On the oracle complexity of first-order
and derivative-free algorithms for
smooth nonconvex minimization

C Cartis, NIM Gould, PL Toint

October 2010



©2010 Science and Technology Facilities Council

Enquiries about copyright, reproduction and requests for additional
copies of this report should be addressed to:

RAL Library

Science and Technology Facilities Council
Rutherford Appleton Laboratory

Harwell Science and Innovation Campus
Didcot

OX11 0QX

Tel: +44(0)1235 445384
Fax: +44(0)1235 446403
email: library@rl.ac.uk

Science and Technology Facilities Council reports are available online
at: http://epubs.cclrc.ac.uk/

ISSN 1358-6254

Neither the Council nor the Laboratory accept any responsibility for
loss or damage arising from the use of information contained in any of
their reports or in any communication about their tests or
investigations.


mailto:library@dl.ac.uk
http://epubs.cclrc.ac.uk/

On the oracle complexity of first-order
and derivative-free algorithms for smooth
nonconvex minimization

Coralia Cartis', Nicholas I. M. Gould*? and Philippe L. Toint*

ABSTRACT
The (optimal) function/gradient evaluations worst-case complexity analysis available for
the Adaptive Regularizations algorithms with Cubics (ARC) for nonconvex smooth uncon-
strained optimization is extended to finite-difference versions of this algorithm, yielding
complexity bounds for first-order and derivative free methods applied on the same prob-
lem class. A comparison with the results obtained for derivative-free methods by

) is also discussed, giving some theoretical insight on the relative merits of various
methods in this popular class of algorithms.

1 School of Mathematics, The King’s Buildings, University of Edinburgh, EH9 3JZ,
Scotland, EU. Email: coralia.cartis@ed.ac.uk .

2 Computational Science and Engineering Department, Rutherford Appleton Laboratory,
Chilton, Oxfordshire, OX11 0QX, England, EU. Email: nick.gould@stfc.ac.uk .
Current reports available from “http://www.numerical.rl.ac.uk/reports/reports.shtml”.

3 This work was supported by the EPSRC grant EP/E053351/1.

4 Department of Mathematics, Facultés Universitaires ND de la Paix,
61, rue de Bruxelles, B-5000 Namur, Belgium, EU. Email : philippe.toint@fundp.ac.be .
Current reports available from “http://www.fundp.ac.be/~phtoint/pht/publications.html”.

Computational Science and Engineering Department
Atlas Centre

Rutherford Appleton Laboratory

Oxfordshire OX11 0QX

October 21, 2010



Complexity of first-order and derivative-free algorithms for minimization 1

1 Introduction

We consider algorithms for the solution of the unconstrained (possibly nonconvex) opti-
mization problem

mfvin f(z) (1.1)

where we assume that f : IR"™ — IR is smooth (in a sense to be specified later) and
bounded below. All methods for the solution of (ILI]) are iterative and, starting from
some initial guess xzp, generate a sequence {xz;} of iterates approximating a critical point
of f. A variety of algorithms of this form exist, and they are often classified according to
their requirements in terms of computing derivatives of the objective function. First-order
methods are methods which use f(z) and its gradient V, f(z), and derivative-free (or zero-
th order) methods are those which only use f(x), without any gradient computation. This
paper is concerned with estimating worst-case bounds on the number of objective function
and/or gradient calls that are necessary for the specific methods in these two classes to
compute approximate critical points for ([[LII), starting from arbitrary initial guesses z.
These bound in turn provide upper bounds on the complexity of solving (I1]) with general
algorithms in the first-order or derivative-free classes.

Worst-case complexity analysis for optimization methods probably really started with

Nemirovski and Yudin (|19_8j), where the notion of oracle (or black-box) complexity was

introduced. Instead of expressing complexity in terms of simple operation counts, the com-

plexity of an algorithm is measured by the number of calls this algorithm makes, in the
worst-case, to an oracle (the computation of the objective function or the gradient values,
for instance) in order to successfully terminate. Many results of that nature have been
derived since, mostly on the convex optimization problem (see, for instance

|ZDD_4L [ZDDQ, |N_emirmzskj|, |19_9_4|, Agarwal, Bartlett, Ravikummar and WainwriQhH, |20Qd),
but also for the nonconvex case (see ya&asié M M, m, [Nesterov and PolvalJ,
m Gratton, Sartenaer and Toind, m, rti 1d_and Toin M, m, m,
|2Q].DJJ|, or yicem;f], IZQld) Of particular interest here is the Adaptive Regularizations with
Cubics (ARC) algorithm independently proposed by Griewank (|19§].|), Weiser et al (lZDD_ﬂ)
and |N_esiﬂmm11d_&ll;@.k| ), whose worst-case iteration complexit was shown in the

last of these references to be of O(e=3/?) for finding an approximate solution z, such that

the gradient at z, is smaller than ¢ in norm. This result was extended by
m) to an algorithm no longer requiring the computation of exact second-derivatives,
but merely of a suitably accurate approximationﬁ. Moreover, (Cartis et aJJ (|2QlDJ;L |2Q].DJJI)
showed that, when exact second derivatives are used, this complexity bound is tight and
is optimal within a large class of second-order methods.

The purpose of the present paper is to use the freedom left in |Cartis et al. (lZQlM)

IThat is its oracle complexity for a choice of the oracle corresponding to the computation of the objective
function and its first and second derivatives.

2This method also abandonned global optimization of the underlying cubic model and avoided an
a priori knowledge of the objective function’s Hessian’s Lipschitz constant, two assumptions made by

Nesterov and Pglyalgl (IM)
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to approximate the objective function’s Hessian to explore complexity bounds for finite-
difference methods in exact arithmetic, and thereby establish lower bounds on the oracle
complexity of methods for solving unconstrained nonconvex problems, where the oracle
consists of evaluating objective-function and/or gradient values. The ARC algorithm and
the associated complexity bounds are recalled in Section 2l Section [l investigates the case
of a first-order variant in which the objective-function’s Hessian is approximated by finite
differences in gradient values, while Section (4] considers a derivative-free variant where the
gradient of f is computed by central differences and its Hessian by forward differences.
These results are finally discussed and compared to existing complexity bounds by

(M) in Section [

2 The ARC algorithm and its oracle complexity

The Adaptive Regularization with Cubics (ARC) algorithm is based on the approximate
minimization, at iteration k, of (the possibly nonconvex) cubic model

mie(s) = (gr, 8) + $(s, Bis) + soulls|l, (2.1)

were (-, -) denotes the Euclidean inner product and || - || the Euclidean norm. Here By, is a
symmetric n X n approximation of V,, f(x), o > 0 is a regularization weight and

gr = Vamy(0) = Vo f (k). (2.2)

By “approximate minimization”, we mean that a step s, is computed that satisfies

(gi, Sk) + (55, Brsy) + oxl|s]|® <0, (2.3)
<8k, Bk8k> -+ O'k||8k||3 > 0 (24)
my(s) < my(sy,) (2.5)

with
sy = —ayg, and ) = arg m<i{)1 my(—agr), (2.6)

and
[Vami(se)ll = [lgr + Brsk + orl[skl[skl] < xemin[1, [[sk][] [|grl], (2.7)

for some given constant kg € (0, 1).

As noted in [Cartis et al, (IM), conditions (23] and (2Z4]) must hold if s, minimizes
the model along the direction sy/||sg||, while ([Z7]) holds by continuity if s, is sufficiently
close to a first-order critical point of my. Moreover, (2.H)-([26) are nothing but the familiar
Cauchy-point decrease condition. Fortunately, these conditions can be ensured algorith-

mically. In particular, conditions (2.3)—(2.7) hold is s is a (computable) global minimizer

of my (see M, ﬁ%j, Mﬁmﬂﬂ;@, m, see also MEMMM,
). Note that, since V,my(0) = V,f(zg), 27) may be interpreted as requiring a

relative reduction in the nom of the model’s gradient at least equal to g min[1, ||sgl/].

The ARC algorithm may then be stated as presented on the facing page.
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Algorithm 2.1: ARC

Step 0: An initial starting point x( is given, as well as a user-defined accuracy
threshold € € (0,1). Set k= 0.

Step 1: If [|V.f(zx)]| < €, terminate with approximate solution xy.

Step 2: Compute any Hessian approximation Bjy,.

Step 3: Compute a step sy, satisfying (Z3)—(21).

Step 4: Compute f(x + s;) and

fxr) — fzr + si)

- , 2.8
p () (2.8)
Step 5: Set
Tl + Sk lf Pk Z m,
Th41 = .
T otherwise.
Step 6: Set
(0, ok it pp > no, [very successful iteration]
Ok+1 € S [0k, 710%] it n < pr <o, [successful iteration]
(Y10%, Y20%] otherwise. [unsuccessful iteration]
(2.9)

Step 7: Increment k by one and return to Step 1.

In this algorithm, we assume that the constants satisfy 9 > v > 1,1 >n > n; > 0
and oy > 0. We denote by

S = {k > 0| iteration k is successful or very successful in the sense of ([2.9)}
the set of successful iterations, and
Sj:{k‘68|k’§]} and L{j:{O,...,j}\Sj, (210)

the sets of successful and unsuccessful iterations up to iteration j.

It is not the purpose of the present paper to discuss implementation issues or conver-
gence theory for the ARC algorithm, but we need to recall the main complexity results for
this method, as well as the assumptions under which these hold.

We first restate our assumptions.

A.1: The objective function f is twice continuously differentiable on IR™ and its gradient
and Hessian are Lipschitz continuous on the path of iterates with Lispchitz constant
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L, and Ly, respectively, i.e., for all £ > 0 and all a € [0, 1],
IVef(zn) = Vo f(zn + asp)|| < Loasi| (2.11)

and
|Vaaf () = Vo f (21 + asp)|| < Lua|sg]. (2.12)

A.2: The objective function f is bounded below, that is there exists a constant f,,, such
that

f($) Z .flow
for all x € IR™

A.3: Forall k > 0, the Hessian approximation B, satisfies
| Be|| < ks (2.13)

and
(VoS (2x) — Bi)sell < Koullskl? (2.14)

for some constants xkz > 0 and kgy > 0.

We start by noting that the form of the cubic model (2.I]) ensures a remarkable bound on
the the stepnorm and model decrease.

Lemma 2.1. Suppose that (2.3), (24)) and (2.3) hold. Then

3
sl < - ma 1Byl /o Tl (2.15)

and
my(sk) < —tox skl (2.16)

Proof. See Lemma 2.2 in |Cartis et al. (lzmgd for the proof of (ZI7) and Lemma 4.2 in
(Cartis, Gould and Tointl (20098) for that of ZIG). 0

For our purposes it is also useful to consider the following bounds on the value of the

regularization parameter.

Lemma 2.2. Suppose that A.1 and that (2.13) hold. Then there exists a constant k, > 0
independent of n such that, for all k > 0

o < max [ao, H—:} . (2.17)

If, in addition, (2.14) also holds, then there exists a constant omax > 0 independent of n
and € such that, for all k > 0
0t < Opmax- (2.18)
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Proof. See Lemmas 3.2 and 3.3 in |Cartis et al. 12{!1{!&) for the proof of (2.I7) and
Lemma 5.2 in (Cartis et all (IZOQQJ) for that of (ZI8). Note that both of these proofs
crucially depends on the identity (2.2)), which means they have to be revisted if this equality
fails. O

Without loss of generality, we assume in what follows that € is small enough for the second
term in the max of (ZI7) to dominate, and thus that (2I7) may be rewritten to state
that, for all £ > 0

op < 22 (2.19)

If (2I8) holds, then, crucially, the step s, can then be proved to be sufficiently long
compared to the gradient’s norm at iteration k + 1.

Lemma 2.3. Suppose that A.1 and A.3 hold. Then, for all k > 0, one has that, for
some Ky > 0 independent of n,

skl > kg [V f (i + si )l (2.20)

Proof. See Lemma 5.2 in (Cartis et all (lZD_lfﬂ) O

The final important observation in the complexity analysis is that the total number of

iterations required by the ARC algorithm to terminate may be bounded in terms of the
number of successful iterations needed.

Lemma 2.4. Suppose that A.1 and A.3 hold and, for any fived j > 0, let S; and U; be
defined in (210). Assume also that
o Z Omin (221)

for some oin > 0. Then one has that

< 1+ 1) o (222 (222)

Omin

Proof. See Theorem 2.1 in (Cartis et all (|2DJ.Dﬂ|) Observe that this proof uniquely
depends on the mechanism used in the algorithm for updating oy, and its independent of
the values of g5 or Bj. O

Combining those results and using A.2 then yields the following oracle complexity theorem.

Theorem 2.5. Suppose that A.1-A.3 hold, that € € (0,1) is given and that (Z221) holds.
Then the ARC algorithm terminates after at most

N3 €14 [Rge 7], (2.23)
successful iterations and at most

N, & [/@Se_?’/r‘ (2.24)
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iterations in total, where

k5 (f(0) = fiow)/(mas),  as L (omnk?) /6 (2.25)

and

Ks def (14 kg)(2+ KS), Ky def 10g(Tmax/min)/ 10g 71, (2.26)

with kg and & defined in (Z20) and (ZI18), respectively. As a consequence, the ARC algo-
rithm terminates after at most Ny gradient evaluations and at most Ny objective function
evaluations.

Proof. See Corollary 5.3 in [Cartis et al (IM) O

The bound given by (2.23)) is is known to be qualitativelyHtight and optimal for a wide class
of second-order methods (see [Cartis et al. IZD_lDlJ, [ZD_].DLI) Also note that the constants in

([227) and [2:26) do not depend on n.

3 A first-order finite-difference ARC variant

The objective of this section is to extend the ARC algorithm to a version using finite
differences in gradients to compute the Hessian approximation Bj. If the accuracy of
the finite-difference scheme is high enough to ensure that (2.I4) holds, then one might
expect that a worst-case iteration complexity similar to (2.23))-(2.24]) would hold, thereby
providing a first worst-case oracle complexity estimate for first-order methods applied on
nonconvex unconstrained problems.

For defining this algorithm, which we will refer to as Algorithm ARC-FDH, we only
need to specify the details of the estimation of By. If we compute this latter matrix by
using n forward gradient differences at x; with stepsize hy of the form

Vof(wp) — Vo f (z1 + hiej)
D,

(3.1)

(where e; is the j-th vector of the canonical basis) and symmetrize the result, it is well
known (see Mﬁﬂﬁ;ﬂdﬂﬁghﬂ, hm, Section 7.1) that

vaJc(xk) - Bk” < Kenghi (3.2)

for some constant k., € [0, Ly]. The only remaining issue is therefore to define a procedure
guaranteeing that
h’k S ’%hs

sk (3.3)

for some k,, > 0 and all £ > 0. As we show below, this can be achieved if we consider
Algorithm ARC-FDH on the next page, where 3 € (0,1) and k,, > 1.

3The constants may not be optimal.
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Algorithm 3.1: ARC-FDH

Step 0: An initial starting point x( is given, as well as a user-defined accuracy
threshold € € (0,1). If ||V, f(z0)]| < €, terminate. Otherwise, set k =0, j =0
and choose an initial stepsize hoo € (0, 1].

Step 1: Estimate By ; using n gradient differences of the form (B1), using the step-
size hy ;.

Step 2: Compute a step sy ; satistying (23] (Z1).

Step 3: Compute V, f(xy + si;). I ||Vof (2 + sk;)|| < €, terminate with approxi-
mate solution xy, + si ;.

Step 4: If
th > Hhs

skills (3.4)

set hyjy1 = 73hg,;, increment j by one and return to Step 1. Otherwise, set
Sk = Sk,j and hk = th.

Step 5: Compute f(x + s;) and

fxr) — for + si)

= , 3.5
p () (3.5)
Step 6: Set
Tl + Sk lf Pk Z m,
Th41 = .
T otherwise.
Step 7: Set
(0, 0% it pp > no, [very successful iteration]
Ok+1 € S [0k, 710%] it n < pr <o, [successful iteration]
(Y10%, Y20%] otherwise. [unsuccessful iteration]
(3.6)

Step 8: Set hpy10 = hy and j = 0. Increment k by one and return to Step 1 if
Pk > N1, or to Step 2 otherwise.

By convention and analogously to our notation for s, and hi, we denote by By the ap-
proximation Bj, ; obtained at the end of the loop between Steps 1 and 4. Clearly, the test
B4) in Step 4 ensures that ([B3) holds, as requested. Observe that, because the norm
of the step is a monotonically decreasing function as a function of oy (see Lemma 3.1 in
Cartis et all, M%I), it decreases at an unsuccessful iteration, which might then possibly
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require a new evaluation of the approximate Hessian in order to preserve (3.3)). Observe
also that the mechanism of the algorithm implies that the positive sequence {hy} is mono-
tonically decreasing and bounded above by hyo < 1.

It now remains to show that this algorithm is well defined, which we do under the
additional assumption that the (true) gradients remain bounded at all iterates. Since the
sequence {f(zx} is monotonically decreasing, this condition can for instance be ensured

by assuming bounded gradients of the level set {x € IR" | f(z) < f(x0)}.
A.4: There exists a constant x,,, > 0 such that, for all £k > 0

IV f (28] < o

ubg

Lemma 3.1. Suppose that A.1, A.4 and (2Z21) hold, Then (2Z13) holds with

def
’%B é ma“XI: HcHg _'_ Lg7 vV K;O'Hubg:l Z V K}O'Hubg

and, for all k > 0,
(1 —kg) €

max [41-63, Kp+ 3\/%—’%} .

Proof. We first note that ([Z.I1]) ensures that ||V, f(zx)|| < L, for all £ > 0 and
therefore that

1Brjll < 11Brj = Vauf (@) | + [IVaaf ()| < e+ Ly < max| Koy + Ly, \/RoFune ], (3.8)

where we used the triangle inequality, the bound hy; < hoo < 1 and ([B.2). Hence (2ZI3)
holds. Observe now that (2.2)) and the mechanism of the algorithm then implies that, as
long as the algorithm hasn’t terminated,

lgrll > e. (3.9)
We know from (2.7)) and (2.2) that, for all £ > 0,

skl = (3.7)

romin[L, |[sk[] |gkll = [[Varnr(0) + Brsk + orllsellsell = llgell — [ Brse + owllskllskll,
and thus, using ([3.9]), that
| Bisk + ol skllskll = (1 — ro)llgrll > (1 — ro)e.
Taking this bound, (Z13), (ZI3), (Z2) and A.4 into account, we deduce that

(1—kole < rgllspll + orllskl?

< { w0+ 3max 1Bl /orllael ] } el
< {FLB + 3 max [HB, \/Ukl‘iubg” [

proving (B3.7)). -

We are now able to deduce that the inner loop of Algorithm ARC-FDH terminates in a

bounded number of iterations and hence that the desired accuracy on the Hessian approx-
imation is obtained.
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Lemma 3.2. Suppose that A.1, A.4 and (2Z21) hold. Then the total number of times
where a return from Step 4 to Step 1 is executed in Algorithm ARC-FDH is bounded above

by

Fog kp + 2log e-‘ (3.10)
+

log 3

where Ky, > 0 is a constant independent of n and where [a]+ denotes the mazimum of zero
and the first integer larger or equal to o. Moreover A.3 holds.

Proof. The inequality (37) and [2I9) give that

Kol 4K
(1 — Kg)e < max [4/@13, K + 34 /T"g} sk < 61—/1;'||sk||, (3.11)

where we have used the bound kg > |/RyRum, and the inclusion € € (0,1) to deduce the
last inequality. Now the loop between Steps 1 and 4 of Algorithm ARC-FDH terminates
as soon as (B3.4]) is violated, which must happen if j is large enough to ensure that

Fns (1 — “6)63/2
dkp

< K|Sk, (3.12)

where we have successively used the mechanism of the algorithm, and ([BI1]). The second
inequality in (B12]) and the decreasing nature of the sequence {hy} then ensures that (33))
must hold for all k after at most [B.I0) (with k, = k..(1 — kg)/4ks) reductions of the
stepsize by 73, which proves the first part of the lemma. Finally, (3:3)) and (3.2)) imply also
that (2.14]) holds for By. This with (213 ensures that A.3 is satisfied. O

We may then conclude with our main result for this section.

Theorem 3.3. Suppose that A.1, A.2 and A.4 hold, that € € (0,1) is given and that
(ZZ1) holds. Then Algorithm ARC-FDH terminates after at most

N3 €14 [Rge ¥, (3.13)

successful iterations and at most
N, & [/@Se_?’/zw (3.14)

iterations in total, where k& and kg are given by (2.23) and (228), respectively. As a
consequence, the ARC-FDH algorithm terminates after at most

(3.15)

lo + 3 lo
(n‘i‘l):[i n’r & Fh 2 gE—‘
+

log 73

gradient evaluations and at most N1 objective function evaluations.
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Proof. Lemma [B.2] ensures that A.3 holds. Theorem is thus applicable and the
number of successful iterations is therefore bounded by (2.23]), while the total number
of iterations is bounded by (2.24]). The bound (B33 and the bound of the number of
function evaluations then follows from Lemma and the observation that, in addition
to the computation of V. f(xy) (at successful iterations only) and f(xy), each successful
iteration involves an estimation of the Hessian by finite differences, each of which requires
n gradient evaluations, plus possibly at most (310 aditional Hessian estimations at the
same cost. O

Very broadly speaking, we therefore require that at most

LCEAR)
o([)

function evaluations in the worst-case. This is qualitatively very similar to the bound

([224) for the original ARC algorithm.
We close this section by observing that better bounds may be obtained if we assume

gradient and

that the Hessian has a known sparsity pattern. The finite-difference scheme my then be
adapted (see |ﬂlw_el]43nd_TQinﬂ, ‘19_7}1, or khﬂdfaxlmndﬂbmﬂ, |19§5_41) to require much less

than n gradient differences to obtain a Hessian approximation, in which case the factor

n in ([B.I6) may often be replaced by a small constant. Similar gains can be obtained if

f is partially separable (IQLmnkmdﬂlﬁnﬂ, |l9ﬁj) Finally, parallel evaluations of the
gradient in Step 1 may also result in substantial computational savings.

4 A derivative-free ARC variant

We are now interested in pursuing the same idea further and considering a derivative-free
variant of the ARC algorithm, where both gradients and Hessians are approximated by
finite differences. However, this introduces two additional difficulties: the approximation
techniques used for the gradient and Hessian should be clarified and balanced, and some
results we relied on in the previous section (in particular Lemmas and 2.3]) have to be
revisited because they depend on the true gradient of the objective function, which is no
longer available.

Consider the approximation of gradients and Hessians first. From the discussion above,
we see that preserving (2.I4)) is necessary for using results for the original ARC algorithm.
It is then natural to seek a higher degre of accuracy for the gradient itself, since this is the
quantity that the algorithm drives to zero. We therefore suggest using a central difference
scheme for the gradient, in which a quotient of the form

f(xk + tkei) — f(xk — tkei)
2ty

(4.1)
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for some stepsize t;, > 0 is used to approximate the i-th component of the gradient at xy.
It is well-known (see [Nocedal and Wrighﬂ, |ﬁ9ﬁ, Section 7.1) that such a scheme ensures
the bound

IVaf (@) = gill < Feuti (4.2)

for some constant k., € [0, Ly|, where g is now the vector approzimating V,f(zy), i.e.
whose i-th component is given by ([A.T]). Similarly, we may approximate the (7, j)-th entry
of the Hessian at z;, by a quotient of the form

f(:Ek + tre; + tkEj) — f(ZEk + tkei) — f(!lfk + tkEj) + f(:Ek)
t2 ’

(see MQMMgﬁ, M, Section 7.1), yielding the error bound

||vx:cf($k) - Bk” < Kenelk (4.4)

(4.3)

for some constant k., € [0, Ly], where By is the symmetric matrix whose (i, 7)-th entry
(for i > j) is given by the quotient (£3]). Note that ([£4]) give the same type of error bound
as ([B2) above, and we are again interested in an algorithm which guarantees (214 from
[#4), i.e. such that

e < sl (45)

for all £k > 0 and some constant &, > 0.

The gradient approximation scheme also raises the question of proper termination of
any algorithm using gy rather than V,f(x;). Since this latter quantity is unavailable by
assumption, it is impossible to test its norm against the threshold e. The next best thing
is to test ||gx|| for a sufficiently small difference stepsize t;. More specifically, if

gkl < ie and t; < ,/2 € te (4.6)
’%cgt

then (42) and the triangle inequality ensure that ||V, f(xy)| < €, as requested. In what
follows, we assume that we know a suitable value for k., or, equivalently, of t., and then

use (4.6]) for detecting an approximate first-order critical point. The worst-case complexity
is therefore to be understood as the maximum number of function evaluations necessary for
the test ([4.6) to hold.

Using these ideas, we may now state the ARC-DFO variant of the ARC algorithm on
the following page.

As was the convention for Algorithm ARC-FDH above, we denote by By, gx and g;
the quantities By j, gx; and g;;j obtained at the end of the loop between Steps 3 and 7
(we show below that this loop terminates finitely). It is also clear that the stepsizes tj
are monotonically decreasing. We also see that Step 7 ensures (LH). We next verify that
the Hessian approximations remains bounded and that loop between Steps 3 and 7 always
terminates after a finite number of iterations.
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Algorithm 4.1: ARC-DFO

Step 0: An initial starting point xy is given, as well as a user-defined accuracy
threshold € € (0,1). Choose a stepsize tgo < t.. Set k=0 and j = 0.

Step 1: Estimate goo using (A1) with stepsize to ;.

Step 2: If ||go;|| < Le, terminate with approximate solution .

Step 3: Estimate By ; using (A3]) with stepsize ¢y ;.

Step 4: Compute a step sy, ; satisfying (2.3)(2.7).

Step 5: Estimate g,j’j using (41]) with zj, replaced by xj, + si ; and the stepsize t ;.
Step 6: If ||g;’;|| < ie, terminate with approximate solution xj, + sy ;.

Step 7: If
trg > o in||sp ;1 llge ;] (4.7)
set tx 41 = 7stg;, increment j by one and return to Step 3. Otherwise, set
Sk = Sk,j and tk = th.

Step 8: Compute f(x + s;) and

f(xr) — fzp + si)

—mk(sk)

Pk = : (4.8)

Step 9: Set

p+ s it pp >, g i pe >,
Thy1 = Pr=11 and  gri10 = kg .
T otherwise, Ok j otherwise.

Step 10: Set

(0, 0% it pp > no, [very successful iteration]
Opy1 € [0k, Y10%] it m < pp < 1o, [successful iteration]
(Y10, ¥20K]  otherwise. [unsuccessful iteration]

(4.9)

Step 11: Set ty410 = ¢ and j = 0. Increment £ by one and return to Step 3 if
pr > 1M or to Step 4 otherwise.
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Lemma 4.1. Suppose that A.1 and A.4 hold. Then there exists constants ky; > 1 and
Koy > 0 such that, if By ; is estimated at Step 3, then

lgill < K.y and || Bi| < kg (4.10)

for all k > 0. Moreover, we have that
(1 —kg)e
max [4@, Ky + 3, /akmubg]

and there exists a k(o) > 0 such that, at iteration k of Algorithm ARC-DFO, the loop
between Steps 3 and 7 terminates in at most

[log k(oy) + log e—‘ (412)
]'Og V3 + .

[sell > (4.11)

iterations. Finally, the inequalities

lgr = Vaf (@)l < Kornllsell?, (4.13)

sk (4.14)

i = Vaf (@r + s1)|| < Kuihins

and
||Bk - v:c:c.f(xk)n S Remils

skll- (4.15)
hold for each k > 0.

Proof. Consider iteration k. As in Lemma B2, we obtain that ||By ;|| < ks and
therefore that the second inequality in (AI0) holds. The proof of the first is similar in
spirit:

def
gkl < llge — Ve f (@)l + IVaf (@) < Ko + Kung = Fugs

where we used (42), the inequality tx; < top < 1 and A.4. Observe now that the
mechanism of the algorithm implies that, as long as the algorithm isn’t terminated,

gkl = se. (4.16)

As in the proof of Lemma [3.1] (using (4.16]) instead of (3.9)), we may now derive that (d.I1)
holds for all k. Defining

def 1 — Ky

ulok) = max [4%13, Kg + 3, /Uk/{ubg}

this lower bound may then be used to deduce that the loop between Steps 3 and 7 ter-
minates as soon as (A7) is violated, which must happen if j is large enough to ensure
that

thg = teo < 74 < Kemin [u(ox), 3] € < momin|se], llgell] (4.17)
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where we used (L.I6]) to derive the last inequality. This implies that j never exceeds

Fog {[rss minl[ggf%), 31} +log ﬂ

)

+

which in turn yields (II2]) with k(o) . min [1(ok), 1]. Since the loop between Steps 3
and 7 always terminates finitely, (£3]) holds for all £ > 0 and the inequalities (Z13)—-(ZI5)
then follow from (A.2) and (A.4). O

Unfortunately, several of the basic properties of the ARC algorithm mentioned in Section [2]
can no longer be deduced from existing theory. This is the case of (2.19), (2.I8) and (2.20),
which we thus need to reconsider.

The proof of (ZI9) is involved and needs to be restarted from the Cauchy condition
23)-(2.4). This condition is known to imply the inequality

||9k|| Hgk”

_ > i 4.18

f(xk> mk(sk) = HCHng min 1+ ||Bk||’ ( )

for some constant k. € (0,1) (see Lemma 1.1 in Muw UKB_J) We may then build
on this relation in the next two useful lemmas inspired from |C@I_tls_e:cjlj ).

Lemma 4.2. [See Lemmas 3.2 in @M, [QM%I/ Suppose that A.1 and A.4 hold,
and that

108v/2 o
Vorllsl 2 T (g et (s + ) + 65) = (4.19)
— 12

Then iteration k of Algorithm ARC-DFO is very successful and

Ok+1 S Of. (420)

Proof. From (4.19), we have that g, # 0, and thus (AI8) implies that f(zx) > my(sk).
It then follows from (L8] that

pr > o v S fla + s) — fla) — mlmi(sy) — fla)] < 0.
We immediately note that, for k£ > 0,

vp = f(op + sp) — mp(wx) + (1 —n2)[me(sk) — f(xn)].

We then develop the first term in the right-hand side of this expression using a Taylor
expansion of f(xy + si), giving that, for k£ > 0,

flae + sk) — mu(si) = (Vo f (&) — iy 5k) — 2(5k, Brse) — sow|sil)’ (4.21)
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for some & in the segment (xy, xy + s;). But we observe that

IV f (&) — gl < [Vaf (&) = Vaf (@)l + IV f (zr) — gl
Lgllsell + "fegtti

IN

IA

skl llgxl
[Lg + ekt (Vo f (i)l + [ Vaf () = grlllll skl

[Lg _I_ K’egt"{?s('l{'ubg _I_ K'egt)] ||Sk5||7

Lyllskll + Kegri,

IN

IN

where we successively used the triangle inequality, (2.11]), (£2), the negation of (A7), A.4
and the inequality ¢, < 1. Thus the Cauchy-Schwartz inequality, (A.2I]) and the second
inequality of (LI0) give that, for &k > 0,

f i+ si) = mi(si) < [Ly + Kot (g + o) + in] |56 (4.22)

The proof of the lemma then follows exactly as in Lemma 3.2 in|Cartis et all (|2DD_9JI), using
(AIY), with (£22) playing the role of inequality (3.9) and Lj + Keghis(Kuns + Keg) Dlaying
the role of ky. O

We may then recover boundedness of the regularization parameters.

Lemma 4.3. Suppose that A.1 and A.4 hold. Then there exists a k, > 0 such that (2.17)
holds for all k > 0.

Proof. The proof is identical to that of Lemma 3.3 in [Cartis et al. (IZOLM), giving

def 2
Rg = 72Ryp- U

Again, we replace ([2ZI7)) by (2I9) and, since x, does not depend on kg, possibly increase
kg to ensure that kg > Kok, without loss of generality. Armed with these results, we
may return to Lemma [.J] above and obtain stronger conclusions.

Lemma 4.4. Suppose that A.1 and A.4 hold. Then these exists a constant k; > 0 such
that the return from Step 7 to Step 3 of Algorithm ARC-DFO can only be executed at most

Fog ke + 3 log e_‘
+

4.23
log 3 ( )

times during the entire run of the algorithm.

Proof. Replacing (ZI7)) into ([@I1l), we obtain that, for all £ > 0

(1 —kg)e (1 — Kg) /2 def 372
4Kg

Iskll >

s€ Y

max [4/<;B,/<;B +3 moﬁubg/e] B

Thus no return from Step 7 to Step 3 of Algorithm ARC-DFO is possible as soon as j > 0,
the total number of times this return is executed, is large enough to ensure that

th; = Ytoo < 73 < komin [k,.e¥? Le] < womin[|spl], gl
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where we have derived the last inequality using the fact that || gy ;|| > le as long as the
algorithm has not terminated. This imposes that

J<
log 73

min [log (kk..) + 2loge, log (1k,,) + loge],

and the desired bound on j follows with x; = Kk, min|x,., 3]. O

We may also revisit the second part of Lemma 2.2lin the derivative-free context. Our proof

is directly inspired by Lemma 5.2 in |Cartis et al (IZOQQJ)

Lemma 4.5. Suppose that A.1 and A.4 hold. Then there exists a omax > 0 independent
of € such that (218) holds for all k > 0.

Proof. Using (2), the Cauchy-Schwarz and the triangle inequalities, (LI13), ([2.12)
and ([LIH), we know that

flxr+sk) —ma(se) < | Vaef (o) — gill |kl
F1 [IVaaf (6r) = Vaaf (@) + [[Vaaf (2r) — Bill] sl
—Loklskll®

< [Rewhive + 3(Lar + Kenkind) = 303] || s]]?
for some &, € [z, zx + sg]. Thus, using ([LF)) and (ZI0),

f(xr + sk) — mu(sk) < Begthius + WLy + Kemehive) —

lo’k
: <1l-—mn
—1my(sk) 0k

pr—1=

as soon as
2Hcgt’£ts _'_ LH _'_ HcHths

L= 3m

Ok

As a consequence, iteration k is then very successful and o1 < 0. It then follows that

(ZI]) holds with

72(2f{'egt'%ts _I_ LH _I_ ’L{'th’L{'ts)
L= 3m

Omax — INax |0y,

O

It then remains to show that, under (.I3)-(41H), an analog of Lemma 2.3 holds for the
derivative-free case.

Lemma 4.6. Suppose that A.1 and A.4 hold. Then there exists a constant kg, > 0 such
that, for all k > 0,

Isell = rg/llgi - (4.24)
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Proof. We first observe, using the triangle inequality, (£I4]) and (2.1), that

lgill < Mgy = Vaf (@r+ so)ll + Vo f (@ + sx) — Ve (si)l| + [[Vam(si) |
Skll* + 1Vaf (e + s6) = Vamy(si) || + g min[L, [|sg[[] [[gxll

(4.25)

< Hcgt Hts

for all £ > 0. The second term on this last right-hand side may then be bounded for all
k >0 by

1
IVef(@r +sk) — Vemp(sp)l| < ([ Vaf(zr) — gell + || / (Vo (@ + asi) — Byl si da| + oy |5 ||
0

1
< | / {[Vae(wr + ask) — Vo f(@r)] + [Veu f(w1) — Bi]} sk da|
0
+HIVaf(zr) = gl + oxllskl?
< maXae(o,1] || Vae (@ + asp) — Ve f (2)[] |||

+(Kete + Fege) Fee || Sk||? 4 Tmax | Sk

< Ly + (Keme + Feoge) Fes + Tmax || k]
(4.26)

where we successively used the mean-value theorem, (21), the triangle inequality, ([212I),
@I13), (EI8) and 2IF). We also have, using the triangle inequality, (EI3), 2II) and
(E14), that

lgrll < Nlge = Vaf(@p)ll + [[Vaf (zx)l
< Reghullskll® + I Vaf (k + se)ll + Lgllsell
< Reghillsell® + [ Vaf (@r + s6) = g |+ g8 [ + Lllsll
< 2eatinllsell® + gl | + Lollskll-

which implies that, for all £ > 0,
kg min(L, ||sll] [lgell < (260kukins + KoLg)llsill® + rollg |- (4.27)
Therefore, substituting ([L26) and ([L27) into (L25), we obtain that, for all k£ > 0,

Skll® 4 (L + (Ko + Fege) oo + Omad | 5kl|* + (260K s o L ) |51 [1* + ol g5 ]

||9le < Rege Mt
and thus
(1= ro)llgi | < [KoLg + L + Ko (Kerre + 2600 (1 4 K6)) + Omax] || 551

for all £ > 0. This gives ([{.24]) with

p def 1— kg
g HGLg(l + H@) + LH + Kcs(HcHt + 2"€cgt(1 + H@)) + O-max'
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O

We are thus in principle again in position to apply the oracle complexity results for the
ARC algorithm. Unfortunately, Theorem may no longer be applied as such (as it
requires the true gradient of the objective function), but our final theorem is derived in a
very similar manner.

Theorem 4.7. Suppose that A.1, A.2 and A.J4 hold, that € € (0,1) is given and that
(2.21) holds. Then Algorithm ARC-DFO terminates after at most

NS €1 4 [rge 2], (4.28)
successful iterations and at most
N, & (Kse_?’/z-‘ (4.29)

iterations in total, where k& and kg are given by (Z23) and (Z28), respectively. As a
consequence, the ARC algorithm terminates after at most

(4.30)

: 2] [n? 1 1]
(Nl—Nf)(1+2n)—|—Ni{n +5n + }_i_{n —|—3n} [og/ﬁt—lwoge-‘ _
+

2 2 log 3

objective function evaluations.

Proof. Let
Ke={k > 0| min[|[gr], [[grr1ll] > L€}

We the deduce from the definition of successful iterations, (Z16) and ({24]) that

1
flzg) — f(ap) = —mmg(sg) > 4—80mmmmge3/2 for all k€ K. N Spy1.

The mechanism of Algorithm ARC-DFO ensures that the iterates remains unchanged at
unsuccessful iterations. If Algorithm ARC-DFO does not terminate before or at iteration
k, we have that I, N Spy1 = Sy Summing up to iteration k, we therefore obtain that

f(xo) = flann) = D [f(x) = flain)] > 4—180'min7h"€3€3/2\5k+1|
i€S;

Using now AS.2, we conclude that
48(f (o) — fiow)

OminT1 K€%/

|Skt1] <

from which (28] follows with
48(f(£1§'0) - flow)

L
Rg = 3 .
OminTh '%g
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We then use Lemma 2.4] to deduce (£.29). In we ignore the estimations of By ; in Step 3
after a return from Step 7, we now observe that each successful iteration involves up to

en (MED)

function evaluations, while unsuccessful iterations involves 1+ 2n evaluations. Adding the
two, we obtain a number of

(N — Nj)(1+2n) +Nj {1 +on+ @]

evaluations at most, to which we have to add those needed in the loop between Steps 3
and 7, whose number does not execeed

n(n + 1)} [log ke + 2 log e-‘
2 log s +.

{n +
The resulting grand total is then given by (Z.30). O

We may again considerably simplify this result (at the cost of a weaker bound). If we
assume that the terms in n? and n dominate the constants, we obtain that, in the worst

0 ("2 ; on ll 4 [loge[]y + L:,% J) (4.31)

function evaluations are needed by the ARC-DFO algorithm to achieve approximate criti-

case, at most

cality in the sense of (L.6]). Again, known sparsity of the Hessian or partial separability may
reduce the factor n? in (@3] to (typically) a small multiple of n, thereby bridging the gap
between ARC-DFO and ARC itself. The potential benefits of using parallel evaluations of
the objective function are even more obvious here that for Algorithm ARC-FDH. Finally
notice that automatic differentiation may often be an alternative to derivate-free technol-
ogy when the source code for the evaluation of f is available, in which case Algorithm
ARC-FDH is the natural choice.

5 Discussion and conclusions

Comparing algorithms on the basis of their worst-case complexity is always an exercise
whose interest is mostly theoretical, but this is especially the case for what we have pre-
sented above. Indeed, several factors limit the predictive nature of these results on the
practical behaviour of the considered minimization methods. The first is obviously the
worst-case nature of the efficiency estimates, which (fortunately) can be quite pessimistic
in view of expected or observed efficiency. The second, which is specific to the results
presented here, is the intrinsic limitations induced by the use of finite-precision arithmetic.
In the context of actual computation, not only it is unrealistic to consider vanishingly
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small values of €, but the choice of arbitrarily small finite-differences stepsizes is also very
questionable@, even if difficulties caused by finite precision may be attenuated by using
multiple-precision packages. The following comments should therefore be considered as
interesting theoretical considerations throwing some light on the fundamental differences
between algorithms, even if their practical relevance to actual numerical performance is
potentially remote. Designing and studying worst-case analysis in the presence of round-off
errors remains an interesting challenge.

We first note that the gap in worst-case performance between second-order (ARC),
first-order (ARC-FDH) and derivative-free (ARC-DFO) methods is remarkably small if one
consider the associated bounds in the asymptotic regime where € tends to zero. The effect
of finite-difference schemes is, up to constants, limited to the occurence of a multiplicative
factor of size 1 + |loge|, which may be considered as modest. The more significant effect
is not depending on the e-asymptotics, but rather depending on the dimension n of the
problem: as expected, derivative-free methods suffer most in this respect, with bounds
depending on n? rather than n for first-order methods or a constant for second-order ones.

The bounds for derivative-free methods are also interesting to compare with those
derived by M), where direct-search type methods are shown to require at most
O(e™?) iterations to find a point x satisfying ||V, f(xx)|| < € when applied to function
with Lipschitz continuous gradients?). At iteration k, such methods compute the function
values {f(zx + ard | d € Dy}, where Dy is a positive spanning set for IR" and oy an
iteration-dependent stepsize. If one of these value is (sufficiently) lower than f(zy) the
corresponding xj + agd is chosen as the next iterate and a new iteration started. In the
worst-case, an algorithm of this type therefore requires n + lﬁ function evaluations, and
thus its function-evaluation complexity is

o([3])

Thus the ARC-DFO algorithm is more advantageous than such direct-search methods (in
the worst-case and up to a constant factor) if

v [EL] o (u[4))

=0 (g

4Recommended values for these stepsizes are bounded below by adequate roots of machine precision
(see Section 8.4.3 in (Conn, Gould and Toint, 2000 or Sections 5.4 and 5.6 in [Dennis and Schnabel, [1983,
for instance).

SNote that this inequality cannot be used as a stopping criterion, because V, f(z) is unknown. The
complexity result in m’ ) therefore does not directly indicate how many iterations will be per-
formed by the algorithm before its stopping criterion is activated.

5The minimal size of a positive spanning set in IR".

that is if
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It is interesting to note that this inequality only holds for relatively small n, especially for
values of € that are only moderately small, and for a more restrictive class of functions
(A.1 vs. Lipschitz gradients). Direct-search methods are thus very often more efficient (in
this theoretical sense) than Algorithm ARC-DFO, even if the latter dominates for small e.

Finally notice that the central properties needed for proving the complexity result for
the ARC-DFO algorithm are the bounds ([A.I3)—(ZI%). These could as well be guaranteed
by more sophisticated derivative-free techniques where multivariate interpolation is used to
construct Hessian approximation from past points in a suitable neighbourhood of the cur-

rent iterate (see \Conn, Scheinberg and Vlcentel |20_Og [&z‘sam_N&Qedalﬁnd_MﬂmJﬁé |20_ij
lSﬁhﬂnbﬂgmd_']hmﬂ [2Qld for instance). This suggests that a worst-case analysis of

these methods might be quite close to that of Algorithm ARC-DFO. Indeed, if gains in
the number of function evaluations might be possible by the re-use of these past points

compared to using fresh evaluations for establishing a local quadratic model at every iter-
ation, it is not clear that these gains can always be achieved, in particular if every step is
large compared the necessary finite-difference stepsize.
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