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Water: one liquid or two?

Is water one liquid or two?
A. K. Soper1, a)

ISIS Facility, UKRI-STFC Rutherford Appleton Laboratory, Harwell Campus, Didcot, Oxfordshire, OX11 0QX,

UK

(Dated: 10 June 2019)

The idea that water is a mixture of two distinct states is analysed in some detail. It is shown that the known
compressibility of water is in fact sufficiently small that for a volume of water of size 1 nm3 the density
fluctuations are of order 4% of the average density. This is much smaller than the ≈ 25% density fluctuations
would be required for significant regions of high and low density water to occur on this volume scale. It is
also pointed out that the density fluctuations in water are, if anything, smaller than occur in other common
liquids which do not have the anomalous properties of water. It is shown that if the distribution of density
fluctuations is uni-modal, the system is in the one phase region, and if bi-modal, it is in the two-phase region.
None of the liquid or amorphous phases of water explored in this work give any sign of being in the two-phase
region. Existing neutron and X-ray scattering data on water in the amorphous phases, and in the stable
liquid phases as a function pressure and temperature, are subject to a new set of empirical potential structure
refinement (EPSR) simulations. These simulations are interrogated for their configurational entropy, using
a spherical harmonic reconstruction of the full orientational pair correlation function. It is shown that the
excess pair entropy derived from this function, plus the known perfect gas contributions, give a reasonable
account of the total entropy of water, within the likely errors. This estimated entropy follows the expected
declining trend with decreasing temperature. Evidence that higher density water will have higher entropy
than lower density water emerges, in accordance with what is expected from the negative thermal expansion
coefficient of water at low temperatures. However this entropy increase is not large and goes through a
maximum before declining at yet higher densities and pressures, in a manner reminiscent of what has been
previously observed in the diffusion coefficient as a function of pressure. There is no evidence that ambient
water can be regarded as patches of high density, high entropy and low density, low entropy liquid, as some
have claimed, since high density water has a similar entropy to low density water. There is some evidence
that the distinction between these two states will become more pronounced as the temperature is lowered.
Extensive discussion of the use of order parameters to describe water structure is given, and it is pointed out
that these indices generally cannot be used to infer two-state behaviour.

PACS numbers: Valid PACS appear here
Keywords: Suggested keywords

I. INTRODUCTION: ONE LIQUID OR TWO?

“Water is not one liquid... it’s two”, so states an ar-
ticle that appeared in the New Scientist recently1. This
article was an attempt to explain to the non-specialist a
new experiment that appeared in Science near the end of
2017 which claimed to have observed a maximum in the
compressibility of water as it is supercooled below the
homogeneous nucleation temperature, Kim et al.2. The
assumption in the New Scientist article was, apparently,
that the significance of the latter result would likely be
lost on the non-expert reader and so required an expla-
nation in more easily recognizable terms. The New Sci-
entist article draws heavily on the Kim et al. paper and
its associated commentary3.
Delving into the article a bit we discover there is a

caveat: water can only purportedly exist in two distinct
liquid phases if it is cooled very quickly to a temperature
below about 228K, that is just below the homogeneous
nucleation temperature at 233K4. Presumably, therefore,

a)alan.soper@stfc.ac.uk

if there is any chance at all to see the two liquid phases,
it will only be for a very brief period of maybe a few
milliseconds or less. The conditions required to see the
two liquid states, assuming they exist, are apparently
realisable in computer simulations5 but clearly are very
tough experimentally. So tough in fact that up to this
point they have eluded us. Hence the experiment cited,
while technically at the leading edge, gets us only a little
bit closer to finding out whether water really does have
two distinct liquid states.
A second noteworthy feature of the New Scientist ar-

ticle is the figure titled “Troubled Waters” and the text
associated with it. Here we see representations of the two
proposed states of water, one very ordered and ice-like,
with all the hydrogen bonds intact, corresponding to the
low density liquid (LDL), the other disordered with lots
of broken hydrogen bonds, corresponding to the high den-
sity liquid (HDL). According to the text:“Nilsson’s work
in the early 2000s on water at room temperature and
pressure had convinced him that its molecules seemed
to exist in two structural configurations: a disordered,
densely packed jumble, and a regular tetrahedral layout
of much lower density ... His experiments hinted that un-
der these ambient conditions, small pockets of this low-
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density phase would float about in a bath of the jumbled,
high-density phase.” Indeed, in the aforementioned Sci-
ence article,2 Fig. 4B, which is derived from computer
simulations of water, patches of HDL and LDL do indeed
apparently occur under ambient conditions, and this pic-
ture is similar in other publications by the same group,
for example6–8. The justification for these pictures ap-
parently derives from an analysis shown in8,9 based on
using a “local structure index” (LSI)10,11 to identify re-
gions of HDL and LDL. This index can only be estimated
in computer simulations of water, as it is not an experi-
mental observable. In ambient simulated water the distri-
bution of this index is unimodal, but if the simulation is
quenched to its inherent structure, which represents the
path of steepest descents to the minima of the energy
landscape12, then a bimodal distribution of local struc-
ture indices appears. This is apparently one manifesta-
tion of the claim that ambient water is inhomogeneous13.

There has also been a resurgence of two-state models
of water in recent years.14–23 The idea here is to regard
water as a mixture of two states, A and B,14–16,18–20,24 or
ρ and S.17,21,22 In either case, the A or ρ states are pur-
portedly more disordered, and have higher density and
higher entropy, than the more ordered, lower density, B
or S states. The precise nature of these states is not de-
fined, but it is assumed they are related to different local
arrangements of molecules, and that molecules can tran-
sition readily between the two states. Under any given set
of conditions a molecule will be in either one or the other
state, and the proportion in each state varies with tem-
perature and pressure. Application of thermodynamic
arguments allows quantities such as the compressibility,
heat capacity and thermal expansion to be estimated.
The model appears to give a good account of the ther-
modynamic properties of both light and heavy water over
a wide range of temperatures and pressures.16,20

The Tanaka et al. work17,21–23 take these ideas a
step further by identifying, in computer simulated models
of water, the existence of “locally favoured structures.”
These are characterised by a parameter, ζ, which osten-
sibly is a measure of the proximity of the nearest non-
hydrogen-bonded neighbour of any given water molecule.
Molecules which have large ζ are assumed to be in the
S-state, corresponding to low density, low entropy struc-
tures, while molecules with ζ close to zero are charac-
terised as in the ρ-state, of higher density and entropy.

In all of these various mixture models water molecules
readily exchange between the two states, but the
states may ultimately demix when the temperature is
low enough, creating a possible liquid-liquid transition.
These ideas produce a phase diagram of water which
closely resembles experiment in the accessible region and
simulation in the experimentally inaccessible region.

II. DISCUSSION OF THE POSSIBILITY OF

INHOMONGENEITIES IN WATER

The atomic nature of matter means that every sub-
stance, whether it be liquid, gas, or solid, is inhomoge-
neous at some level. Each atom has a region of exclusion
around it caused by the repulsive interaction of neigh-
bouring electron clouds, and this creates a local perturba-
tion in the density of surrounding atoms - represented by
the radial distribution function, g(r). For crystalline ma-
terials the perturbation extends to macroscopic dimen-
sions in principle. For more disordered materials away
from any critical points, the perturbation dies away the
further you go away from any given atom, and the rate of
decay is measured by a “correlation length”. The statis-
tical mechanics of fluids shows25 that the integral of g(r)
over all space is a measure of the density fluctuations
that occur in the material:-

S(Q→ 0) =1 + 4πρ

∫

∞

0

r2 (g(r) − 1) dr

=

〈

(N − 〈N〉)2
〉

〈N〉

=ρkBTχT . (1)

where the structure factor, S(Q), is defined as

S(Q) =1 + 4πρ

∫

∞

0

r2 (g(r)− 1)
sinQr

Qr
dr, (2)

ρ = 〈N〉/V is the atomic or molecular number density of
the material, and χT is the isothermal compressibility, so
providing a direct link between the atom-scale structure
and thermodynamic properties.
The compressibility equation (1) allows us to study

how large the density fluctuations are likely to be in
any given volume of the fluid. In the case of water,
the compressibility of water is listed as 4.58 x 10−10/Pa
at 293K26 and the molecular number density is ∼3.34 x
1028 molecules/m3. From (1) the root mean square de-
viation of the number of molecules in a specified volume,
V , expressed as a fraction, fV , of the average number of
molecules in the same volume, 〈V 〉, is given by

fV =

√

〈

(N − 〈N〉)
2
〉

〈N〉

=

√

kBTχT

V
(3)

We note in passing that this fraction does not depend
explicitly on the density of the liquid, and that, unless
χT → ∞, as occurs at a critical point or in the coexis-
tence region below it, then, in the limit of macroscopic
volumes, fV → 0, so that the fluid has negligible den-
sity fluctuations for volumes on the order of macroscopic
length scales. For a volume of water of size 1 nm3,
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which is probably the smallest that can be considered
outside the range of the local structure around individual
molecules, fV = 4.3% from equation (3). On the other
hand the density difference between LDL and HDL is
believed to be of order 25% if we assume LDL has ap-
proximately the same density as low density amorphous
ice, LDA, and HDL has approximately the same den-
sity as high density amorphous ice, HDA.27 Similar den-
sity differences between the low and high density states
are assumed in at least two of the two-state models of
water.15,22 Hence it would seem unlikely that ambient
water can retain significant fractions of LDL and HDL
as distinct entities, as suggested by the inhomogeneous
view.13 Furthermore, according to2 at 229K the com-
pressibility reaches a maximum value of 10.2 x 10−10/Pa,
so the value of fV is now 5.6%. Whilst it is certainly
anomalous, compared to most other liquids, that this
value has increased as the temperature is decreased, it
is still not large enough to sustain a significant presence
of HDL, assuming the bulk of the liquid under these con-
ditions is LDL-like. This argument for the lack of gen-
uine heterogeneity in these liquids is supported by the
observation that the correlation length for density fluc-
tuations that is extracted in2, namely ≈0.4 nm, is only
marginally larger than the intermolecular nearest neigh-
bour distance, 0.28 nm. Hence any significant density
fluctuations large enough to encompass both LDL and
HDL can only occur in volumes the size of the nearest
neighbour coordination shell, and are not significantly
different to what will occur in any other liquid with sim-
ilar density and compressibility. In fact many common
liquids, including several non-hydrogen bonded liquids,
have compressibilities a factor ∼ 2 larger than water26,
so the values of fV will be ∼40% larger in these other
liquids compared to water for the same volume of fluid
and at the same temperature. Given that water has one
of the lowest molecular weights of most common liquids,
we should in fact be surprised that its compressibility is
as low as it is. Far from inducing increased density fluc-
tuations compared to other liquids, hydrogen bonding in
water actually appears to suppress them.

In the rest of this paper I will illustrate a simple way,
via computer simulation, of defining whether a single
component fluid is in the homogeneous or inhomogeneous
state (i.e. contains two or more distinct components). I
then further analyse this question of the degree of dis-
order in HDL compared to LDL, and discuss whether
simple pictures which describe HDL as “disordered” are
valid in practice. None of this will address the question
of whether real water does have or does not have a sec-
ond critical point, since there is still little definitive ex-
perimental information on this subject, but it will hope
to bring a degree of rationality to the argument which
has often been lacking in recent pronouncements on this
topic.

III. TOWARDS A DEFINITION OF THE

INHOMOGENEOUS SINGLE-COMPONENT FLUID

A useful starting point for this discussion is the
Lennard-Jones fluid since it is straightforward to simu-
late, has been studied extensively, and exhibits a liquid-
gas critical point, similar to many real fluids. Since we
know for sure a fluid becomes heterogeneous in the co-
existence region below a critical point, and we expect
it to be homogeneous above the critical point, we use
the Lennard-Jones fluid to determine an order param-
eter that demonstrates these properties. The critical
point of Lennard-Jonesium has been studied in several
papers,28–30, and the critical conditions are found to de-
pend on both the way the interaction potential is trun-
cated, and the size of the simulation box. Finite-sized
scaling can be used to extrapolate to the infinite box
size, but the result still depends on the way the poten-
tial is truncated, ranging from TC = 1.1876ǫ, where the
potential well depth, ǫ, is expressed in K, when the po-
tential is truncated at 2.5σ, with σ the size parameter of
the Lennard-Jones particle,28 to TC = 1.326ǫ for the un-
truncated potential.29 The critical number densities for
the two studies are similar, being 0.3197/σ3 for28 and
0.316/σ3 for.29,30

To study this fluid, a Monte Carlo simulation of
Lennard-Jones particles was set up in a simulation box
containing 4000 particles with ǫ = 1 kJ/mole = 120.27 K
and σ = 0.3 nm. This gives a critical temperature of the
fluid somewhere between 142.8 and 158.3 K, depending
on how the potential is truncated. The critical density
is ∼ 11.84 particles/nm3, giving a simulation box dimen-
sion of 6.9647 nm. The potential was truncated with a
function of the form

T (r) =

1 r ≤ rmin

0.5
(

1 + cosπ
(

(r−rmin)
(rmax−rmin)

))

rmin < r < rmax

0 r ≥ rmax

where, in the present case, rmin = 0.9 nm = 3σ, and
rmax = 1.8 nm = 6σ. This method of truncating the
potential is the same as that used by the EPSRmethod.31

Eight temperatures were sampled spanning the region 90
to 195 K, with some above and some below the critical
temperature. All simulations were conducted in the NVT
ensemble.
In order to characterise the density fluctuations in each

simulation box, 3000 spherical volumes of specified radii
were chosen at random positions from each configuration
of particles. For each volume the number of particles
contained in the volume was calculated, from which a
histogram of the values of (N − 〈N〉) was created. The
value of 〈N〉 was calculated as the ensemble average of
all the volumes sampled. For each temperature, approx-
imately 42,000 configurations of particles were sampled.
These histograms are shown as a function of temperature
in Fig. 1 for two radii, namely 0.5 nm and 1.1 nm. The
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FIG. 1. Distribution of number fluctuations, P (N −〈N〉), for
the Lennard-Jones fluid near its liquid-vapour critical point,
at a density of 11.84 particles/nm3 and in the temperature
range 90 to 195K, for spherical volumes of radii 0.5 (a) and
1.1 (b) nm, chosen at random positions within the simula-
tion box. Note that for the phase separated states at 147K
and below, the density of number fluctuations does not go to
zero between the two modes because the random nature of
the volume sampling means many volumes will straddle the
boundary between the liquid and vapour states, leading to a
continuous distribution.

first radius corresponds approximately to the position of
the first minimum in the radial distribution function, and
so corresponds to the first coordination shell of any given
molecule. Fig. 2 shows the structure factors that arise
from these distributions.

From these distributions it becomes clear that at 147K
and below the distribution of number fluctuations is bi-
modal, corresponding to at least two distinct densities
present in the fluid, while for 152K and above, the distri-
butions are uni-modal. The critical point for this partic-
ular simulation is therefore probably somewhere close to
147K, since it is expected that bimodal density fluctua-
tions will first emerge at the critical point.29 This value is
in line with previously reported values, given that the po-
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FIG. 2. Structure factor for the Lennard-Jones fluid near its
liquid-vapour critical point at a density of 11.84 particles/nm3

as a function of temperature in the range 90 to 195K. At low-
est temperatures small oscillations can be seen superimposed
on S(Q), caused by Fourier transform truncation effects due
the large size of the heterogeneities present in the simulation
box

tential truncation is 6σ in this instance. The main point
is that above the critical point the distribution of number
fluctuations is uni-modal and adopts a simple bell-shaped
curve: there is no ambiguity in saying this fluid cannot
be represented as a mixture of two or more states since
the distribution of available states is continuous and has
only one mode. Below the critical point, the distribution
of number fluctuations is clearly bi-modal and cannot be
represented by a single bell-shaped curve. Moreover the
two states become increasingly separated in density as
the temperature is lowered. All these behaviours are in-
dependent of the size of the volume used to sample the
number fluctuations.

Corresponding to the number fluctuations the struc-
ture factors show a characteristic rise at low Q, Fig. 2,
present at all temperatures and which increases rapidly
as the temperature is lowered. However it is not possible
to say from this behaviour at which particular tempera-
ture the fluid has become heterogeneous. In particular we
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note that even when the fluctuations are uni-modal well
above the critical point, there is still a significant rise in
the structure factor at low Q. Therefore any claim that a
fluid is inhomogeneous based on the behaviour of the low
Q part of the structure factor13 should be treated with
caution.
When discussing the empirical potential structure re-

finement (EPSR) simulations of water and amorphous
ice described below further reference to this distribution
of number fluctuations will be made as way of address-
ing the question of whether these materials can be rep-
resented as a mixture of two states. However it must
be borne in mind that there is a large density difference
between a liquid and its vapour and this makes the obser-
vation of bimodal behaviour straightforward in this case.
For the purported liquid-liquid transition in supercooled
water on the other hand, assessing the transition by this
method will be harder because the density difference LDL
- HDL is only around 25%, as mentioned previously, even
well below any critical point, which combines with the
sluggish dynamics under the conditions of the second crit-
ical point to make equilibration a serious problem for the
simulator.32,33 Nonetheless Fig. 1 demonstrates that, as-
suming the equilibration problem can be overcome, there
is a characteristic change in P (N − 〈N〉) below a criti-
cal point, namely it cannot be uni-modal for a single
component fluid to be regarded as heterogeneous. The
corollary is that if this distribution is uni-modal, then
the fluid must be homogeneous.

IV. ASSESSING THE DEGREE OF DISORDER IN

MODELS OF WATER AND AMORPHOUS ICE

An aspect of the second critical point model of water is
that in the transition from LDL to HDL or LDA to HDA,
the entropy of the liquid is expected to increase. We
know this because the locus of the proposed liquid-liquid
transition has a negative slope in P, T space.34 The two-
state models cited previously make a similar assertion,
namely that the high-density state has higher entropy
than the low density state. While such a trend may seem
anomalous, it should not come as a surprise, because the
Maxwell relation

(

∂S

∂P

)

T

= −

(

∂V

∂T

)

P

= −V αP , (4)

where αP is the volume thermal expansion coefficient at
constant pressure, shows that since αP < 0 for water be-
low T ≈ 277K, then densification of water at constant
temperature by increasing the pressure must result in an
increase in its entropy, with a maximum at the pressure
at which αP reaches zero. At still higher pressures and
densities with positive αP , the entropy will then decrease
with increasing pressure in the normal way as expected.
Hence if there were a LDL to HDL liquid-liquid tran-
sition in highly supercooled water and it occurred in a

region where the thermal expansion is negative, it must
necessarily involve an increase in entropy.
So the question arises whether there is evidence from

experiment that high density water or amorphous ice has
indeed more entropy than low density water or amor-
phous ice. Direct measurement of the entropy is very of-
ten precluded because the required thermodynamic data
are either difficult to obtain or unavailable. On the other
hand computer-derived structural models of experimen-
tal diffraction data do exist for water in the amorphous
phases, recovered at ambient pressure,27,35 for the liq-
uid as a function of pressure at constant temperature
(268K)36, and as a function of temperature at ambient
pressure.37,38 Knowledge of the pair correlation function
of a fluid can lead us directly to an estimate of the pair
contribution to the configurational entropy.39 In this ap-
proach the total entropy of the material is expanded as
a series of integrals of the one-particle, two-particle, and
higher order, distribution functions, with the one-particle
term corresponding to the entropy of a perfect gas of
molecules, SPG, and the remaining terms corresponding
to the configurational entropy of the fluid, SC .

S/R = sPG + sC (5)

where, for a monatomic system,

sPG = st =
5

2
+ ln

[

(2πmkT/h2)
3

2 /ρ
]

(6)

with st the perfect gas translational entropy39–41, and

sC = s2 + higher order terms (7)

with

s2 =
1

2
ρ

[
∫

(g(~r)− 1)d~r −

∫

g(~r) ln g(~(r))d~r

]

(8)

The pair contribution is expected to make the domi-
nant contribution to the total configurational entropy,39

though higher order terms cannot be completely ignored
in practice. The elegance of this approach is that if the
correlation functions of the fluid are known or are mea-
sured by some means, the entropy of the fluid can be
estimated without resorting to laborious thermodynamic
integration.42

For a molecular fluid the pair correlation function de-
pends not only on the separation of pairs of molecules
but also on their relative orientation, making the full
pair correlation function, g(r, ωL, ωM ), dependent on six
coordinates: three coordinates r, ωL ≡ (θL, φL) are re-
quired to describe the position of a second molecule, and
three Euler angles, ωM ≡ (φM , θM , χM ), are required to
describe the relative orientation of that molecule, both
with respect to the first. This means s2 (and the higher
order terms) must be averaged over the positions and
orientations of the second (and other) molecules:

s2 =
1

2
ρ

〈
∫

(g(r, ωL, ωM )− 1)d~r

−

∫

g(r, ωL, ωM ) ln g(r, ωL, ωM )d~r

〉

ωLωM

(9)
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This calculation has been described and applied in re-
cent work.43–45 Here we explore an approach based on
the spherical harmonic expansion of g(r, ωL, ωM ), which
allows us to separate the pair entropy contribution into
three terms related to the radial, spatial and orientational
extent of the correlations.

A. Empirical Potential Structure Refinement simulations

of water and amorphous ice

In order to generate the necessary orientational
pair correlation functions from experimental diffrac-
tion data an empirical potential structure refinement
(EPSR) was performed on each of the datasets already
published.27,35–38 For the diffraction data as a function
of temperature X-ray data are available at the same
temperatures as the neutron data, and both types of
data are included in the EPSR refinements described
here. In EPSR, full details of which can be found
elsewhere,31,37,38,46 an initial Monte Carlo simulation of
the system at the specified number density and tempera-
ture is performed, using an adopted site-site “reference”

potential, U
(ref)
αβ (r), which consists of a Lennard-Jones

term, Coulomb term, and repulsive potential to prevent
atom overlap below a specified distance, Rαβ . Once this
simulation has reached equilibrium an empirical pertur-

bation to the site-site potentials, U
(ep)
αβ (r), derived from

the diffraction data, is added to the reference potential
to guide the simulated structure factors as close as pos-
sible towards the measured values. This perturbation
is derived iteratively until the fit to the data cannot be
improved. To prevent generation of simulation artifacts
the amplitude of the empirical potential, Ereq, which in
this work is defined as the difference between the max-
imum value of U

(ref)
αβ (r) minus the minimum value of

the same potential after considering all pairs of atomic
sites and all radius values, was limited to 10 kJ/mole.
In all cases the Lennard-Jones and empirical potentials
were truncated with a function of the form (4), with
rmin = 1, rmax = 2 nm for the amorphous ice simula-
tions, rmin = 0.9, rmax = 1.8 nm for the water simu-
lations at 258 and 268K, and rmin = 0.9, rmax = 1.2
nm for the water simulations at higher temperature.
Coulomb interactions were truncated using the reaction
field method of Hummer et al.

47 with the same maxi-
mum radius as used for the other potentials. Monte Carlo
moves entailed translating and rotating each molecule by
random amounts, with the size of the step determined to
give a 75% rejection rate on average. Distributions were
accumulated for between 2000 and 16,000 configurations
of molecules, depending on the quantity being accummu-
lated and the size of the simulation box. A configuration
consisted of 5 attempted translations and 5 attempted
rotations of every molecule in the simulation box.
No new diffraction data are reported here but the

EPSR simulations are new. Table I gives the Lennard-
Jones and charge parameters used in the reference po-

TABLE I. Reference potential parameters used in the EPSR
simulations of water and ice

Atom ǫ σ q
[kJ/mol] [Å] [e]

O 0.3 3.2 -1.0
H 0.0 0.0 +0.5

TABLE II. Minimum atom-atom distances used in the EPSR
simulations of water and amorphous ice.

Atom pair Rαβ

[Å]
O-O 0.00
O-H 1.35
H-H 1.70

tential, Table II gives the minimum atom pair distances
that were allowed for each site-site distribution, and Ta-
ble III gives the details of the simulation boxes. Some
examples of fits to the respective data sets are shown in
the Supplementary Information(SI). It is important to
emphasize the contribution of neutron diffraction data
for these structure refinements, as well as X-ray data if
available. Neutrons are much more sensitive to hydro-
gen atom positions than are X-rays, particularly if hy-
drogen/deuterium isotope contrast is used, since the O-
H and H-H radial distribution functions present in such
data provide stringent constraints on the relative orien-
tations of the molecules in the simulation, and it is these
orientational correlations which are the clue to the en-
tropic properties of water, as will be seen in the following
sections.

B. Spherical harmonic expansion of the orientational pair

correlation function

From the refined molecular ensembles numerous other
quantities can be calculated, such as the site-site ra-
dial distribution functions. Of particular relevance in
the present context, the full orientational pair distribu-
tion function (ODF) of the material is, following,31 rep-
resented as a series of products of generalised spherical
harmonics:

g(r, ωL, ωM ) =1 +
∑

l1l2l

∑

n1n2

∑

m2

h(l1l2l;n1n2; r)C(l1l2l;n1m2m)

×Dl2
m2n2

(ωM )∗Dl
m0(ωL) (10)

where h(l1l2l;n1n2; r) are a set of coefficients to be
determined from the simulation by making use of the
orthogonality of the generalised spherical harmonics,
Dl

mn(ω), and C(l1l2l;m1m2m) are the Clebsch-Gordan
coefficients, which are only non-zero if m = m1 +m2.
Averaging g(r, ωL, ωM ) over the orientations of the sec-

ond molecule, ωM leads to the spatial density function
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TABLE III. Simulation box sizes, number of molecules and
atomic number densities used in the EPSR simulation of liq-
uid water and amorphous ices from 80K to 365K. The diffrac-
tion data for the states marked LDL and HDL were not mea-
sured but obtained by linear extrapolation to lower and higher
density of the data at the three states LA, LB and LC, as
described in36. A ‘*’ in the pressure column for LDL and
HDL means undefined pressure, since these were extrapolated
states.

State T P Box size N No. density
[K] [MPa] [nm] [molecules] [mols/nm3]

LDA 80 0.1 4.57967 3000 31.23
HDA 80 0.1 4.25290 3000 39.00
VHDA 80 0.1 4.16017 3000 41.67
LD 258 410 3.74559 2000 38.06
LDL 268 * 4.07758 2000 29.50
LA 268 26 3.89408 2000 33.87
LB 268 209 3.80727 2000 36.24
LC 268 410 3.74559 2000 38.06
HDL 268 * 3.67791 2000 40.20
A1 280 0.1 3.10413 1000 33.43
A2 288 0.1 3.10413 1000 33.43
A3 295 0.1 3.10723 1000 33.33
A4 313 0.1 3.11139 1000 33.20
A5 343 0.1 3.12717 1000 32.70
A6 365 0.1 3.14110 1000 32.27

(SDF):

g(r, ωL) =〈g(r, ωL, ωM )〉ωM

=1 +
∑

l1n1

h(l10l1;n10; r)C(l10l1;n10n1)D
l1
n10

(ωL)

(11)

Averaging the spatial density function over the directions
of the second molecule, ωL, leads to the molecular centres
radial distribution function (RDF):

g(r) =〈g(r, ωL)〉ωL
= 1 + h(000; 00; r) (12)

Corresponding to each of these terms, (10),(11) and (12)
is a configurational entropy, Sodf , Ssdf and Srdf which
can be calculated by inserting the relevant pair distribu-
tion function into (8) then averaging over the appropri-
ate orientational (ωM ) and spatial (ωL) coordinates, as
required.

C. Limitations to using the spherical harmonic expansion

to calculate configurational entropy

While the formulae presented here are rigorous in prin-
ciple, there are some factors in practice which limit the
ultimate accuracy of the estimated entropy. Equations
(10) is an infinite series, but calculation of the coeffi-
cients quickly becomes very expensive as the number of
coefficients increases. As a result, in the present instance
values of l1 and l2 were limited to the range 0 to 6, while
the values of l were limited to the range 0 to 12. This

gives a total of 1532 coefficients, bearing in mind that
only even values of n1, n2 are allowed due to molecular
symmetry if the molecular z-axis lies along the molecular
dipole moment. However this number is not enough to
ensure that the reconstructed g(r, ωL, ωM ) is everywhere
zero or positive definite, as required to apply (9). The
choice of number of coefficients to be used was made by
requiring that any negative regions of the reconstructed
g(r, ωL, ωM ) were no more than ≈10% in magnitude of
the largest positive values. In practice negative values
of g(r, ωL, ωM ) only occurred at the nearest neighbour
distance, ≈ 0.28 nm, where the local orientational order
is very strong. A negative region in the reconstructed
g(r, ωL, ωM ) generally means insufficient spherical har-
monic coefficients have been used, which means the re-
constructed function has less structure than the simu-
lation from which it was derived. To combat this any
values of the reconstructed ODF which went below zero
were treated as if they were zero.
A second limitation is that the h(l1l2l;n1n2; r) coef-

ficients are subject to random noise as a function of
r. This is because they are derived from a finite num-
ber of pairs of molecules, so that sampling of the avail-
able phase space, which is very large for the full ODF,
is poor, even after many configurations of molecules.
Generally this problem does not affect h(000; 00; r) and
h(l10l1;n10; r) coefficients, which sample a much smaller
phase space, and so have only a small noise contribu-
tion. Noise in the h(l1l2l;n1n2; r) for l2, n2 6= 0 will give
an exaggerated excess entropy, making the fluid appear
more structured than it actually is. The noise can be
combatted by running the simulations for a very long
time to achieve the largest possible ensemble average
for h(l1l2l;n1n2; r). In addition, in the present work a
“three-point” smoothing algorithm has been applied 10
times to the h(l1l2l;n1n2; r) for l2, n2 6= 0 as a function
of r to further help reduce the random noise in these
functions.
In summary, the finite number of spherical harmonic

coefficients will have the effect of underestimating the
excess entropy, while the intrinsic noise in them will cause
an overestimation. Since it is unlikely the two effects
will exactly cancel, the best one can do is to treat each
state of the material investigated in the same way, with
the same number of coefficients and similar numbers of
configurations, so that any systematic effects that arise as
a result of the conflicting limitations are the same for all
states. In that case the comparison between states will
have meaning even if the absolute values are not fully
reliable.

D. Comparison with experiment

To compare the excess entropy calculated from the
EPSR simulations with experimental values of the total
entropy, Stot, it is necessary to assume that the higher-
order many-body contributions to the configurational en-
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tropy are small. In addition the perfect gas contribution
needs to be calculated, but, fortunately, references40,41,48

show us exactly how to do this. For a molecular material
the perfect gas contribution to the entropy, sPG, includes
terms related to the translational, rotational and vibra-
tional energy of the free molecule,41,48 sPG = st+sr+sv,
although for water the vibrational contribution is neg-
ligible because near ambient conditions and below the
molecule is in its ground vibrational state. st is defined
in (6) and sr is given by40,41,48

sr =
3

2
+ ln

[

8π2(8π3IAIBIC)
1

2 (kT/h2)
3

2 /σr

]

(13)

where IA, IB and IC are the principle moments of inertia
of the water molecule, and σr is a symmetry parameter
which equals 2 for water. This expression applies for
temperatures at which the rotational levels of the free
molecule are fully excited, that is above T ≈ 10K. Be-
low this temperature, quantisation of the rotational levels
will prevent the value of sr from going below zero.
Experimental values for the total entropy of water,

Stot, over a range of temperatures are apparently not
readily available, but there appears to be general agree-
ment that for the liquid at 298K and standard pressure
Stot ≈ 70 J/mole/K49,50. To calculate the total entropy
at other temperatures the specific heat, CP = T

(

∂S
∂T

)

P
,

is known over a wide range of temperatures,51,52 so by
integrating CP from T = 298K the total entropy at other
temperatures at ambient pressure can be estimated.
Table IV shows the calculated radial, spatial and total

entropies from the EPSR simulations of amorphous ice
and water, using the methods described in the above sec-
tions. Figure 3 shows a selection of some of these points
as a function of temperature, comparing them with what
is estimated from the temperature dependence of the spe-
cific heat, while Figure 4 shows the results as a function
of density at 268K.
A number of comments need to be made about Fig-

ures 3 and 4 and Table IV. From Fig.3 we see that
the combination of SPG + s2 does indeed get close to
the experimental total entropy, suggesting that contri-
butions from the many-body terms, though not zero, are
small. Furthermore it can be seen that at least half of the
configurational entropy arises from orientational correla-
tions, since the contribution of the spatial excess entropy
is around only half of the total excess entropy. The data
on the total entropy suggest that the configurational en-
tropy becomes more negative as the temperature is de-
creased, and this trend is also observed in the spherical
harmonic calculations. It is well known, from the appar-
ent divergence of the specific heat near ≈ 228 K, that
there must be some sort of hiatus in the entropy near
this temperature value,52–54 on the assumption that the
ambient temperature liquid is contiguous with LDA at
low temperatures. The EPSR calculation follows that
trend, with a drop in total entropy from 72 J/mole/K
at 268K to 3 J/mole/K at 80K in LDA. Note that this

TABLE IV. Estimated radial, spatial and total entropies of
water and amorphous ice, using only the two-body configura-
tional entropy, from EPSR simulations at the states shown in
Table III. The uncertainty in the values of the radial and
spatial entropies is believed to be ≈ ±1 J/mole/K, while
the uncertainty on the total entropies is likely to be ≈ ±2
J/mole/K. These uncertainties are based on the observation
of the fluctuations in these values as more configurations were
added to the ensemble averages. A ‘*’ in the pressure column
for LDL and HDL means undefined pressure, since these were
extrapolated states.

State T P No. density Entropy
[K] [MPa] [mols/nm3] [J/mole/K]

Radial Spatial Total
LDA 80 0.1 31.23 74 50 3
HDA 80 0.1 39.00 77 54 13
VHDA 80 0.1 41.67 75 54 18
LD 258 410 38.06 109 94 67
LDL 268 * 29.50 109 93 66
LA 268 26 33.87 112 98 72
LB 268 209 36.24 113 99 75
LC 268 410 38.06 111 96 71
HDL 268 * 40.20 109 93 66
A1 280 0.1 33.43 114 100 72
A2 288 0.1 33.43 115 101 74
A3 295 0.1 33.33 116 103 76
A4 313 0.1 33.20 118 105 79
A5 343 0.1 32.70 121 110 87
A6 365 0.1 32.27 123 113 93

drop does not seem nearly so pronounced in the radial
and spatial terms, implying that the specific heat hiatus
near 228K is primarily associated with the freezing in of
orientational correlations.

It is also significant that in going from LDA to HDA
and then VHDA, the entropy increases, by 10 J/mole/K
and 5 J/mole/K respectively. Bearing in mind that these
are amorphous ice forms which were recovered to ambient
pressure, this increase in entropy is supported by the dif-
ferential scanning calorimetry data reported by Handa et

al.
55, where ≈ 530 J/mole of enthalpy was released when

HDA transitioned to LDA at 122K. Assuming the Gibbs
free energy of the two states is the same, as would be true
of a thermodynamic phase transition, then ∆H = T∆S
at the transition. This gives an entropy change of ≈ 4.3
J/mole/K at this transition. On the other hand Whal-
ley et al.

56 argue that because of the near vertical tran-
sition line between HDA and LDA in the (T, P ) plane
below 100K, the entropy change is probably closer to 2
J/mole/K, but this value will increase above 100K as the
slope of the transion becomes less negative. The differ-
ences between all these values highlight the extreme dif-
ficulty of working with the amorphous phases of water:
because they are not thermodynamically equilibrated it
is not surprising to find disagreements in values. In ad-
dition since the Whalley et al. line is at ≈ 200 MPa,
while the present data and Handa et al. are from amor-
phous ice samples recovered to 0.1 MPa, the two sets of
numbers may not be fully comparable.
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VHDA, LDL, LB, LC and HDL. Also shown as lines are the
perfect gas entropies for water, calculated at a constant den-
sity of 33.4 molecules/nm3 , (continuous), and the estimated
total entropy for water obtained from integrating the specific
heat at ambient pressure (dashed, see text).
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(solid squares) pair entropies as a function of density at T =
268 K. The data points have been joined by straight lines to
emphasize the trends.

Evidence that the entropy of water is density and
therefore pressure dependent is also found in Fig. 4. Here
we see a broad maximum at a density near 36 mols/nm3

in all three entropies, radial, spatial, and total. This den-
sity occurs at a pressure of 209 MPa, which corresponds
to the transition at lower temperatures between ice Ih
and Ice III, and is the pressure at which the melting point
of water reaches its minimum. Interestingly, below about
308 K the self diffusion constant of water also shows
a broad maximum near this pressure,57,58 suggesting
that the entropy trend and changes in the self-diffusion
constant may have a common origin. Similar corre-
spondence between entropy and diffusivity has been ob-
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FIG. 5. Distribution of number fluctuations, N − 〈N〉, for
spherical volumes of radii 0.32 nm (a) and 1.0 nm (b) chosen
at random within the simulation box, for increasing density
at 268K. The smaller of these radii corresponds to the size
of the first coordination shell in low density water. Table IV
gives the conditions for the curves displayed.

served in computer simulations of water-like fluids.59–61

Indeed, notwithstanding the limitations of the present
method as discussed in Section IVC above, it must be
pointed out that there have been a number of previous
attempts to calculate the entropy of water from a variety
of computer simulations using different methods, includ-
ing those based on the pair entropy, as here, and those
based thermodynamic integration.43,62–66 In general the
conclusion here that orientations contribute by far the
largest fraction of the excess entropy of water is borne
out by this previous work.

To assess whether the initial positive slope of the en-
tropy with increasing density (pressure) is sensible, we
note that at 268K the volume expansion coefficient, αP ,
is approximately −2 × 10−4/K,26 and use equation (4).
It is difficult to know the correct value of αP to use
here since the neutron experiments involve different mix-
tures of heavy and light water, all of which will have
different thermal expansivities in this region. Assum-
ing this value then the gradient

(

∂S
∂P

)

T
is ≈ 0.36× 10−2

J/mole/K/MPa. Assuming a straight line this predicts a
change in entropy of ≈ 0.5 J/mole/K between the states
LA and LB. The calculated change is 3 J/mole/K, but
given the uncertainty in the calculation, the difference
is within the likely error. The main point is that when
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you compress water, the changes of entropy are in reality
rather small.
Finally the calculated distribution of number fluctua-

tions are shown for increasing density at 268K in Fig. 5.
In all of these cases the distribution is seen to be uni-
modal, even for volumes the size of the first coordination
shell, so, on the basis of what is presented in Section III,
it is not valid to claim any of these state points corre-
spond to inhomogeneous fluids.

V. DISCUSSION: EVIDENCE FOR HETEROGENEOUS

OR TWO-STATE BEHAVIOUR IN WATER

In the previous sections it has been shown that models
of the full orientational pair correlation function derived
from experimental scattering data can be used to give
a realistic estimate of the two-body entropy of the fluid
and that higher order contributions to this entropy, al-
though not zero, are likely to be small. It is found that
unannealed HDA has a higher entropy than LDA at am-
bient pressure, similarly for VHDA compared to HDA,
Table IV, and that there is an anomalous increase, con-
sistent with the negative thermal expansion coefficient
under these conditions, then more normal decrease, in the
entropy of water as the density is increased at at 268K.
The maximum value of this entropy occurs at about the
density and pressure corresponding to the lowest melting
point of water, although computational uncertainties ren-
der the exact location of this maximum unreliable. It will
be noted that in several computer models and theories of
highly supercooled water which demonstrate a LDL to
HDL phase transition,34 the transition proceeds to lower
pressure as the temperature is increased, from which it
has to be concluded that HDL must have a higher en-
tropy than LDL at the transition. Hence the present
results are not inconsistent with the second critical point
model of water. However they do not prove anything ei-
ther, since it is currently impossible to access the deeply
supercooled region of water using the experimental tech-
niques and simulation methods described to here. In this
regard it is good that efforts are underway to try to probe
the supercooled state with X-rays into the so-called ”no-
man’s land”, where water would otherwise spontaneously
crystallise,2. The present analysis is dependent on neu-
tron scattering data being available, since it gives ac-
cess to hydrogen atom position information from which
the orientational distribution function can be estimated.
Given the likely available neutron fluxes in the foresee-
able future it is not obvious that these efforts with intense
X-ray beams can be extended to the neutron scattering
experiment any time soon.
What is clear is that none of the liquid states studied

here, which are all in the stable liquid region, can be
claimed to be inhomogeneous, based on the distribution
of number fluctuations, Fig. 5, in contradiction to what
is claimed in the New Scientist article.1 Moreover, as we
saw comparing Fig. 2 with Fig. 1, the behaviour of

S(Q) at low Q cannot be used to infer inhomogeneous
behaviour, as has been done elsewhere.13

Two-state behaviour in water has sometimes been in-
ferred by calculating the local structure index (LSI). In
its original manifestation,10,11 the LSI is calculated by se-
quencing the nearest neighbour molecules, j, in distance
rj around any given molecule i out to some specified cut-
off, 0.37 nm. The LSI is then defined as

I(i) =
1

n(i)

n(i)
∑

j=1

[

∆(j; i)− ∆̄(i)
]2

(14)

where ∆(j; i) = rj+1 − rj and ∆̄(i) = 1
n(i)

∑n(i)
j=1 ∆(j; i)

is the mean difference in distance. According Wikfeldt
et al.

9 “a low LSI corresponds to a disordered local en-
vironment (HDL) while a high LSI indicates a highly
structured, tetrahedral coordination (LDL)”. Whilst it
is certainly true, Fig. 4, that when densified there is an
increase in entropy, the increase is relatively small, on the
order of 10 - 20% of the total excess entropy for the amor-
phous ices, and smaller than this in the stable liquid. In
the liquid phase at 268K the entropy initially increases
on densification, consistent with the known thermal ex-
pansion coefficient of water, then falls again above a cer-
tain density. Hence even in its high density phase water
has substantial negative excess entropy which arises from
the pronounced orientational correlations that are still
present. Thus it is incorrect to describe HDL as “a disor-
dered local environment.” In these circumstances the in-
crease in entropy with density can at best be described as
subtle, rather than qualitative as implied by such state-
ments. Fundamentally, the LSI is a measure of local
translational order and says nothing about the degree
of orientational correlation between molecules, which re-
mains strong in all forms of low temperature water. The
distribution of LSI values is found to be unimodal, un-
less the analysis is performed on the “inherent structure”,
when it becomes bimodal with broad distributions.8,9

Other measures of local structure have been intro-
duced. These include the q parameter, which mea-
sures the degree of local tetrahedral order,67 the r5
parameter,15,18 which measures the distribution of fifth
nearest neighbours, and the “locally favoured structure
index”, ζ17,21,22 which measures the difference in dis-
tance between the furthest hydrogen-bonded molecule
from the nearest non-bonded molecule around each cen-
tral molecule. At low temperatures the distributions of
all three indices show bi-modal behaviour as the density
is increased at fixed temperature, or as the temperature
is changed at constant pressure. This has been used to
imply two-state behaviour in the relevant computer sim-
ulation models.

Traditionally q is defined using the four nearest neigh-
bours of each water molecule, on the understanding that
an ideal tetrahedral arrangement would have four nearest
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neighbours:67

q = 1−

〈

3,4
∑

j=1,k=j+1

9

4

(

cosψjk +
1

3

)2
〉

, (15)

where the sum is over the first 6 nearest neighbour
triplets of any given water molecule, and ψjk is the angle
molecules j and k make with the central molecule. The
angular brackets signify the average over all the triplets
that are sampled for each central molecule. If molecules
j, k satisfy tetrahedral symmetry, then cosψjk = − 1

3 or
ψjk = 109.5◦, so the contribution to the sum in (15) is
zero, and if all the triplets are at this angle, then q = 1.
All other, non-tetrahedral, angles will cause q < 1.
There is however a subtlety with this definition when

applied to liquid water which we believe has been over-
looked up to now, and which could make distributions
of q appear bimodal, without necessarily implying two-
state behaviour. To understand how this might come
about, there are two features about the local order in
water that need to be emphasized. We first show the
spatial distribution function68,69 for LDL and HDL as ob-
tained from the spherical harmonic coefficients of Section
IVA, Fig. 6. Two coordination shells can be identified
in these plots, namely an inner one, region I, which has
approximately tetrahedral symmetry, and a second shell,
region II, which also has near-tetrahedral symmetry, but
which is in anti-phase to the first. The lobes of region I
occur opposite either the O-H bonds or the lone pair elec-
trons of the central molecule, so molecules in these lobes
can be regarded as “bonded” to the central molecule.
For the same reason, molecules in region II cannot be
bonded to the central molecule, although they may be
bonded to molecules in region I. The effect of changing
the density at constant temperature is to cause region II
to compress inwards, partly overlapping region I in dis-
tance from the central molecule, while region I remains
almost unchanged. Even higher densities, or presence of
some solutes, might cause region II to overlap region I
completely, such as happens in the denser forms of crys-
talline ice,70,71 or magnesium perchlorate solutions,72 but
it does not change the important bonding distinction be-
tween these two regions.
Next we note that each water molecule is not necessar-

ily surrounded by exactly four nearest neighbour water
molecules in region I as required for the definition of q.
Fig. 7 shows the coordination number distribution for
the different densities, LDL to HDL. It can be seen that
even at the highest densities some water molecules have
only one, two or three nearest neighbours, while others
have five or more nearest neighbours, depending on the
density.
Errington and Debenedetti67 show that the distribu-

tion of q values is bimodal, and switches from an em-
phasis on high q to low q as the temperature increases.
However this value is calculated for the first four near-
est neighbours, irrespective of whether these molecules
are in region I or region II of the spatial density func-
tion. When a molecule has a coordination number less

FIG. 6. Spatial distribution functions for low density (top)
and high density (bottom) water at 268K. The surface con-
tours shown here encapsulate regions of higher density which
contain 30% of the water molecules in the distance range 0 -
0.5 nm in each case. The lines identify the first and second
coordination shells, regions I and II respectively. A central
water molecule is shown at the origin drawn to scale. Note
that these spatial coordination shells do not necessarily coin-
cide with peaks in the O-O radial distribution function. These
plots are a reconstruction of the spatial distribution functions
originally shown in36. When viewing these surface contour
plots it is important to remember that regions where no con-
tour is shown do not mean there are no molecules in these
regions, simply that the density is below the threshold for
drawing the contour.

than four one or more of the four nearest neighbours used
to calculate q will be outside region I and in region II.
Due to the spatial direction of this region, the included
angle the fourth water molecule would make with a re-
gion I molecule in this case will typically correspond to
either cosψj,k ≈ 1

3 , corresponding to ψj,k ≈ 70.5◦, or
cosψj,k ≈ −1, corresponding to ψj,k ≈ 180◦. Each of
such cases will contribute ≈ +1 to the sum in (15) for the
respective central molecule, giving it a low value of q on
average compared to molecules where all four molecules
are in region I. Hence a low value of q in this case does
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FIG. 7. Coordination number distributions for the five densi-
ties LDL to HDL at 268K listed in Table IV. The coordination
number of each molecule is obtained by counting the number
of nearest neighbours out to a distance of 0.32 nm.

not necessarily indicate a molecule with a high and “un-
structured” local density, as has been supposed,67 but
instead it could equally indicate a molecule which has
only 3 or fewer nearest neighbours in the bonding region
I. In other words it could actually represent a low density
local state, and correspond to a high degree of structure
in the local arrangement!

To test this hypothesis, the distribution of values of
ψjk for the second, third and fourth nearest neighbours
of each water molecule were calculated for the same set
of EPSR simulations at 268K as shown in Fig. 7. These
are shown in Fig. 8. It will be readily appreciated that
for the second nearest neighbours, Fig. 8(a) these distri-
butions are strongly peaked near the tetrahedral angle,
ψ = 109.5◦, showing that the two nearest neighbours are
indeed mostly at the tetrahedral angle, although there is
some broadening in this distribution as the density in-
creases. For third and fourth neighbours, Fig. 8(b) and
(c), the main peak is still marked, but moves progres-
sively to lower angles and becomes notably broader. For
HDL a new intensity starts to develop at ψ ≈ 70◦, corre-
sponding to the angles expected for molecules in region
II. For LDL in particular there is a small but notable peak
near ψ ≈ 50◦, which is larger in amplitude for the fourth
neighbour compared to the second and third neighbours.
However for even for closed packed molecules with no
bonding constraints, the lowest angle that can occur for
nearest neighbours is ψ ≈ 60◦, so this peak cannot come
from nearest neighbour molecules. Instead this is a clear
hint that this low angle peak is related to the distribu-
tion of fourth neighbour distances in region II, since if
the peak were simply a consequence of there being non-
bonded molecules in region I, it would have similar am-
plitude whatever the distance from the central molecule,
and would occur at the larger angle of 60◦.

This point is confirmed in Fig. 9, which shows the
same distributions, but calculated only for those water

molecule triplets where molecules j and k are not more
than 0.3 nm from the central molecule. In this case
the distributions involving the second and third near-
est neighbours are almost unchanged, but those involving
the fourth nearest neighbour are sharper, particularly for
LDL. The low angle peak in LDL, previously at ψ ≈ 50◦,
has now weakened and moved close to ψ ≈ 60◦. These
behaviours can only be rationalised if it is assumed the
low angle features in the unconstrained distributions, Fig.
8, arise from region II molecules encroaching on region I,
combined with the fact that not all water molecules are
surrounded by four neighbours in region I.

A similar type of argument can be applied to the distri-
butions of ζ values, and this is discussed further in the SI,
where it is shown that the bi-modality seen in distribu-
tions of these values arises from the way ζ maps into the
angular space adopted by neighbouring water molecules,
i.e. it may have nothing to do with the presence of dis-
tinguishable low or high density local structures.

Another local structure index that has been used to in-
dicate two-state behaviour is the r5 parameter.15,18 This
parameter is does not suffer from the ambiguities present
in either q or ζ since is does not rely on definitions of
angles between molecules or which molecule is bonded
and which is not bonded. Instead it simply measures
the distance of the fifth nearest neighbour of each wa-
ter molecule. If the fifth nearest neighbour of a molecule
is far away the molecule is regarded as in a low density
state, if near it is in a high density state. Cutherbertson
et al.

15 show that for the ST2 water potential close to the
liquid-liquid critical point, the distribution of r5 values is
bimodal, peaking at ≈ 0.4 nm at low densities, and ≈ 0.3
nm at high densities, with intermediate densities showing
two peaks of varying magnitude at these two positions.
This behaviour is used to justify the use of a two-state
model to interpret water thermodynamics, although the
authors do not demonstrate that intermediate cases are
in fact a true superposition of the two endpoints, nor
that two-state behaviour is seen at higher temperatures.
Strictly, this is a necessary condition for claiming that a
system is a mixture of two distinct states.

It is possible to generalise the definition of r5 to other
nearest neighbours, such as the fourth or sixth nearest
neighbour, much as was done for the angle distributions
above. So in Fig. 10 we show the distribution fourth,
fifth and sixth nearest neighbour distances for each of the
cases LDL to HDL from Table III. In this case the dis-
tance of the respective neighbour was measured relative
to the average distance of hydrogen-bonded neighbours,
where two water molecules were regarded as bonded if
their separation was < 0.35 nm, and the O...O-H angle
was < 30◦.22 These average bonded distances were be-
tween 0.281 nm for LDL and 0.285 nm for HDL respec-
tively, signalling that in region I the local coordination
shell is relatively well defined and nearly unchanging with
density.

It can be seen, particularly for the fourth neighbours
in LDL, the distribution has a main peak near rn = 0.0
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FIG. 8. Distribution of ψjk values for 2, 3 and 4 nearest
neighbours, (a), (b) and (c) respectively. Nearest neighbours
are unconstrained in this case.

nm, that is in region I of the spatial density function, but
with a long tail and second peak to larger distances. This
confirms what is said above in the discussion regarding
the tetrahedral parameter, q: fourth neighbours can ex-
tend well into region II of the spatial density function
and so contribute small values to the calculated q value.
For neighbours 5 and 6 we see there is a large movement
of the peak from larger distance at low density to shorter
distances at high density, in contrast to the lack of move-
ment in region I. As found by Cuthbertson et al. for r5
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FIG. 9. Distribution of ψjk values for 2, 3 and 4 nearest neigh-
bours, (a), (b) and (c) respectively. Nearest neighbours are
restricted to being less than 0.3 nm from the central molecule
in this case.

at 270K for the ST2 model,15 these peaks remain uni-
modal throughout, even if asymmetric, and cannot be
represented as a superposition of the same peaks for LDL
and HDL (dotted lines in Fig. 10), as would be expected
if a two-state model were adopted. However they appear
broader at intermediate densities, suggesting there may
be a weak energy barrier at these distances. Such a weak
energy barrier could then give rise to sharp transitions,
such as occur between HDA and LDA, at much lower
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FIG. 10. Distribution of the fourth, fifth and sixth nearest
neighbour distances, (a), (b) and (c) respectively, as a func-
tion of density at 268K (Table III). Distances are measured
relative to the average distance of bonded molecules (see text).
The dotted curves are weighted sums of the curves for LDL
and HDL (xpLDL(rn) + (1 − x)pHDL(rn)) with x = 0.4 for
n = 4, 5, and x = 0.5 for n = 6.

temperatures. In the present context the r5 parameter is
not measuring the fraction of high density state present
in a two state structure, as previously supposed, but it
is simply capturing the movement of the relevant peak,
initially at a position well outside the bonded region I
at low density, to a position much closer, if not overlap-

ping region I at high density. This movement is not a
linear function of density, but instead moves relatively
rapidly with density at lower densities, then more slowly
at higher densities.
The analysis presented here does therefore caution us

to treat any observed bi-modal distribution of local struc-
ture indices, as measured in computer simulations of wa-
ter, with scepticism before coming to conclusions on the
local order of water. Two-state mixture models of wa-
ter can, without doubt, be made to give a good account
of the thermodynamics of low temperature and ambient
water16 even though the evidence here for two-state be-
haviour is weak or non-existent. It is probably outside
the scope of the present work to speculate very much on
how this might be, but our view is that it almost certainly
relates to the highly spatial (and orientational) nature of
water structure seen in Fig. 6, and the possibility of a
sharp transition between the low and high density states
at low enough temperature. This characteristic struc-
ture is frequently overlooked in the literature on water.
In that case the two-state picture is “by analogy”, rather
than representing an accurate depiction of what goes on
in the local structure of the real liquid. Certainly, there
is no basis for the claim that the high density state is
also highly disordered.

VI. SUMMARY AND CONCLUSIONS

The foregoing sections provide little evidence for the
claim that water is a mixture of two liquids, one low den-
sity and highly ordered, the other high density and low
order.1 There is no sign of the bimodality in the number
fluctuations over a range of state conditions that would
be required if distinct domains of low and high density
water were present. Claims that high density water is
less ordered than low density water8 cannot be upheld if
a full analysis of the orientational pair correlation func-
tion is performed: the proposed differences in entropy
between these states is relatively small compared to the
total excess entropy that arises from orientational order-
ing. There is however evidence, supported by indepen-
dent computer simulation work, that when low density
water is pressurized, the entropy initially increases be-
fore subsequently falling, with the maximum in entropy
occurring at about the same density and pressure that
the minimum melting point of water occurs, that is on
the boundary in (P, T ) where ice Ih transforms to ice
III. This pattern correlates with the negative thermal
expansion coefficient of water below 277K, and mirrors
a similar rise then fall in the self-diffusion constant of
water over the same density range near the water melt-
ing point. Hence over a finite range of pressure for any
given temperature higher density water may have more
entropy than lower density water, but the effect is rela-
tively subtle and once the maximum entropy is reached,
it starts to fall again as the density is increased further.
Equally it is found here that the higher density amor-
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phous ices, HDA and VHDA have higher entropies than
LDA, suggesting that the more you supercool water, the
more pronounced the entropy increase will become.

Two-state models of water typically assume that the
higher density state also is more disordered and so has
higher entropy. Apart from the weak maximum seen here
in the near ambient liquid with increased density, little
evidence is found in the present work for a large change in
entropy with density. For the two-state models of Anisi-
mov and collaborators,16 the molecular nature of these
states is not specified, other than they have different den-
sities, but for the Tanaka et al. work,22, they are defined
by an order parameter, ζ, which determines how close
the nearest non-bonded molecule is to any given water
molecule. The EPSR models of water presented in this
work have similar distributions of q and ζ to the distri-
butions shown in,22,67 but it is proposed here that this
is simply a consequence of the way these parameters are
defined rather than representing different populations of
two states of water. What is clear is that fluctuations in
density in water are often smaller, even with the com-
pressibility increase at lower temperatures, than in many
other common liquids.

The present results are consistent with, but do not
provide evidence for, the ideas that make up the sec-
ond critical point scenario for water.5,73 The scattering
data for water allow for the possibility of there being
a higher density state at some, currently hypothetical,
lower temperature which has higher entropy than the low
density state, with a sharp transition between them, as
predicted by that scenario. The entropy change, though
significant, is in fact small compared to the overall ex-
cess entropy. There is nothing to say that the continu-
ous transition seen in Fig. 10 with increasing density at
268K would not become sharper if it could be measured
at lower temperatures, and eventually become discontin-
uous at low enough temperature. The lack of experi-
mental data in the relevant regions of (P, T ) space are
a serious limitation to further understanding in this re-
gard. It has become clear from the present work that
the orientational pair correlation function plays a funda-
mental role in determining the macroscopic properties of
water, particularly in the supercooled region, and until
experimental information about that correlation function
is available it is difficult to see how genuine progress to-
wards understanding water in the supercooled state can
be made. Two-state models have made dramatic progress
in interpreting the thermodyanmics of supercooled water
and other fluids in recent years,74 but they seem to make
assumptions about the microscopic nature of water that
are not sustained by experiment. It is interesting that a
completely independent recent X-ray spectroscopy study
of water has come to a similar conclusion.75

SUPPLEMENTARY MATERIAL

The supplementary material gives examples of the
EPSR fits to the scattering data. It also gives the lo-
cation where the source code and executables for EPSR
can be downloaded, and the data repository where all
the EPSR files used in this paper can be obtained. It
discusses the properties of the ζ order parameter in de-
tail.
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