + fo4(Xx,v,t) 4.1.1a
E(}j:t) = Eo(}jlt) * El(}_{lt) 4.1.1b
B(x,t) = Bo(x,t) 4.1.1c

where the suffix o denotes a smooth, average over the
microscopic scale and , represents the turbulent oscillatory
part. Note that we have assumed the waves to be electrostatic

so B; = 0.

We have feo = <f,> E, <E> B, = <B>
and £f 4> = 0 <E1> = 0
where <.> is an average over some microscopic scale.
Substituting 4.1.1 in the Vlasov equation and averaging over
the microscopic scale =

(a + v.v + qs(E +v B ).V ) ——<E1 vyfea 4.1.2

3t v v
which shows the development of the macroscopic distribution
function f.,, due to the turbulent term on the R.H.S. The
R.H.S. acts as a "collision" term since, as we shall see, it
allows momentum and energy transfer between particles of
different species. This nonlinear R.H.S. is the only
nonlinear part of quasilinear theory, the rest is completely
linear.

We now take velocity moments of 4.1.2.

Integrating 4.1.2 over v =

af

at5°dv + Jv vigsodv + SJ(§°+Y-§O).v!fsody = _%§J<§1.v¥f51>dy
5 S

4.1.3



Now,

8faogy = & _1oan,
3t dv = atff5°dv = N3t 4.1.4
where we have defined ng = stfsodg
Also,
fg.vfsody = v.jgfsodg (since v independent of v)

But,

Jvfsodv - Sius

— -— NS_

where we have defined u., = gijyfsody
s

So,
1
Jv.vfsodv = ﬁ—v.(nsus) 4.1.5
hdf .4 R H
Now,
J<§1.v¥f51>dv = <j§1.v¥fsidy>
and

ng.v!fsidg = Jvl.(glfsl)dy (since E independent of v)

stiga-d§
S

[}

where So° is a surface at » in v-space.
This vanishes provided f-»0 faster than 1/v? as v« which
is indeed true for any distribution with finite energy since

energy is proportiorial to Ivzfdv.

1.8, J<§1.v!f51>dy =0 4.1.6
Similarly,
fgo.vyfsody =0 4.1.7
Finally,
Jv Bo.Vyfgody = va.(fsoyAgo)dy = Ifsovl.(yAgo)dy

J251¥A§0-5§ - stovz-(yAgo)dy

[o3]

= 0 4.1.8

since the first integral wvanishes by the above argument and



the second integral vanishes because Vy-V,Bo = 0

Altogether the results 4.1.4,5,6,7,8 > 4.1.3 becomes the
continuity equation

ong + v.ngug = O 4.1.9
at

Now multiply 4.1.2 by m,v and integrate over v to obtain

of
m. [vEEeedy + mo[v(v.v)faody + o [V(Ee+y,Bo) . vyfoody =

(a) (b) (c)
_qu‘_’<§1'v!f51>d¥ 4.1.10
(d)

Term (a) is
3f.o = M3
msjyat dv = Nsat(nsgs) C: P s I
by the same argument as above.
Term (b) is
me [v(v.vEso)dy = mo[v. (£,ovv)ady

We use the identity (see appendix 4)

v={2b}

a.(vb) + bv.a v vectors a,b
to see that
V. (fsoVV) = f5oV.VV + VV. (f5,V)

The first term vanishes since v is independent of x

Thus, v.(fsovV) V(fsov.v +v.vf,,)
= Y(Y-V)fso

S0,

I

msf!(g.vfso)dz msv.ffsogydy

Now,

1

mststoYYdY mst{Ifso(Y_Es)(Y—gs)dY + 2Esjyfsody

- EsgsjfsodY}

E = mNgUsUg



But,
V-(nsgsgs) = nsEs(VES) s Esv'(nsgs)

So we have
mstjy(y.v)fsodY = Vv.P + mgngug{vug) + mougv.(ngug) 4.1.12

Two of the terms in 4.1.11 and 4.1.12 add to give
mg /9 mg 2
Nz 5¥(nsgs) * V-(nsgsgs)} = Ns 5¥(n595) + nsgs-(vgs) +

gsv.(nsgs)}

m on du
= ﬁ§{95(§¥5 + v.nsgs) + ns(5¥s + (gs.v)gs)}
S

D
Nsnsﬁ¥(gs) 4.1.13

e
3t

using the continuity equation 4.1.9. [N.B. + (g %) ]

U‘U
+

Consider the identity

vy- (fFv) = fF.(vy,v) + v(v,.fF)

fg.ﬂ + V{Iv.F ¢ F.¥,T)

where || is the unit tensor, F is any vector function and
where f is any scalar function.

But, v,.F =0

for F

Eq+ YA§° since E,,B, are independent of v.
So term (c) is
qSJYE'VMfsodY = qS{ng'(fsogY)dY - Jfng}
The first integral on the R.H.S. vanishes by the same

argument involving Sm already used.

So,
quyg.v!fsody = —qufso(§Q+YA§0)dY
= -qeEo[foody + qeBo,[fsovdy
= - §°ns(Eo+u. Bo) 4.1.14
Term (d) is
qsfy<§1-vifsa>dy = qs<jY(§1-vxfsl)dY>
= —qs<f;1f51dy> by a similar argument.



- -%:<n51§1> 4.1.15

where ng, = stfsidy

Altogether 4.1.12,13,14,15 2 4.1.10 becomes

mena (S5 + (8a.9) Jus = dena(Eo+u.,Bo) - 9.B. + Qu<naiEq>

4.1.16

This is essentially the momentum equation of Chapter 1

but with the anomalous term gc.<ng ,E;> (the so called

anomalous resistivity) allowing momentum exchange between

ordered particle motions and fluctuating fields and also

allowing momentum exchange between species.

(N.B.Multiplying 4.1.2 by msgsz/z and integrating over v will
yield an heat equation with an anomalous heating term. ([7])
We continue to follow Liewer and Krall in order to

obtain an expression for the anomalous resistivity.
Subtracting 4.1.2 from the Vlasov equation and dropping
second order terms =
(%{ + V.Y o+ %§(§°+YA§O).v!)fsi = - dag, vt 4.1.17
More generally, the right hand side of 4.1.17 would be
- %§(§1+YA§1)-Vyfso and we now illustrate the procedure to
solve this equation by the method of characteristics, often
referred to as "integrating along unperturbed orbits" in the

plasma physics literature.

Define %?,(g') = v!' 4.1.18a
and g—t.(y') =%(Eo(’_{"t')"'y'/\?o(}f"t|)) LudeilSh
with boundary conditions
x'it'=t) = g 4.1.19a
vi(t'=st) = v(t) 4.1.19b

The solution curves to the ordinary differential equations
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4.1.18 are called characteristics and t' is the parameter
along the characteristics. We solve 4.1.17 for f_,(x,v,t) by
considering the function fsi(g'(t'),g'(t'),t') which is a
function of time t' and satisfies the equation

%%fl = (gf' + %%:-Vx' + %%:.VM-)fsl(g',y',t')

"ﬁ-j(gm_{',t')+y',\§1<§',t')).vx-fso(:_c',g') 4.1.20

which is valid along the characteristics.
Now, because of boundary conditions 4.1.19
foal(x',v',t") = f.,(x,v,t) at time t' = t

so the solution to 4.1.20 is also a solution to 4.1.17 at

time t' = t.
The L.H.S. of 4.1.20 is just the exact differential %%?1
Integrating 4.1.20 from t' = -» to t' = t >
t
f51(}_{"_"t) = = g_s (51(2‘5':t')+‘_"A§1(§',t')).vx.fso(;_;',\_,-)dt:
5—-00
+ foa(X'"(-»),v'(-»),t'=-w) 4.1.21
Assume foa(x,v,t) = fo(v)expi(k.x-wt) 4.1.22a
Ei(x,t) = Exexpi(k.x-wt) 4.1.22b
By(x,t) = Byexpi(k.x-wt) 4.1.22¢

where Ey,By are constant vectors.
Then 4.1.21 =
fox(v)expi(k.x-wt) = fou(v')expi(k.x'-ot') | ,__,
) %:J(ER+Y'AEk)eXPi“5'}—{'_(“”:')'Vx'fso(§"‘_")dt'

We assume that the first term on the right hand side of this

equation vanishes (i.e. no perturbation at t' = -«),.
Define T = t'-t and X = x'=x
so that dt.= d4dt'
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So,

fok(v)expi(k.x-wt) =

o
- %iexpi(g.g—wt)J(Ek+y'A§k)expi(g.g—wr).vl-fso(g',g')dr
S
-0

This is because x,t are independent of the integration
variable and may be taken outside the integral.

Thus,

o
farly) = - %—z—j@wy',\‘@'k)expi(g.g—m).vx-fso(g',y')dr 4.1.23

-0

This holds for w; > 0, analytic continuation being used for
w; < 0.

The variables v',x',X can all be expressed in terms of =t
by finding the unperturbed orbits from 4.1.18, with boundary
conditions 4.1.19, for specified external field
configurations E,,B,. Incidentally, the fact that the
characteristics are the trajectories under the action of the
unperturbed fields explains the phrase "integrating along
unperturbed orbits” with reference to integration of 4.1.20.
The gquilibrium distribution f ,(x,v) satisfies

(v.v + 925 _1+v B,).vy)fag = O 4.1.24

- Mg =7 —A- =]
A way to generate solutions for fg,(x,v) is as follows:
Suppose

ag(x'(t'),v'(t')),a(x" ("), v'(t")),..
are constants of the motion (for example, energy or
components of momentum) of the particle under the action of
the equilibrium fields E,,B,. [N.B. boundary conditions

4.1.19 still apply.]



Then,

da; = v'.vyra; + dv'.v,.a; =0
dt? dt
da; = v'.vgrap + dv'.vy.a, =0
dt dt

so any function
feo = faalaal{x',v'),az(x",¥') s vew)
satisfies 4.1.24 at time t. This is easily verified by
substituting f., into 4.1.24 and using 4.1.19.
i.8. faa = Faolai(X, V), a3(R, V), «es) 4.1.25

is a stationary state solution of the Vlasov equation.

For cases where

it

P quNSstody = 0 (no net charge in the plasma)

li

s
Equsjyfsody = 0 (no net current in the plasma)

5

in the equilibrium state, f.,, is controlled by the external

k]

fields and the constants of the motion for a particle in the

fields E,,B, are used to construct stationary states.
Altogether we have demonstrated that 4.1.23 (with

4.1.22a) provides us with a solution for f ,(Xx,v,t).

Note: It is worthwhile pointing out that the order e Maxwell

equations
v Eq = “2(?1)
& 3t
EoV-Ei = quNsIfsldY
S
1 v By = SaoN.[vfeadv + €o3(Es)

when transformed will, upon substituting 4.1.23, result in 6
linear equations for Ey,Bx. We can then eliminate By in terms

of Ex to give an equation D.E = O where D;; (i,j = 1,2,3) is



the dispersion tensor. The equation has solutions only if

det (D) 0 which is the dispersion relation.

However, we restrict ourselves to the electrostatic
assumption (Ek = 0) so that we only require Poisson's
equation (the rest of Maxwell's equations become redundant)
in order to obtain our dispersion relation.

Poisson's equation is

ieo,k.Ey = Equstsldy 4.1.26
s

Using 4.1.22, 4.1.23 this states

ieck.

1)

o
2 — -
Kk ¥ -~ Zgigijjgkexpi(g.g—wr).vx-fso(g',y')dey

= —®
Now, Ey is parallel to k so
k%Ex = (k.Ex)k

and we then have the dispersion relation

D(k,w) =1 - Deg(k,w) =0 4.1.27a

S

[s]
O 2
where e, = %—zﬁiggjfgexpi(g.g—wr).vxcfso(g',y')drdy 4.1.27b
(=] S
£} -

is the contribution of species . to the plasma dialectric and
is often called the plasma susceptibility.
Now,

nga(x,t) = stfsldy
by definition and n.y is defined by

nga(x,t) = ngxexpi(k.x-wt)
Using 4.1.23 and 4.1.27b this becomes

Nep = é§°(g.gk)es 4.1.28

[N.B. This is equation 9 in Liewer and Krall]



We are now in a position to find an expression for the

anomalous term

q5<E1nsl> = gijnleidx
b, V =y —
v
where J dx means integrate over the microscopic scale.
\%

(Typically, the volume V is the Debye sphere.)

56,

ds<Eanga> %iJ(TE%nggl(m)expig.gdg)(TE%ngnl(g)expig.§dg)d§

= grasye [ ([ B2 tmina () exp (4 (ktm) . x) dmdk) ax

- 9 [ - )
= graere[[Ea (m, tyna g, ©) [exp(a (krm) 30) ) amax
But,
limginlae _ §(a) which > J:xn(iax)dx = 2né&(a)
lo» ma e
So
Jexpig.gdg = [expindeexpiKydyjexpiszz
= (2m)°8(K1)8(Kz)8(K3)
= (2m)38(K) VvV vectors K = (Ky,Ky,Kz)
Thus,
Qe<Eqng > = 3= r(rE (m t)S(m+k)dm)n (k,t)dk
s hallgg V(2n)3J J_1 m, ars n ANy =
- s | -
. V(ZH)SJE:L( I.Slt)nl(l_s't)dls- ) 4.1.29
ieg

= Grsaye)Ba (K t)ea (k. Eu)dk
using 4.1.28.
Now,

(k.Ea(k,t))Ea{-k,t) = |Ea(-k,t)]|Es(k,t) |k
since E; 1is parallel to k for electrostatic waves.
But,

Ea(k,t) = E1"(-k,t)

from Appendix 3.



So we have
(k.Ea(k,t))Ea(-k,t) = [Ea(k,t)2|k
Thus,
ieg

de<Eanas> = Grgsys | |Ea(k, £) %€, (k,0)kdk

Defining the spectral energy density by
- €o 1
L(k,t) = 5orsess Ea(k,t).Es(-k,t) 4.1.30

so that the electrostatic energy is just

2
(525 = [ete trax
implies
Qa<Eanas> = -2[5(k,t)eas (k,0)kdk 4.1.31

[N.B. The imaginary part e€.; appears because the L.H.S. nmust
be real.]

4.2 The Effective Collision Frequency

Thus, with a knowledge of €., the plasma susceptibility,
and a knowledge of ¢, the electrostatic energy density, we
can calculate the anomalous resistivity term g.<E;ng ,>. This
enables us to model the wave-particle interactions by

defining an effective "collision" frequency,vs, via

— = qs
Vs n.V

g\_1.5.<1§11~.51> 4.2.1
where V4 1s the drift velocity between the ions and

electrons. This can also be written, using 4.1.15

gsNs [
s <E,. q
ae93Va. [V<Es.vyfoa>dy

Vg =
This is from a dimensional argument since the momentum
equation is now
m (2— + (u .v))u- = ge(Eg+us  Bg) - 5 v.P - v . Vg4 4.2.2
s at =S g} sSs\V20 _SA__D ns = S
(i.e. v.Vyg acts as a damping term.)

The application of this collision frequency is discussed

in Chapter 5 on "collisionless" shock waves.



As stated previously, the only part of quasilinear
theory that is nonlinear is the term <E,n.,>; the rest is
purely linear. Consequently, we use linear theory, namely

2.1.13, to find €g(k,w). In fact assuming w; << w,., we have

from 2.3.3a (remember D = 1 - 265)
s
€us(k,0) = T5s9%s0 4.2.3
S 21 \2~7 k2 au u=wr/|1§| . .
To find ¢ recall
= ——————EO .
é(lflt) 2v(2,n)3 El(glt)'gl( 1_<rt)
where E;(k,t) = Exexpi(k.x-wt)
Now,
Ea(k,t).Ea(-k,t) = ExE_yexp-i(w(k,t)+w(-k,t))t
But,
w(k,t) = -w*(-k,t)
from Appendix 3.
Hence,
Ea(k,t).E1(-k,t) = ExE_yexp(20;(k,t)t)
Thus,
3L - € F.F E_( : )
at(l‘slt) 2V(2“)3Ek§—kat exp(2w1(l_<lt)t)
- € % F ( o CICH ) ,
ST (amyoEkE-k (205 (K, 1) + 26557 (K, t) Jexp(20:t)
= 2w1(lflt);(151t) 4.2.5

upon neglecting the second term, since the wave energy
saturates to a constant level after a few periods. (See 4.4)

So,

£
Lk, t) = g(g,O)exp(2jwi(g,T)dT) 4.2.6
o
upon integrating.
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4.3 Quasilinear Diffusion

We now derive the equations determining the time
development of the equilibrium distribution f., for the more
simple equilibrium state with E, = 0 = B,. Moreover we assume
f.o is independent of X so 4.1.2 becomes

of q
—aTso = - i(@l.v!fsi> 4.3.1

A similar argument to that used in the derivation of 4.1.29 =

af
e = - adag eV [Bal-k ) fas (K, T)ak
But foalk,t) = - ds E(K,t).vyfe0 4.3.2

moi(k.v-w)
from 1linear theory.
[N.B. We only need linear theory here since R.H.S. is already

second order.]

Hence,

3fso _ _ g§ J 1 _

ot m2V(2m Ve JT(k.v-0) Za (TR BN (Ea(k, t) . vy fso)dk
Using E(k) = |E(k)|k/Ik| and 4.1.30 this becomes

afso _ 295° J (__ 1 )

9 T €omg? G-y ikz(l_g.\_z—w)lf'vzfso dk

which may be written in the form of a diffusion equation

fs, = v!.g.v!fso 4.3.2a
ot
2
=2L___1__
where H €omy 2 ikz(g.y-w)g(g't)ggdg
is the diffusion tensor.
This may be simplified since
-i _ 3 Q,—iwi)
Tyt t) = (e, )
where we have put Q. = w.-k.v for convenience.
Using
wr(-k,t) = -u.(k,t) (See Appendix 3)

and L(k,t) -£(-k,t)

— 45 -



we see that the imaginary part is an odd function and so

produces no contribution to the integral.

Thus,
2
= 29¢° Jl ( 1 ) ]
!_-{ Eomsz kz (wr._l_(.y)z_'_wiz g(l_(,t)(ﬂl(ls,t)l_(]fdls 4.3.2b
Recall
o -
5t (K1) = 2w (K, ) L(k, t) 4.8.2c

Equations 4.3.2a,b,c constitute the quasilinear
diffusion equations. For small w;, the dominant contribution
to H is from the particles with velocity approximately equal
to w./lk], the so called resonant particles. See [9] for a
special case of 4.3.2. In linear theory, the resonant
particles cause damping of the waves and in quasilinear
theory these particles are diffused (in velocity space) by
the wave fields which is the essential nonlinear feedback
mechanism of quasilinear theory.

Quasilinear theory can be shown to conserve particles,
momentum and energy; unlike linear theory. [6] Indeed, an
interesting account of the effects of quasilinear theory on
Landau damping, instabilities, etc is to be found in [6].

4.4 Particle Trapping

We now consider situations where the resonant
wave-particle interactions play a significant role in the
nonlinear evolution of the plasma. Linear Landau damping has
shown that there can be an effective energy exchange between
particles and waves when the particle velocity is

approximately equal to the phase velocity of the wave. The
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particles experience an electric field which is approximately
constant in time.

However, in nonlinear theory, when the amplitude of the
field is finite the particle orbits are modified
considerably. Purely as an illustration consider the
trajectory of an electron moving in an electric field

E(x,t) = Egsin(kx-wt) - < x < o, E, constant
[N.B. The assumption E, is constant means that we have
neglected the fact that the field is calculated
self-consistently. However, for our present purposes this
will suffice to obtain an understanding of the relevant
physics.]

The orbit x(t) is given by

d2x = -eEsin(kx(t)-wt) 4.4.1
dt= Me

In the limit of E-»0 we have

X(t) = x,+vt

where Xo x(0) and v, = v(0)
Define
x4(t) = x(t)-wt/k
as the displacement of the electron relative to the wave
frame.

Then

d%x, + eEsinkx,(t)
dt? me

For small kx, this is just

Il
(@)
>

.4.2

d2x,; + wg?x, = 0
dat?
eﬁk 172
where wg = ( = ) is called the bounce frequency. It is the
e
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frequency of oscillation of electrons trapped near the bottom

of the potential well of the finite amplitude wave (at B in

Fig.7)
Fig.7
—ed(xs1) A
eF | D
k Cc
xl;»
Integrating 4.4.2 =
W = EK(gﬁl)z— ep(x,) = constant
2 \dt

is the total energy of the electron where ¢(x,) = Ecoskxa.

If -eE/k < W < eE/k the electron is trapped in the
potential well, whilst if W > |eE/k| the electron accelerates
and decelerates as it passes over the crests and troughs but
remains untrapped. For kx; =~ 0,+27,... and W =~ -eE/k the
particles exhibit simple harmonic motion with fregquency wg.

We define characteristic Landau time scales of
oscillation and damping respectively by

To = 1/jlwe.| and 14 = 1/jw;l
where w,,w; are calculated from linear theory.
Recall
3142
o = ~(5) “meitoreereamen: ~ 2)
from 2.2.2b for Langmuir waves.
So for |kAp| << 1 we see that T, <<T4.
The fact that 14 can be so long means that it is possible for

Ty E 1/wg << Tg (t¢y is the trapping time scale.)



so trapped particle effects must be taken into account as the
wave is not sufficiently damped. Linear theory is only valid
for t < T¢.

Note also that

_€kE _ KE _ nmag . ,
w2.m, 4mng e n,

To2/Te2 =
where n,, is the maximum perturbation in n.

(The approximation is from Poisson's equation.) This
inequality means that the wave makes many oscillations in the
time of one single particle oscillation in the well.

The question arises as to which particles are actually
trapped. Consider particles with velocity v = 0 at t = 0 in
the wave frame. The maximum velocity obtained by any of these
particles will be the trapping speed, v:, given by

mevi/2 = 2|edpy,| (= depth of the well)
where ¢,, is the maximum value of ¢.
Any particle with a velocity > vy will not be trapped.

Thus particles with velocities in the range

w/k - vy < V < /K + vy
are trapped.

We might also consider-the concept of particle trapping
by considering particle orbits in the v-x phase plane.(Fig.8)
The reader is referred to the standard text [17] on phase

plane analysis. We have from 4.4.2 the equation

dy.

dt + asinkx, = 0

where we have put a = %E and where we have defined
e
- dx,
Yl—dt
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Thus,

911 - asin(kx;) 4.4.3
dx, Ya U

The equilibrium points are therefore given by

Ya = 0, kx,; = nmn (n integer)
The standard linear approximation method for phase planes
[17] shows that for n even the eguilibrium points are centres
whilst for n odd they are saddle points. See Fig.8.
The contours indicated show particle trajectories for
different initial conditions and therefore also represent
contours of constant energy. The closed contours represent
trapped particles as they are seen to represent oscillatory

behaviour.

Fig.8 -

\_/ W

A 4

For the period up to t = O(ty) linear theory is valid and
particles exchange energy with the wave according to Landau
damping/growth. For t > 1y the wave amplitude has risen to
such a level that trapped particle effects must be
considered. Moreover, neighbouring trapped particles have
different bounce frequencies and therefore become out of
phase. At t = n/wp the trapped particles have experienced

half a bounce and may now put energy back into the wave but

= 5O i



the reversal of energy will not be complete because the
particles are no longer in phase. Thus, in reality we expect
the wave amplitude to vary schematically as in Fig.9. The
case shown here is for a damped oscillation but the same
arguments apply to a growing wave which will eventually

saturate to some higher energy level. (See 4.5)

Fig.9 A
IE|?

|
|
: |
1/w; |
1! :

T
< 21/ Wg ’l

It must be noted that equation 4.4.2 does not take
account of any energy exchange_between the particles and the
wavé since it is a conservative eqguation. It is merely used
to illustrate the basic concepts involved and to derive an
approximate time scale for trapping to occur. We shall assume
in section 4.5 that the effects of particle trapping are
sufficiently weak for quasilinear theory to be invoked. The
energy exchange between the waves and particles can then be
assumed to be due to the resonant particles oscillating in
the troughs of the waves. The continuous growth/damping
predicted by linear Landau theory is then modified by the
fact that the particles become out of phase causing a

saturation in the energy level. A more rigorous account of



particle trapping is to be found in Davidson Chapter 4 and
[10]. Bowever it will suffice for our purposes to find an

estimate of the saturated energy level.

4.5 Saturation Level

We now develop the above ideas to derive an estimate of
the saturated energy level of the waves, needed in the
calculation of v,. We follow the work done by McBride et
al.[8]

The wave potential energy in the electron frame of
reference required to commence trapping the ions is

2ed; = my{Vg-w./k)?/2 4.5,1
where Vg is the relative drift velocity. McBride suggests the
electrons trap on a similar time scale to the ions and has
shown ¢; = ¢.. We may therefore use this result to find an

estimate of the energy saturation level for either ions or

electrons.
Define W = €,]|E|*
which is, using E = -vp and 4.5.1,
2, 2 .
W = _Q_Ellge’;h (Va-wp/k)* 4052

where we take the fastest growing ﬁode {since this causes
trapping first) to find w. and k. These are found from linear
theory (See Chapter 3).

The above estimate of the saturation level assumes that
a) the nonlinear effects are sufficiently weak for linear
theory to be invoked to find w./k in 4.5.2.
b) the initially fastest growing mode remains the fastest

growing mode in the nonlinear situation.



[
Another approach might be to try to extend Davidson's

[4} work on particle trapping to apply it to the cases of the
ion acoustic and modified two stream instabilities. This

could provide the basis for future research.
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Chapter 5

Collisionless Shock Waves

In ordinary collision dominated gases the shock
thickness occurs in a distance of the order of a few
- collision mean free paths. Since collisions are so frequent,
velocity distributions on both sides of the shock are
Maxwellian, and the various species of particles obtain the
same temperature.

However, in a collision-free plasma energy and momentum
can be transferred from particles to electromagnetic fields
(see 4.1) by instabilities (see Chapter 3) so the
conservation laws are now more complicated. Moreover, the
ions and electrons are affected differently by these
instabilities so there is no reason to believe their
temperatures are equal. We shall be discussing physics that
occurs on time-scales much shorter than classical (binary)
collision times so we may use the Vlasov-Maxwell egquations or
the two-fluid model derived from these eguations.

We shall be dealing with magnetosonic shocks. A
magnetosonic wave is a low frequency perpendicular
electromagnetic wave travelling across an eguilibrium field
B, with

2 . _KZVR
14+V3/c?

where V, is the Alfven speed. Fig.10 indicates the relative

directions of vectors.



Fig.10
The drift of electrons and ions

in the y direction are

approximately equal but the

E ions have an extra component in
1

the x direction due to the polarisation drift. This current
in the x direction produces the fluctuating field B in the z
direction. It is the current in the x direction that gives
rise to the streaming instabilities (See Chapter 3).

We have shown (4.3) how these instabilities may give us
an expression for an effective "collision” fregquency v, and
later in this chapter we shall demonstrate why this
dissipation is necessary for shock solutions to exist. The
value for v, may then be used to predict an estimate of the
shock thickness, enabling satellite observations to test the
theory.

5.1 Derivation of the Shock Profile Egquations

We use the two-fluid model of Chapter 1 and follow the
work done by Tidman and Krall. [12,5]

We seek constant profile waves in the wave frame so

9

3t 0 and the magnetic field B is taken along the z axis.

The electric field has x and y components. Specify

Ugy, (-») = const = u, for s = e, i
(i.e. assume no external current)
All variables are assumed independent of y and z and we
neglect the pressure term in the momentum equation. (The so
called cold plasma approximation.)

1.1.2a reduces to ugyxdu, = gg(Ey+ugyB,Ey-u,,B,0) 5.1.1a
dx m,



1.1.2b reduces to d(ng ugsy)

1.1.2d "

1.1.2fF t

1.1:29 .

Integrate 5.1.1b =

nsxusx
where , denotes the

So Neox

Integrate 5.1.1e >

=0
dx
eo_‘_j-_Ex = zqsns
dx =
(OI‘QE,O) = ”‘oEqsnsEs
dx =
dEy = 0
dx
= constant = nju,
upstream value, not
= ngul
Usg x
= constant

Ey

Now the y component

Ugxdugy
ax
Assume dug, =
dx
so that Ey =
Thus, Ey =

We assume quasineutrality

Neg =
We already have

nNiujx =

R

So M5

m, {y component of 5
for electro

meu,due, + mijudu;, =

dx

Integrating =
meuEY +

At X=-0 Uy = Ugy =

of 5.1.1a is

::gi(E

me

0 at X=-o

¥

Ug xB)

u131 at -«

u;Ba

n; =

niu,

Ue x

.1.1a )+m; (y component of 5.1.1la)>
for ions

ns

dx

miu;y

0 so

n, say.

= NelUex

Uy,

0

say

= constant

the constant is zero.

56 ~—

the perturbation.

L5

.1b

s 1C

.1d

.le

2

W



Thus Ujy = ~MeUgy 5.1.5

This is the drift between electrons and ions referred to in
the two-stream instability.
Subtracting the electron and ion x components of 5.1.1a and

using 5.1.4 and 5.1.5 =

Ex = —Buey + 0(51) 5.1.6
m;
Whilst,
me(x comp of 5.1.1a ) + mij(x comp of 56.1.1a ) =
for electrons for ions
(meo+m; Juyduy, = eB(ujy—uey) 5.d.7
dx
Recall 5.1.1d is
"_d_B_ = —enjg (ue y_uiy)
dx
So n(5.1.7) becomes
n(me+m; Ju,du, = -B dB 5:1.8
dax Modx

Using 5.1.2 we may integrate this to obtain

u, = -1(B%2-B%) + u, 5.1.9
A
where we have put A= 2njuqpom;

for convenience and where the constant of integration was
found from the condition

u, = u,, B = B; at x = -
[N.B.We have neglected m. in the factor m.+m; as m., << m;]
Now we find u., in terms of B.
Recall 5.1.1d is

d_B_ = poeN(Uegy—Ujy)
dx
But Ujy = ~Meley
mj

: e m
from 5.1.5 so we may neglect uj, here as it is O(E%).
> B

i.e. dB = p,enu.y
dx



5.1.9 and 5.1.2 then give

(BZ—BE)) 1 dB

Uey = (1 o TR 5.1.10
We now seek an equation for B only
u,d (5.1.14) =
dx
u,d (uydB) = poeuyd (nuyu.,)
dx dx dx
= Mehjujeuxdu.y, (from 5.1.2) 5.1.11
dx
The y component of 5.1.1a then =
uyd (u,dB) = pgnjuze?(Buy-Ey) 5.1.92

dx dx Mg

But u, is known as a function of B from 5.1.9 and E,=u,B; so

we have an equation for B. Simple substitution yields

f(B)d (f(B)dB) = g(B) 5.1+18
ax ax)
where f(B) = 1-(B2*-B%) and g(B) = ggi(B—Bl)(l—B(B+B:))
AU, 6= AU,
Now, dB(5.1.13)>
dx
1c_1_(fd_3)2 = gdB
2dx\ dx dx
And
fgdB = gge(B—Bl)z(l— (B+B:)2) + constant
2e2 2uj A

Integrating we have an equation of the form

1(@)2 + ¢(B) =0 (B)
2\dx
- (dB)z - wﬁe(B—Bn)z(l - (B+Bg)2)
o o 5
where $[B) = dx/x, C 2u, A
2(1 - (BZ_B 2))2
Alq
and where x, is the point at which B = B; (i.e.x = -w)

Equation (A) is in the form of a classical potential well
problem and ¢(B) is often called the Sagdeev potential [14]
as he was the first to recognise that the equation was in

this form.



The so called anomalous term
JX( (Ei*X,\El) -Iyfe 1>dY.
in Chapter 4 was omitted in the above theory. We now include
this term and will show how it allows shock-like solutions to
emerge.

Write

|
Cs - mi (§1+XA§1)'V1f51>
for convenience. Since, for magnetosonic waves the dominant
drift between electrons and ions is in the y direction we
assume this term has only an appreciable y component. The

only equation that has changed in 5.1.1a-5.1.1e is 5.1.1a,

which 1is now

du,

u‘SXdX

= %z—(Ex+us,B,E,—ust,O) ¥ (o,%J'csv”d\_z,O) 5.1.14
Equation 5.1.3 is still valid since we assume the turbulence
is negligible at -« (i.e. %Jcsvsydv = 0 at -o),

Now, m.(y component of 5.1.14) + m;(y component of 5.1.14) =

for electrons for ions
(megﬁe” + miggi”)ux =0 + %ifcev,dg + Eijcivydg

So
Ujy ® ~Meley
m;

is only valid now provided that we assume the turbulence

level is small (i.e. stjcsvydz ~ 0). Then all the algebra

S

up to 5.1.11 is the same and the corresponding equation for
5.1.12 is now
uxg_(uxgg) = “oenlul(_ggv + euyB - veuey)
dx dx me Me

where the "collision" frequency v, is defined by

i
Veley = = o Cevydv



Again we can substitute for u, from 5.1.9 and E, from
5.1.3 to obtain an equation for B.
The new term on the R.H.S. is (using 5.1.9,5.1.10)

~HoNaUj€VelUe, = —V.Uu,dB 5.:1:15
dx

Our equation for B is just

gxg_(gxgg) = ggi (B—Bl)(l - B(B+B,)) - VeuydB 5.1.16

u,dx\u,dx c AU, u? dx
Define a variable T by dx = uy 5.1.17
dt U,

so that 5.1.16 becomes
d?B = -3% - v.dB (B)
dt? 3B  u,drt

where $(B) = 931(3—31)2((B+Bl)2 - 1)

e 2 2.,

which is in the form of a standard potential well problem
with damping present.

5.2 Solutions of the Profile Equations

We must emphasise at this point that the following
interpretation of the equations (A),(B) for B(x) are not
intended to be rigorous mathematical proofs, but they give
physical reasons for why the inclusion of dissipation is
necessary for shock-like solutions to exist.

Equation (A) is in the form of equatién for a particle
moving in a potential well.

(i.e. in the form d%x = -dv > (§§)2 = -V(x) + constant)
date dx dt
So B plays role of x in cassical well problemnm,
X w e 2 it =2 - » n

(p n " n V n " " "

Part of the function ¢ is sketched in Fig.11



Fig.11 A

\B.J

Y

—_Z—(a;lxl)z-h,—

By analogy with the well problem we see that infinite
nonlinear wavetrain solutions exist for B(x), corresponding
to "reflections"” at the "walls" of the well.

Note that

do
dB

0 at B=B1

Consider the case when

daB
dx

so that ¢(B,) is also zero. See Fig.12.

=0
X,

dB By considering a particle

dx
¢? in the classical well
_Jﬁ> B, BHZD incident from C we see it

>

B

Fig.12 Case

xl_

will be reflected at D but
will then never be reflected

again. Moreover, as it

passes over the well it's
speed increases and decreases. This corresponds to a solitary

wave solution. (Fig.13)



Fig.13

A
B This physical argument
By
shows that shock-like solutions
do not exist in equation (A).
B, The above is only actually
=
valid in a certaln range of the

parameter, called the Alfven Mach number, M, defined as
M= Ul/UAJ where Upa = B;/J(n;miuo).

This is true for the following reasons:
Let By denote the maximum value of B.

dB
We have already assumed — = 0.

dx|x,
In order that ¢(B) is a potential well and not a hump we
reguire that the stationary point between B, and By is a
minima and that this is the only stationary point in (B, ,By).

Simple algebra shows that this entails M > 1.

Now,

gB
_ dx
(from the analogy with the potential well)

= 0 at B = By

So (RA) = ¢(By) = 0

which = U, = U“(gn + 1) 5.2.1
2 \B,

Then (A) becomes

(1 - 2(B2-B%) )2 92)"’ - 351(5—31)2(1 - (B+B;)? )

T (By+B,)? dx (By+B,) 5.2.2

The R.H.S. is positive since B < By in the "well" so in order

2
for (%g) to be positive (i.e. in order that a solution
exists) we must have

1 - 2(B2-B3) > 0 for all B € (B;,By)
(By+B3)?2

which is actually just u, > O.



So we must have
By < 3B;

which means M< 2 5.2.3
Altogether solitary wave solutions only exist if

1 <M< 2 5.2.4
For situations where M > 2, we will have u, < O which means
that the particles are reflected back upstream at the
shock.[5]

Similarly, with dissipation present (i.e. (B) valid) we
still need a well not a hump and this again entails M > 1.
Now the transformation 5.1.17 defining t breaks down when
u, = 0, at which point

B = (Au, + B,2)1/2 from 5.1.9.
The maximum value of B that can occur in the well is denoted

by B = By and occurs when ¢ = 0. (See Fig.14.) =

Thus,
By = -B, + 2u,v/(n mip,) « 5.2.5
from (B).
Fig.14 Fig.15
A e '
o B. - Shock solution
. . m
B’.
B,
{tr

The dotted line shows the schematic variation of B as the
"particle" moves in the "well" whilst Fig.15 shows the shape

of B in space, corresponding to the dotted line in Fig.14.



Now ,provided

B(u,=0) > Bpn
where B,, is the maximum value of B in the solution to (B) in
the range (B,,By) a shock-like solution exists. (i.e. the
transformation must not break down before the "particle" is
reflected at the "wall" of the "well”)

We have above

B(uy,=0) = (2M2%+1)*72B,
and By = (2M-1)B,
It is easily shown that
B(u,=0) > 1 v M< 2

By

Hence
B(uy=0) > By, v M< 2
Altogether we conclude that shock solutions exist for any
finite value of v if
1 <M< 2 5.2.6
Now the minimum of & occurs at
B, = (Au, + 33/4)1’2 - B,/2 5.2.7
SO we see that
B, < B(u,=0).
From Fig.14 we can see that B,»B, as the damping v-w.
Thus,
B(u,=0) > B, VM as v
so there is no longer an upper bound for M in order for
shocks to exist.
We have shown how the inclusion of dissipation turns

solitary pulse solutions into shock-like solutions. It is
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important to note that we neglected the pressure term in the
fluid equations and therefore did not allow the plasma to
heat up even though we included a dissipation term, so energy
is not conserved in our model. However, it can be shown [12]
that such a model is wvalid for weak shocks (i.e. M=1+§,8§
small). Also, our assumption that the microturbulence is
small may also be invalid. This could provide a starting
point for further research.

5.3 Phase Plane Analysis of the Profile Equations

Defining
_ a8
T odx
we have from g§(5.1.13) the autonomous system
dy _ _ f9f 2, 22 _ :
dx - (g deY )/f = l(BIY)' SaY'
dB _
and ax - Y = m(B,y), say.

We can now apply the standard linearisation technique [17] to
determine the nature of the equilibrium points given by
m(B,y) = 0 = 1(B,y)
The equilibrium points are found to be
y =0, B = B,

y = 0, B

It

BL or BR

where B, = (-B, - [B2 +4AU,1%72%)/2

Il

and By (-B, + [B% +4AU,]1%72)/2

The eigenvalues, W, in the linearisation method are found to

be

b=+

(ﬂ )1/2
dB
Bo. Yo

where (Bg,Yo) are the equilibrium points.

- 65 -



The sign of %% determines whether the eigenvalues

Bo.Yo
are real and of opposite sign (saddle point) or purely
imaginary (centre). [See 17] It is worthwhile noting that
this analysis assumes that the phase paths of the original
equation and those of the linearised equation near the
equilibrium point are of the same character. This is true for
spirals, nodes and saddle points but not always for a centre.
Symmetry about the y = 0 axis has to be checked to confirm

the equilibrium point is indeed a centre and not a spiral.

This is easily verified by showing

ﬂ ,___J-(B:g) =_1(BI—¥) =i¥
dBly m(B,y) m(B,-y) dB|-y

For the equilibrium point y = 0, B = B; it transpires
that if M > 1 then it is a saddle point or if M < 1 then it
is a centre. For the equilibrium point at y = 0, B = By the
reverse is true because for M > 1 it is a centre whilst for
M < 1 it is a saddle point. The point y = 0, B = B, is always
a centre but we are not concerned with negative values of B
because they are not applicable to the shock problem. In
fact, as already explained in section 5.2 we only consider
tﬁe case M > 1. An analysis of the behaviour éf g% as B -+w,
y>+» enables the phase plane to be completed as in Fig.16
The phase plane path B;QRS corresponds to the solitary wave
solution discussed in section 5.2. We now outline the

approach to find the phase plane for equation {(B) where we

have also included dissipation via anomalous resistivity.

- 66 -



Fig.16

i\

=

We have the autonomous first order system

dy _ _ 2% _ ¥
at 3B ~ U,
dB _
dat

The equilibrium points are found to be the same as before,

namely
B =B, y=20
B =B, y=20
B =Bg, YyY=20

Notice that B Br is actually B = B, in 5.2.7 which
corresponds to the bottom of the "well”. The eguilibrium
point at B = B, is a saddle if M > 1 and the equilibrium
points that were previously centres at B;,Br have now been
deformed into stable spirals by the addition of the damping
v.. The phase plane is sketched in Fig.17.

The phase path B,TUVBy corresponds to the shock-1like
solution discussed in section 5.2 so the phase plane clearly

shows how the addition of dissipation allows B to change from

one value, B,;, to another at By via an oscillatory behaviour.



5.4 Shock Thickness

The damping length scale L ~ U./v., associated with the
shock, enables a knowledge of v, from guasilinear theory to
compare theoretical predictions with satellite data. The

actual calculations are performed in Chapter 6.
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Chapter 6

6.1 Calculation of the Effective Collision Frequency

The theory of Chapter 4 is now used to provide an
estimation of the effective collision frequency for both the
ion acoustic instability and the modified two streanm
instability. This will result in an estimate of the shock
thickness as outlined in Chapter 5, enabling a comparison
with satellite data to be made. This will determine whether
the anomalous resistivity produced by either of the
instabilities provides enough dissipation to support the
earth's shock.

The saturated energy level 4.5.2 is substituted into
4.1.31 so that our definition 4.2.1 of the effective

collision frequency becomes

1/Mp
- TeomIApWES - 49F<o
Vs Sezvdnsms k(vd h),-m/k) au _ dk
u=v,
o]
= wﬁsano
where we have used €.;(k,w) = ﬂEz 34 from 4.1.27a and
u=v,

2.3.3a. The variable wp, is the value of w,. when w; is
maximum since this was our model for obtaining the saturated
energy level. (See section 4.5) The integration limits are
form 0 to 1/Ap because the waves are severely damped for

kAp > 1. Note that we have assumed the one dimensional case
when k is parallel to V4 (the drift velocity between the ions
and electrons in the instabilities) which will suffice for
our purposes as we are considering instabilities that grow

along the shock.



We can now substitute a Maxwellian for F_.o to obtain

1/7o 2 2
= - Yem) W _~Wp
Vo asJk(Vd - ) : exp(zvghsk2)dk 6.1.1
0

2 2
_ MEQMEApW s
where a, = ———2,4 DR ks j5 3 constant.
8/(2m)e“Vavinneng

6.2 Calculation of v. for the Ion Acoustic Instability

To calculate the integral in 6.1.1 exactly involves
finding the value of k for which 3.2.3 is maximum and then
substituting into 3.2.2a to find w,.,. As an order of
magnitude estimate we see from the ion acoustic dispersion
relation that we may approximate w,./k to be c for all k
within the integration limits of 6.1.1. Recall that the
theory of Chapter 5 requires only a knowledge of the
effective collision frequency for electrons so we now have

Ve = %ig(vd—cs)4csexp(—C§/2V§hs) 6.2.1

where the constant a./2A3 simplifies to

2e = _Zimigpi 6.2.2
278 8/2V4K2T2 e

which shows how v, varies with the different parameters more
easily. Notice the sensitivity of v, to the parameter V4i-cg.
It is worthwhile remembering at this stage that we

require

we KT, 172
% ”()'

A2
EL - le << (EIS)
i

k me

for ion waves to exist and that we require

KT;1172

i

Te 7> Ty, Vg > (
for instability to occur.
Papadopolous [19] has shown that electroh—ion
temperature ratios of T./T; = 8 are required for the

ion-acoustic instability to operate. Such ratios are not



observed in the earth's bow shock so we shall simply leave
the expression 6.2.1 as a means of calculating anomalous
resistivity for some other application. Instead we move onto
the process whereby the modified two-stream instability
provides the anomalous resistivity.

6.3 Calculation of v. for the Modified Two Stream Instability

This instability is a more realistic one when applied to
the earth's shock because the currents flowing along the
shock do actually travel approximately perpendicular to a
magnetic field. From section 3.4 we have that w./k = V4/2 for

172
all values of k at the angle given by cos8 = (%i) which
i

simplifies the integration in 6.1.1 immensely.

Thus 6.2.1 becomes

ve = 5i5| (3)2E ((2) upeenp(-vE/8vEna)
Notice that this is independent of ion temperature but
is very sensitive to the relative drift speed, V4, between
the ions and electrons and also the electron thermal
velocity. Recall that the modified two-stream instability

only occurs provided that

KTe)1/2

Va > Vinis Vg > (

We have also assumed that wge >> W >> wW.; and we have only

considered the case cos8 = (%T)l/z. This instability, unlike
the ion acoustic instability, is insensitive to the ratio

T./T; and may therefore operate in a wider regime. The data
satisfies these conditions and so the instability may indeed

operate. Substituting in typical values from (21] listed in



Appendix 6 yields
Ve = 258s”1
giving a value for the shock thickness as
L = uy/ve = 2321m.
The actual observed value for L, which is difficult to
measure in practice, was in this case found to be. 50km.
The data given by Scudder et al [20] listed in Appendix
6 gives a value for the shock thickness as L = 90m. The

observed value for L at this time was approximately 15km.



Chapter 7

Discussion and Conclusions

The philosophy in this dissertation has been to
highlight the fundamental processes involved with the concept
of anomalous resistance in as simple manner as possible and
to incorporate them into an overall model for the dissipation
mechanism in the earth's bow shock. Mathematical rigor and
more realistic models have sometimes been sacrificed to
prevent the physical understanding from being obscured. For
example, the three dimensional nature of the earth's bow
shock has been ignored and the turbulence level in Chapter 5
was assumed to be small. This latter assumption is consistent
with using the weakly nonlinear theory in Chapter 4 for
particle trapping. In Chapter 5 we demonstrated that
anomalous resistivity is necessary to support the earth's bow
shock and Chapter 6 showed that it is more than sufficient.

The failure of the ion-acoustic instability to operate
in the regime where T; > T, has been shown from the data
[20,21] to mean that this can not account for the anomalous
resistivity required to support the shock. The modified
two-stream instability was then considered as a mechanism for
producing anomalous resistivity and was used in this text for
the first time to predict the shock thickness. This is
intuitively more realistic as it necessitates passage of a
current across a magnetic field which does actually occur in

the shock. A further assumption involved here was that only

i/2
the angle 8 = 65 where cos8gy = (%%) between the direction
¢ B



of propogation of the instability and the background magnetic
field was treated.

The results indicated an excess of anomalous resistance
since the predicted value of the shock thickness was smaller
by a factor of an order of magnitude. This discrepency might
be explained by the one dimensional nature of the model or
any of the other simplifications made in the model. Further
extensions and investigations are required. In particular,
the work of Davidson in [4] might be modified to provide a

more sophisticated way of incorporating particle trapping.



Appendix 1

Common Plasma Parameters

Listed below are the definitions and notation for

parameters used throughout the text.

nge

2y1/2
nse)

Plasma frequency Wps = (
These are oscillations of species s, assuming a uniform

background of the other species, due to just the electric

fields produced when the particles are displaced.

Cyclotron frequency Wes = lﬂ;lg
S
This is the frequency of gyration of particles of

species s about a field B in the absence of E.

i/2
Debye lenglh Ap = (53525)
np,e® ;
When a test ion is placed in a plasma its field is
shielded by the resulting cloud of electrons surrounding the
ion. The Debye length is the distance for the ion's field to

fall by 1/e times its original value.

Plasma parameter Np = 4mn A3/3

This is the number of particles in a Debye sphere.

i KT_\172
Thermal velocitly Vepe = (_Ei)
S

This is a measure of the average K.E. of particles of

species s.



. T\1/2 1772
Ion acoustic speed Cs = (Xﬂzﬁillz) ~ (Iﬂlﬂ)
mj my
where vy is the ratio of specific heats.
This is the speed of propogation of low frequency
compression waves in a plasma. It is reminiscent of sound
waves in an ideal gas.

B2 a#2
Alfven speed Vap = (———2——)

MeMgNg

This is the speed of propogation of waves whose

restoring force is magnetic pressure, with the fluid density

providing the inertia.

Lower hybrid frequency Wy = (WeeWei)l’?

This is the lower cut-off frequency for the so called
extraordinary mode which is a wave travelling perpendicular
to B, that is neither purely transverse or purely
longitudinal. For very low frequencies this wave degenerates
into the magnetosonic wave of Chap.5 which is mainly a
longitudinal disturbance propogating across B,. Hence the

name magnetosonic.

Note: simple algebra = AD = Vthe/Wpe

3 3 3
Note: v, is used to denote the operator (— P_— ) where
8V1 6V2 3V3
v = (vq,V3,V3) 1is a position in velocity space, whilst v is

Cl G d

the familiar (§§1,§§2,5§3

) where X = (X;,¥;,X3) is a position

in configuration space.



Appendix 2

Analytic Continuation

Let f(z) be a function which is analytic within a region
R. We wish to invent a function g(z) that coincides with f(z)
in R and that is analytic in some extension of this region.

Then g(z) is called an analytic continuation of f(z).
o

e.g. f(z) = zz“ is analytic for |z|<1 but is divergent for
n=0

|z|21. Consider g(z) = T%E' This is analytic everywhere
except z=1 and agrees with f(z) within |z]|<1. It is therefore
an analytic continuation of f(z). However, it is not always
possible to be able to replace an expression by an equivalent
one possessing a wider range of validity. In which case we
shall use the following method.

Let f(z) be analytic in some region R. Since f(z) is
analytic there exists a Taylor series expansion that
converges to f(z) within some circle, C,;, about any point 2z,
in R. In fact, for any given zgeR, we kndw that there exists
a Taylor series within the largest circle, centre zy, that
lies entirely within R. However, it is possible that this
series converges within some larger circle C,. The series
must agree with f(z) within C, but the question arises as to
whether it agrees with f(z) in (RNC,)\C,. Moreover, for a
point z, outside R there may exist two chains of circles from
R continuing f(z) into a region containing z,; (See Fig.18) so
the question also arises as to whether the two values for

f(z,) agree. If the answers to these questions are in the

= LEE &



affirmative then we have a way of analytically continuing
f(z) to some larger region.

Fig.18

To demonstrate this is indeed true we shall require the
following theorem. 5

Identity Theorem for Single-Valued Analytic Functions

Let f,(z).f2(z) be analytic in a regioh R. Let f,(z),f,(z)
coincide in some portion R' of R.

[N.B. R' may be a subregion, a segment of a curve or even an
infinite set of points having a limit point in R.]

Then f,(z),f,-(z) coincide in the whole of R.

Proof

Fig.19

Choose any point zg in R'.



Draw the largest circle,C, of centre z,, that fits entirely
in R. Each of f,,f; can be represented by a Taylor series
about z,, convergent inside this circle, since they are
analytic within R. But f,,f; coincide within R' and the
identity theorem for power series then implies that the two
power series are identical. So f,,f, are the same throughout
the interior of C. We can then choose another point z, within
R U C until the whole of R is used - i.e. f,,f; identical
throughout the region R.

Returning to our original question then we see that this
theorem implies the series does agree with f(z) within
(RNC,)\C,;. To answer our second guery concerning unigueness
of our continuation at some point z,; we regquire the following
corollary.

Corollary Analvytic Continuation;is Locally Uniqgue

Proof

Consider a function f,(z) analytic in a region R;.
Let R, be some other region which has a region R in common
with R,. Let f,(z) be some analytic function in R, which
coincides with f,(z) in R.

Fig.20

Suppose g(z) is some other function, analytic in R,
that coincides with f,(z) in R. Thus g(z) = f>(z) in R. But

f,,g are analytic in R, with a subregion R of R, where they



coincide. The above theorem implies f,(z) = g(z) throughout
Rz. This means that f,(z) is the unique local analytic
continuation of f,(z).

[N.B. Continuing f, into some region Rz with an analytic
function f; we will only have f,=f; if there exists a common
region between all three of R,;,R;,R3.]

Returning to Fig.18 we know that the function in B is
the unique function that is both analytic in B and agrees
with £ in P and we know the function is the uniqgue analytic
function that agrees with f in Q. However, we may still have
two different functions but provided that there is no
singularity within region S we can cover S with overlapping
regions and apply the previous theorem to see f(z) is the
same in B irresﬁective of the path taken.

The total structure of an analytic function is then
deducible from only a small sample of the function - a quite
remarkable feature. Once all possible continuations are
performed we arrive at the so called complete analytic
function. It may happen in the process of continuation that
we discover a curve across which it is impossible to continue
the function. Such a curve is called a natural boundary of
the complete analytic function.

In order to illustrate the idea of analytic continuation

as used in Chapter 2 consider, as an example, the function

W
£28) = |izerae ey (a > 0)

which is only defined for Imf > 0, say.

_VI_



Employing Cauchy's residue theorem

£(L) dz

S T S
Jc(zz+a2)(z-€)

) 1
-2ni Zresa((z_ia)(z+ia)(2'§))
o

where C is the contour in Fig.21, in the limit of Ro« and
where resag(z) is the coeffecient of E%E in the Laurent

expansion of g(z) about z = «.

Fig.21
A
Imz
Xt
iz X
Rez”™
Only z = -ia is within the contour and
res e
z=-ia ~ 2ia(f+ia)
-
So £f(L) = a(Z+ia) (Zy > 0) A2.1

This is only valid for f; > O since the singularity at

z = ¢ is then outside the contour of integration.

If £; < O we have to add the residue at z =  which is
1 | 1
. ST 2—'2
(z+ia) (z 1a)Iz=é t2+a
- -’ _ _2ni .
So f(g) - a(g+ia) €2+a2 (gl < 0) A2.2

We can not use A2.2 as the analytic continuation of A2.1
since the function is discontinous at ¢; = 0 and is therefore

not analytic. We subtract the extra term in A2.2 and write

= VII =



_ (. 1 2ni
(L) = J x27a2) (%) dx + T2+az (i < 0)
4+
N 1
£(L) = J T=2%a2) (#-L) dx (£s > 0)

— o0

as the analytic continuation of A2.1. Alternatively we can
use

£(2) dz (i < 0)

I . |
jc§zz+a2)(z-§)

- [ 1
= I TRITa2) (5F) dx (i > 0)

-]

where C, is the contour in Fig.22 in the 1imit of R-9x since
the singularity at z = ¢ is then in the exterior of C,.

Fig.22

Imz

Rez
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Appendix 3

With reference to Chapter 4 we now prove
Ea(k,t) = Ex*(-k,t) and o(k,t) = -0*(-k,t)
where * denotes complex conjugate.
According to linear theory we may express E;(X,t) in terms of

its Fourier components

Eji(x,t) fE(k)expl(k x+wt)dk

(211)3

where we have assumed

Ea(k, t) E(g)exp(iwt)

So E(k)expiw(k)t (2n) JE1(x t)exp(-ik.x)dk A3.1
by inverting the Fourier transform.

Thus

E(-k)expiw(-k)t

(2") JEi(x t)exp(ik.x)dk

which >

E* (-k)exp-iw® (-k)t

(2n)3JE1(x t)exp(-ik.x)dk A3.2

since E; is real.
The R.H.S.'s of A3.1, A3.2, are equal so
E(k)expiw(k)t = E*(-k)exp-iw*(-k)t Vv k, v t A3.3

Since this is true v t, at t = 0, we have

Thus w(k)

Il
|
€
[
|
A

from A3.3

Hence

Ei(k,t) = E(k)expiw(k)t = E*(-k)exp-iw®(-k)t = E;*(-k,t)

as required.



Appendix 4

We shall prove the identity
v.(ab) = a.(vb) + bv.a V vectors a,b
where the diad ab means the tensor with components a;b; for
i,j =1,2,3 with a = (aj,az,az), b = (by,bz,b3).
This diadic notation has been used in Chapter 4 since it
is so common in the plasma literature. However, the suffix
notation is more lucid when proving this result.

Write v.(ab) = e;a(aiby)
9xX;

where e; is the unit vector in the x; direction and the

summation convention is employed.

So V.(g?) g_,-(aiab!- + b_‘i%i)

9x; 99X ;

= aje;dby + bje;da;
9xy 90Xy

which, in diadic notation, is simply

v.(ab) = §.(v§) + b(v.a)



Appendix 5

Cauchy Integrals and Plemelj Formulae

The function h(p) on page 9 is a Cauchy integral. [17]

i.e. it takes the form

= 1 | f£(x)
Fi=) = ZHiJ t—z 9t
o]
where C is some curve, or collection of curves, in the
complex t plane, where f(t) is a complex valued function
prescribed on C and where z is a point not on C.

For suitable curves C and functions f(t), F(z) will be
analytic. Denote by tp, a point on C, other than an end point.
We wish to examine the behaviour of F(z) as z-»ty from the
left and right (as viewed facing the direction of
integration) by F.(tp) and F_(ty) respectively.

Define the principal value integral by
B & f(t) X s £l%)
Fp(to) 2ni(P)J t-too" 2111%—%8J t-toot
C C-C,
where C, is the portion of the curve C contained within a

small circle of radius €, centred on ty. We wish to obtain
relations between F,(tg), F_{(tp) and Fo(ty). We assume f(t)
is analytic at tg (and continuous elsewhere). Then there is a
small circle, Cq, centre tgo such that f(t) is analytic within

this circle. See Fig.23.
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Fig.23

. L

By Cauchy's theorem, C may be indented around ty by use

Co

of a semi-circle of radius €, centre ty, lying within Cg.
This allows us to carry out the limiting process in which z

approaches tg.

~

lim 1 Eit)
zoto2mi| t-z £l
“C

.

_lim 1 f(t)d
zotp2mi| t-z

F,(to)

t

JC+C_1_C2
- 1 f(t) 1 f{t)
= 2niJ 5,0 ¥ 2niJ el
C-Cz C1
As €0 we obtain
Fio(tg) = Fpo(to) + f(tp)/2 V.1

If z was outside C we would need a small semi-circle whose
integration sense is clockwise giving rise to a minus sign.
Thus,

F.(tg) = Fo(tg) - f(tp)/2 V.2
V.1,V.2 are called the Plemelj formulae. Our derivation has
assumed f(t) to be analytic at ty, which is sufficient for

our purposes, but weaker conditions on f(t) are possible.[18]
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Appendix 6

Typical Parameter Sizes

Typical values for the following parameters for the

calculations performed in Chapter 6 are

Scudder et al [20] D.Lepine [21]
s 20x10°m~ 3 25x10%m™ 3
U, 300x10%ms~? 600x10°ms~?
Va 75x10°ms™? 50x10°ms~?
KT 5.5x10" 187 9.6x10" 187
KT; 1.4x10°187 6.4x10° 183
Wi 2.5x10°rad/s 2.8x10%rad/s
Vihe 2.5x10%ms™? 3.3x10%ms™?
L 15km 100km

We also have the absolute constants

m, = 9.1x10" 321Kg m;

1.67x10%?Kg

K 1.38x1072%3%J/K e = 1.6x10"%%

€, = 8.85x10”12%C/Nm?
N.B. leV = 1.6x10°2%7
Notice that the two data sets indicate that in reality these

physical variables are by no means constant making it

difficult in some instances to obtain reliable data.
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Appendix 7

[eod

dFeo
To evaluate dgu du we split the integration into four
u-vy
— 0
regions
-Vp V-8 Vet ©
/l‘ ’ J( ' -% ' J AT.l
—c U V=86 Vpts
(a) (b) (c) (d)

where § is a small but fixed constant. We shall aim to show

that term (b) is the most significant.

172 2
5 - m ) (—meu .
Since Feg (§;§T: expi3. . term (a) is bounded above by
dF .o
e 5 1 - w2 2
J dgu du = J(Zn)vpvtheCXp( ve/2VEhe)
-0

The important fact to note is that this varies as
exp(-vZ/v:,.) and because we are dealing with the case

|vel >> |Vihel, this term is very small. A similar argument
applies to term (d). A more subtle approach is required for
the Cauchy Principle Value in term (c).

Define g(u) = —5——3—exp(-u?/2vis.)

J(2ﬂ)Vthe

Then term (c) is

Vet+$ V,+38 Ve+$

£ giuj, é—QLXE—du " £ g(“)“ (Ve gy, A7.2
Juvp J

V=38 vP—S V=95

The first integral vanishes whilst for the second integral we

can write

h(v,)-h(u) 2 2
= o o\ Vep STl LM -
. v -u
where we have defined h(u) = uexp( —~).
2vine

= ALV =



We are thus required to evaluate the Cauchy integral

Vets

£ hfu!‘h!Ve)du

] u-v,
Ve—8

Now, h(u) certainly satisfies |h(u)~-h(v,)| < K|u-v,| where K
is a constant since h(u) 1is analytic. The second integral in

A7.2 is bounded above by

Vet
exp(~v§/2v§h;)£ L{u-v,)du

Ve—&

where L is a constant dependentent on K. Note that this again
varies as exp(-v2/2vf,.) so it is a small term.

For term (b) a Binomial expansion may be used to give

Vep—9S
1 u u = bl - -
7T§FT;€;:J;:(1 + ;P + ;E + ;g +...)exp(—u /2VEphe)du A7.3
-V,
Consider,
Ve—8

Ve—3S
quexp(-u2/2V%he)du = [—V%heeXP(—u2/2V€he)]
P

-v
-V, P

This again varies as exp(-vZ/2v%,.) which is exponentially
small.
However, the second term in A7.3 involves an integral

v
= . Vip—d

I-= Juzexp(-u2/2vﬁhe)du ~vineuexp(-u?/2vine.)

!
_Vp

—VP
VP
~

+ {vZ,.exp(-u?/2vfL.)du

v

-vy

The integral on the R.H.S. dominates and may be evaluated
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using the substitution w = u2/2vg¢, . to obtain

0
I = JZVEhBJw’l’zexp(—w)dw
Q

where we have used the fact that v, is large to obtain the
integration limits.
So,
I = J2VEnel(1/2)
<0
o—1

where I'(aw) = Jx exp(-x)dx.
o

This yields a result 1/v§ for term (b). A similar argument
can be applied to the fourth order term in A7.3 so that 2.2.1

has been proven.
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