1 Introduction

We areinterested in computing afew eigenvalues and the corresponding eigenvectors of alarge sparse
real unsymmetric matrix. This problem is of considerable practical importance since it has a
significant number of applications in scientific and engineering computing, including mathematical
models in economics, Markov chain modelling of queueing networks, and bifurcation problems (for
references, see Saad 1984, the survey of Kerner 1989, and the collection of test matrices of Bai 1993).
In the past few years there has been an increase in interest in solving large unsymmetric eigenvalue
problems. Foremost in the discussions have been methods based on the original method of Arnoldi
(1959). Papers have appeared by, amongst others, Saad (1989), Ho (1990), Ho, Chatelin, and Bennani
(1990), Garratt, Moore, and Spence (1991), Garratt (1991), Sadkane (19913, 1991b), and Sorensen
(1992). In conjunction with the published papers, several codes have been developed which implement
variations of Arnoldi’s method. These include codes by Sadkane (1991a, 1991b), Sorensen (1992), and
Braconnier (1993). These are experimental codes since their use requires details of Arnoldi’s method
to be understood before appropriate values can be given to the input parameters. At present thereisno
code which implements an Arnoldi based method for the unsymmetric eigenvalue problem available
in any of the standard numerical analysis software libraries, including NAG (NAG 1993), the Harwell
Subroutine Library (Anon 1993), and LAPACK (Anderson et. al. 1992).

The recent Release 11 of the Harwell Subroutine Library includes a code EB12 by Duff and Scott
(Duff and Scott 1993) which uses a subspace iteration algorithm, optionally combined with
Chebychev acceleration, to find either the eigenvalues of largest modulus or the right-most (or
left-most) eigenvalues of a sparse unsymmetric matrix. Since numerical experiments described in Saad
(1980, 1984) and Garratt (1991) indicate that Arnoldi methods can be more effective than subspace
iteration methods in computing the outermost part of the eigenspectrum, we are interested in designing
a new code for the Harwell Subroutine Library which offers Arnoldi based methods. This is the
primary goal of this paper.

The paper is organized as follows. In Section 2 we briefly review Arnoldi’s method and describe
some of its variants within a common framework. In Section 3 we discuss the design and devel opment
of our new code which implements these Arnoldi based methods. This codeis called EB13. In Section
4 the performance of EB13 on a vector supercomputer and on a high-performance workstation is
tested and compared with that of the subspace iteration code EB12. Concluding comments are made in
Section 5 and the specification sheets (write-up) for EB13 are given in the Appendix.



2 Arnoldi’s method and its variants

2.1 Thebasic Arnoldi method

Several variants of Arnoldi’s method have been proposed in the literature. In this section we will
briefly summarize some of these. For completeness, we first outline the basic Arnoldi algorithm. Here
and elsewhere A will denote areal sparse unsymmetric nxn matrix with eigenvalues A, A,,..., A,..
Arnoldi’s method for finding a few eigenvalues of A proceeds as follows: given an initial vector x,
with unit norm, at each step m (m>1) construct an orthonormal basis X, =[x ,X,,....X,,] for the
Krylov subspace K ,, spanned by [x,, AX,,...,A™"x,] by computing w=Ax,, , and orthonormalising
w with respect to X, X,,..., X,,, t0 obtain x,.. The matrix H=XTAX is upper Hessenberg and its
eigenvalues provide approximations to m eigenvalues of A. It isnot possible to state in general which
eigenvalue approximations will converge first but the method favours convergence to eigenval ues that
lie in the outermost part of the spectrum of A, with rapid convergence of approximations to well
separated eigenvalues. If clustered eigenvalues are sought, a large number of steps is generaly
required. Saad (1980) has shown that as the number of steps m increases, the growth in the
computational time and the storage required by Arnoldi’s method becomes prohibitive. Saad proposed
overcoming this difficulty by using the method iteratively so that mis fixed (in general, m<<n) and
the process is restarted every m steps.

It is convenient for introducing variants of Arnoldi’s method to split the method into a number of
separate steps. Suppose the eigenvalues of A are ordered with |A;|>|A,]=...2|A,| and that A, is
required. The main stepsin the basic Arnoldi algorithm for finding A, may be summarized as follows:

Algorithm Al: Basic Arnoldi
1. Initialization: Choose the number of steps m and an initial vector x,; with unit norm.

2. Arnoldi steps:
For j=1,2,...mdo
(i) w; =AX;
(i) h; =xiij, i=1,2,...,j.

J
(i) s =w, -3 xh,

(V) higi=lIsllzs X =S/Npay -
end do
Set X =[X1, X500 Xl

3. Eigenvalue computation: Reduce the upper Hessenberg matrix H = {h;;} to real Schur form
T=Z"HZ ,where T isablock triangular matrix and each diagonal block T;; is either of order 1
or is a 2x2 matrix having complex conjugate eigenvalues, with the eigenvalues ordered in
descending order of their absolute values along the diagonal blocks. Set X 0 XZ.

4. Convergence test and restart: If the first column x, of X satisfies the convergence criteria then
accept A, and stop elsego to 2.

In practice, to overcome the loss of orthogonality of the vectors x;, the Gram-Schmidt method in Step
2 is combined with iterative refinement (see Daniel, Gragg, Kaufman, and Stewart 1976). We have



found that one step of iterative refinement is sufficient for the computation of each x; (see also
Sorensen 1992). Throughout the remainder of this paper it is assumed that the Gram-Schmidt method
with iterative refinement is employed.

Once the eigenvalue A, has been found, the corresponding (approximate) eigenvector y, of A can
be determined. The eigenvector w, of the matrix T corresponding to A, is first found using a
backsubstitution process (Peters and Wilkinson 1970) and then the eigenvector of A is taken to be
y, =Xw, (see, for example, Duff and Scott 1993 for further details).

When more than one eigenvalue (or more than one complex conjugate pair of eigenvalues) is
required, instead of restarting the method with x, equal to the latest approximation to the basis vector
associated with the sought-after eigenvalue, the restart vector may be taken to be alinear combination
of basis vectors of the form iai X;, wherer isthe number of eigenvalues sought. The main drawback
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with this approach is deciding how to choose the coefficients a; systematicaly; for hard problems it
can be difficult to achieve convergence. Braconnier (1993) chooses a; to be the residual Ay, —Ay;.
An aternative approach is to combine algorithm A1 with deflation. Deflation techniques have been
discussed by Saad (1989) (see also Duff and Scott 1993). In this study we will only use implicit
deflation techniques. For the basic Arnoldi method, implicit deflation proceeds as follows. Suppose
the first k-1 basis vectors X, X,,...,X,_; corresponding to A,, A,,..., A,_, have already converged
(k=1<r) and x, is orthogonal to each of the vectors x,, X,,..., X,_,. On the next iteration m-k Arnoldi
steps are performed in which the orthogonality of xj,j =k, k+1,...,magainst X;, including X, X,,..., X,
is enforced. Since the vectors x,, X,,...,X,_; ae “locked”, so is the corresponding part of the Schur
matrix T (that is, the leading (k—1) x (k-1) submatrix of T) and it is necessary only to reduce a
Hessenberg matrix of order m—k to real Schur form and compute its eigenvalues.

2.2 Block Arnoldi

Block Arnoldi methods have been discussed by Sadkane (1991a). These methods aim to compute
approximations to a block of eigenvalues at once. They can be advantageous when the dominant
eigenvalue of A is amultiple eigenvalue or if the wanted eigenvalues are clustered. The other major
advantage of block methods is that they are able to exploit Level 3 BLAS (see Section 3.7), and this
can make them competitive with unblocked methods even if only one eigenvalue is sought (see Tables
2aand 2b in Section 4).

Choosing the blocksize to be n,, (n, > 1), the block Arnoldi method for finding the r eigenvalues of
A of largest moduli proceeds as follows:



Algorithm AB1: Block Arnoldi

1. Initialization: Choose the number of steps m and an initiadl mxn, matrix X ; with orthonormal
columns.

2. Block Arnoldi steps:
Forj=1,2,...mdo
(i) W, =AX,
(i) Hij:XiTWj,izl,Z,...,j.

J

(iv) Q;R; =S, (QRfactorizationof S), H;,;;=R;, X;;;=Q;.
end do

Set X =[X;, X X1,

3. Eigenvalue computation: Reduce the block upper Hessenberg matrix H = {H;;} to real Schur
form T=ZTHZ , where each diagonal block T; is either of order 1 or is a2 x 2 matrix having
complex conjugate eigenvalues, with the eigenvalues ordered in descending order of their
absolute values along the diagonal blocks. Set X 0 XZ.

4. Convergence test and restart: If the first r columns of X satisfy the convergence criteria then
accept A4, A,,..., A, and stop elselet X, bethefirst n, columns of X and go to 2.

Again, in practice iterative refinement is used in Step 2 to compensate for any lossin orthogonality.

An obvious choice for the block size is n, =r, the number of required eigenvalues. However,
numerical experience has shown it is often advantageous to choose a block size n, >r. Some results
which illustrate this are included in Section 4 (Tables 4.4a and 4.4b). For problems in which the
required eigenvalues can be split into groups of clustered eigenvalues with the groups well separated,
the block size should be at least as large as the largest cluster of eigenvalues sought. If n, <r, some
work can be saved by locking a block of vectors as soon as all the vectors in the block have converged.

2.3 Arnoldi with Chebychev acceleration

In practice, the basic Arnoldi method (both blocked and unblocked) can perform badly and the number
m of Arnoldi steps required for convergence can be prohibitively large. To overcome this difficulty
and to improve the overall performance of Arnoldi’s method, Saad (1984) proposed using the basic
Arnoldi method in conjunction with a polynomial filter. In this method, the restart vector is taken to be
P(A)X, /|Ip(A)X,]l, where p is a polynomial chosen to amplify the components of x, in the direction of
the basis vectors corresponding to the required eigenvalues A, A,,..., A, , whilst damping those in the
directions of the remaining basis vectors. Thus, on each iteration, p is chosen to be small on the set Sof
unwanted eigenvalues {A,,;,A,.,,..., A} and to satisfy the normalization condition

p(A,)=1. (2.1)

A simple procedure is to look for such a polynomia on a continuous domain E containing S but
excluding A,, A,,..., A, . The problem of determining p becomes the minimax problem

min max [p(A)] , (2.2)

peP, A €E



where P, is the set of all polynomials of degree not exceeding | satisfying (2.1). This problem can be

solved if E isrestricted to an ellipse with its centre on the real line and containing S. Let E=E(d, ¢, @)

denote an ellipse centre d, foci d+c, major semi-axis a, and which is symmetric with respect to the real

axis. The polynomial solving the minimax problem (2.2) is then
T [(A-d)/c]

pi(A) = TI0h, —dy/q * (2.3)

where T, (A) is the Chebychev polynomial of degreel of thefirst kind. Here A, is termed the reference
point. Further details may be found, for example, in Manteuffel (1977) and Saad (1984).
Associated with each A; £Sis a convergence factor

=D+ (A~ ~c?)
A =+ (A ~d)? =)' |

C,(d,c)= (2.4)

The choice of d, c,a which give an ellipse E(d, ¢, @) enclosing all A; e Sthat minimises max C,(d, ¢) is
AjES

the optimal ellipse and is used to define the iteration polynomial (2.3). An algorithm for computing the
optimal ellipse is described by Ho (1990).

Omitting for the present details of how to construct the optimal ellipse and how to choose the degree
of the Chebychev polynomial, the Arnoldi algorithm with Chebychev acceleration for finding the r
right-most eigenvalues of A may then be described as follows:

Algorithm A2: Arnoldi with Chebychev acceleration
1. Initialization: See algorithm A1l
2. Arnoldi steps: See algorithm A1l

3. Eigenvalue computation: Reduce the upper Hessenberg matrix H = {h;;} to real Schur form
T=Z"HZ ,where T isablock triangular matrix and each diagonal block T is either of order 1
or is a 2x2 matrix having complex conjugate eigenvalues, with the eigenvalues ordered in
descending order of their real parts along the diagonal blocks. Set X [0 XZ.

4. Convergence test and restart: If the first r columns of X satisfy the convergence criteria then
accept A;, A,,..., A, and stop else choose the degree | of the iteration polynomial p,(A). Construct
the ellipse E(d,c,a) containing the unwanted eigenvalues. Define p,(A) and compute
X=p,(A)x,, where x, isthe first column of X. Set x, 0 X/|X||, and go to 2.

Aswith algorithm A1, the difficulties associated with choosing an appropriate restart vector may be
avoided by employing implicit deflation. In this case, once x4, X,,..., X,_; have converged (k-1<r), on
the next iteration the restart vector is taken to be the first unconverged column x, of X. Then
P, (A)x /1P, (A)x I, isformed and orthogonalised against each of the converged vectors X, X,,..., X, -
An (m—k) x (m-k) Hessenberg matrix must be reduced to real Schur form.

By replacing A by —A, algorithm A2 may be used to compute the left-most eigenvalues of A.
We remark that the matrix polynomial p,(A) need not be formed explicitly since to compute p, (A)x

it is necessary only to form | matrix-vector products with the original matrix A and take linear
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combinations. If p,(A) is defined by (2.3), the three-term recurrence relation for Chebychev
polynomials may be used. Since the ellipse E(d, c,a) is symmetric about the real axis, d and c are
either purely real or imaginary so that complex arithmetic can be avoided.

2.4 Block Arnoldi with Chebychev acceleration

Algorithm A2 can be generalized to a block algorithm. Choosing the blocksize to be n,, the block
Arnoldi method with Chebychev acceleration for finding ther right-most eigenvalues of A proceeds as
follows:

Algorithm AB2: Block Arnoldi with Chebychev acceleration
1. Initialization: See algorithm AB1.
2. Block Arnoldi steps: See algorithm ABL1.

3. Eigenvalue computation: Reduce the block upper Hessenberg matrix H = {H;;} to real Schur
form T=Z"HZ , where each diagonal block T; is either of order 1 or is a 2 x 2 matrix having
complex conjugate eigenvalues, with the eigenvalues ordered in descending order of their real
parts along the diagonal blocks. Set X 0 XZ.

4. Convergence test and restart: If the first r columns of X satisfy the convergence criteria then
accept A;, A,,..., A, and stop else choose the degree | of the iteration polynomial p, (A). Construct
the ellipse E(d,c,a) containing the unwanted eigenvalues. Define p,(A) and compute
X 0O p,(A)X,, where X ; isthefirst n, columns of X. Orthonormalise the columns of X and let
X, be the resulting set of orthonormal columns. Go to 2.

Some work can be saved by locking vectors within a block as soon as they have converged. If the
first k-1 vectors have converged (k—1<n,), then on the next iteration, the restart matrix may be taken
to be X =[X1, X0, Xpers Py (A)X -, P (A)X,, ] 1 Ny <1, once a block of vectors has converged, the
whole block may be locked.

2.5 Polynomial preconditioned Arnoldi

The idea behind polynomial preconditioned Arnoldi methodsis to replace A by a matrix of the form
C=p(A), where p(A) is a polynomial, and to perform an Arnoldi method using C in place of A (see
Saad 1989). The polynomial p(A) is chosen so that a sought-after eigenvalue A, is transformed by p
into an eigenvalue of C that is very large compared with the remaining eigenvalues. Arnoldi’ s method
using the matrix C can be expected to converge rapidly to this eigenvalue. The eigenvalues of C are
related to those of A by A,(C) =p(A;(A)) and the approximate eigenvalues of A can be obtained from
the computed eigenvalues of C by solving a polynomial equation. However, if p(A) isa polynomial of
degree |, this process is complicated by the fact that, for each value A;(C) of C, the polynomial
equation has | roots that are candidates for approximating one eigenvalue A, (A) of A. This difficulty
may be avoided by using a Galerkin process whereby, at the end of the Arnoldi steps, the mx m matrix
B =XTAX isexplicitly computed. The eigenvalues of B then approximate m eigenvalues of A and the
eigenvectors of the real Schur form for B may be used to obtain the corresponding approximate
eigenvectors of A. This is analogous to the procedure used in the subspace iteration algorithm (see
Stewart 1976 and Duff and Scott 1993).



The scaled and shifted Chebychev polynomial given by equation (2.3) is a suitable choice for the
preconditioning polynomial. Again, the matrix C=p,(A) is not formed explicitly but the three-term
recurrence relation for Chebychev polynomialsis used to form matrix-vector products with the matrix
C.

The Chebychev preconditioned Arnoldi method for finding the r right-most eigenvalues of A may
be summarized as follows:

Algorithm A3: Chebychev preconditioned Arnoldi

1. Initialization: Choose the number of steps m and an initial vector x; with unit norm. Set =1,
pi(A)=A.

2. Arnoldi steps: See algorithm A1 with A replaced by p,(A) in (i).

3. Eigenvalue computation: Compute B=X"AX. Reduce B to real Schur form T=Z"BZ , where
each diagonal block T, is either of order 1 or is a 2x2 matrix having complex conjugate
eigenvalues, with the eigenvalues ordered in descending order of their real parts along the
diagonal blocks. Set X 0 XZ.

4. Convergence test and restart; If the first r columns of X satisfy the convergence criteria then
accept A;, A,,..., A, and stop else choose the degree | of the iteration polynomial p, (A). Construct
the ellipse E(d, c,a) containing the unwanted eigenvalues. Define p,(A). Let x, be the first
column of X and go to 2.

At each iteration the polynomial preconditioned algorithm is significantly more expensive than
algorithm A2 since it requires (m—1) matrix-vector products of the form p, (A)x, compared with only
one such product for algorithm A2. In addition, algorithm A3 requires the explicit computation of the
matrix B=X"AX and B has first to be reduced to upper Hessenberg form before it is reduced to real
Schur form. It is probably because of the extra cost per iteration that algorithm A3 has not been
implemented in any of the experimental codes cited in Section 1. However, we have found that for
more difficult problems and for problems for which more than one eigenvalue is required, the extra
work per iteration may not lead to an increase in the overall cost since algorithm A3 frequently
requires only asmall number of iterations to achieve convergence. Thisisillustrated in Section 4 (see
Tables 4.3a and 4.3b).

Some savings in the computational costs can be realised by employing implicit deflation when the
number of required eigenvaluesis greater than 1.

2.6 Block preconditioned Arnoldi

In the same way that algorithm A2 can be generalized to the block algorithm AB2, the preconditioned
Arnoldi algorithm A3 can be generalized to a block method. This agorithm will be called algorithm
AB3 andisasfollows:



Algorithm AB3: Block Chebychev preconditioned Arnoldi

1. Initialization: Choose the number of steps m and an initial mxn, matrix X ; with orthonormal
columns. Set =1, p,(A) =1.

2. Block Arnoldi steps : See algorithm AB1 with A replaced by p, (A) in (i).
3. Eigenvalue computation: See algorithm A3.

4. Convergence test and restart: If the first r columns of X satisfy the convergence criteria then
accept A;, A,,..., A, and stop else choose the degree | of the iteration polynomial p,(A). Construct
the ellipse E(d, c,a) containing the unwanted eigenvalues. Define p,(A). Let X, be the n,
columns of X and goto 2.

3 Thenew code EB13

In this section we discuss the design of a new code, EB13, which implements all the variants of
Arnoldi’ s method considered in Section 2. We look at the user interface, the use of control parameters,
the user-supplied parameters, the stopping criteria, the ellipse construction, and updating the degree of
the Chebychev polynomial. Finally in this section, we consider the exploitation of BLAS in EB13.

3.1 Theuser interface

Subroutines in the EB13 package are named according to the naming convention of the Harwell
Subroutine Library. The single-precision version subroutines all have names that commence with
EB13 and have one more letter. The corresponding double-precision versions have the same names
with an additional letter D. For clarity, in the remainder of this paper we will refer only to the
single-precision subroutines. There are three subroutines in the EB13 package that are called directly
by the user. These are as follows:

(@) EB13I : Initialization of control parameters. This subroutine is normally called once prior to
callsto EB13A and EB13B.

(b) EB13A: Computation of the right-most eigenvalues.

(c) EB13B: Computation of the eigenvectors and scaled eigenvector residuals corresponding to the
computed eigenvalues. Use of this subroutine is optional.

One of the main features of EB13 is the use of reverse communication, so that the user is not
required to supply the matrix A explicitly but whenever the code requires matrix-vector products,
control isreturned to the user. This allows full advantage to be taken of the sparsity and structure of A,
and of vectorisation and parallelism. It also gives the user greater freedom in choosing how to store the
matrix A and allows for cases where the matrix is not explicitly available but only the action of A on
vectors is known. In addition, it allows flexibility in using the code to compute other parts of the
eigenspectrum using a shift-and-invert technique or to work with @A) in place of A. ¢{A) could be a
rational function. For example, ¢{A) could be the generalized Cayley transformation used by Garratt
(1991). Furthermore, it allows the user employ explicit Wielandt deflation techniques (see, for
example, Saad 1989).



3.2 Control and information parameters

Another important design feature of EB13 isthat no common blocks are used. We feel thisisan aid to
portability and it is consistent with the policy employed by other major recent additions to the Harwell
Subroutine Library, including MA42, MA47, and MA48 (see Anon 1993). In EB13 thefollowing arrays
take the place of common blocks.

(i) Aninteger array | CNTL and areal array CNTL which control the action of EB13A. The control
variables include the maximum number of matrix-vector products allowed, the level of printing,
the stream numbers for error and warning messages, and the convergence tolerance. A control
variableis also used to determine which of the variants of Arnoldi’s method discussed in Section
2 isimplemented. EB13 allows the user to choose which variant is employed since there is no
loss in efficiency in offering each the variants AJ/AB1, A2/AB2, A3/AB3 (much of the code is
common to all the methods) and practical experience has shown that the method which givesthe
best performance for one problem may not necessarily give the best performance for another (see
Section 4). The control variables are given default values by the initialization routine EB131 ,
which should normally be called once by the user at the start of the computation. Should the user
want the control variables to have values other than the defaults, the appropriate variables should
be reset after the call to EB13]1 .

(i) Two arrays | NFO and RI NFO, which on each return to the user provide integer and red
information regarding the execution of the code. This information includes the current elipse
parameters, the degree of the current Chebychev polynomial, and the number of eigenvalues
which have converged.

(iii) Two arrays | KEEP and KEEP, which are used to hold variables which must be preserved
between calls to EB13A.

Further details of | CNTL, CNTL, | NFO, RI NFO, | KEEP, and KEEP are given in the specification
sheets (see Appendix).
3.3 Input parameters
The user is required to set the following parameters prior to the first call to EB13A.
(8) N: the order of the matrix A.
(b) NUMEI G the number of required eigenvalues.
(c) NBLOCK: the size of the block to be used (if NBLOCK =1 an unblocked method is used).
(d) NSTEPS: the number of Arnoldi steps on each iteration.

(e) LN: the first dimension of the array which on successful exit will hold the converged basis
vectors. LN=Nis required.

Of these parameters, the only ones the user may need advice on choosing are NBLOCK and
NSTEPS. Deciding whether or not to use a block method depends, in part, upon the separation of the
eigenvalues. If the user requires A, and A, where Re(A,) >>Re(A,), convergence will generally be
achieved more quickly and in a smaller number of iterations using an unblocked method. This is
illustrated by tests performed with the matrix IMPCOLA in Section 4 (Tables 4.3a and 4.3Db).



Conversdly, if the required eigenvalues are multiple eigenvalues or are clustered, there will be
advantages in using a block method. Tests using the matrix GRE1107 illustrate this in Section 4.

Experience has shown us that the last vectors in a block can be slow to converge but that
convergence of the requested NUVEI G eigenvalues can often be achieved more rapidly by choosing
the block size NBLOCK to be greater than NUMEI G. Again, this is demonstrated in Section 4 (see
Tables 4.4aand 4.4b ). However, EB13 does allow the user to choose a block method with NBLOCK
smaller than NUMEI G. This option can be useful if the wanted eigenvalues are clustered in groups
which are themselves well separated. Of course, the user may not have prior knowledge of the
distribution of the eigenvalues. One of our primary aims when designing EB13 was that the code,
while being flexible, should be robust in the event of the user making a poor choice for the input
parameters. We have designed the stopping criteria (which are discussed in Section 3.4 below) so that
the computation will terminate if convergence to the regquested accuracy is not being achieved with
acceptable speed. In this event, the user is advised to assign a different value to NBLOCK (and,
optionaly, to NSTEPS) and start the computation again. The (inaccurate) approximations to the
eigenvalues aready computed should allow the user to choose values which will lead to successful
convergence on a subsequent run.

The parameter NSTEPS is the other important parameter which must be set by the user. The value
of NBLOCK*NSTEPS influences the effectiveness of EB13 since the storage required is proportional
to (NBLOCKINSTEPS)? and, at each iteration, the cost of the Arnoldi steps is proportiona to
(NBLOCKINSTEPS)? [N, and computing the eigenval ues of the Hesenberg matrix H is proportional to
(NBLOCKINSTEPS)?. Thisis discussed by Sadkane (19914). It is clear that if NSTEPS is chosen to be
large, the computational costs per iteration and the storage requirements become prohibitively large,
but if NSTEPS is too small, the Krylov subspace will not contain enough information and a large
number of iterations can be needed to achieve convergence. In practice, if NSTEPS is chosen too
small, the stopping criteria used by EB13 will terminate the computation. Should this happen, we do
allow the user to restart the computation with a revised value for NSTEPS. This restart exploits the
approximations to the basis vectors already computed. Full details of restarting the computation are
given in the specification sheets for EB13 (see Appendix).

3.4 Thestopping criteria

At the end of each iteration it is necessary to test the computed basis vectors for convergence (Step 4 of
the algorithm descriptions in Section 2). Following the recent recommendations of Chatelin and
Fraysee (1993), we have chosen the stopping criteria used by EB13 to be based on the backward error

_ ”(AX _XT)i ||2

res, =
' [IAIl

(3.1)

If ||A]l, is known, it should be passed to EB13A on theinitial call (for details, see Appendix). If ||A]|,
is not known but an estimate of the norm of A for any appropriate norm (such as the 1-norm, the
infinity norm, or the Frobenius norm) is available, this should be passed to EB13A. This norm will
replace ||A]l, in (3.1). Supplying the code with the norm of A saves computational effort since,
otherwise, the Frobenius norm of A (J|A]l¢ =(22a§)%) is computed by EB13A at the start of the
computation. This involves n matrix-vector procliujcts of the form Ax (n is the order of A). Control is
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returned to the user by EB13A n times for the necessary products to be performed. EB13A
accumulates the results and the computed norm ||A||- is stored and returned to the user in the
information variable RI NFQ( 5) (see Appendix). If the user wishes to perform more than one
computation with the same matrix (for example, both the right-most and the left-most eigenval ues may
be of interest), work can be saved on the second and subsequent runs by passing the norm of A
computed on the first run.

We remark that the stopping criteria used by Duff and Scott (1993) in the code EB12 was not based
on the residual (3.1) but on theresidual R; given by

_IAX=XT), I,
A

However, Chatelin and Fraysee have found that it is advisable to use ||A]| in the stopping criteria to
alow for matrices with large norms. Thisisthe case, for example, when a matrix is highly non-normal
(recall that v=|JATA - AAT| quantifies the nonnormality of a matrix A and, since v<2||A||?, as v
increases so does ||A])).

(3.2)

For convergence of the ith basis vector we require res; <CNTL( 1) , where the control parameter
CNTL( 1) isthe convergence tolerance. The default value for CNTL( 1) is+/u, where u isthe machine
precision. Thisis value assigned to CNTL( 1) by the call to the initiaization subroutine EB13I1 (see
Appendix). The code EB13 only accepts the basis vectorsin the order i =1, 2,...,r so that res; is only
computed and tested for convergence once res;, i=1,2,...,j—1 have all satisfied the convergence
criteria.

EB13 monitors for lack of convergence and slow convergence. Let A;(k) and res;(k) denote,
respectively, the computed approximation to the j th eigenvalue and the corresponding scaled residual
on the k th iteration. For al k sufficiently large, the scaled residuals should satisfy

res; (k+1) <res;(K).
However, if

res; (k+1) >res;(k) >CNTL( 1)
and

A, (k+1) - A, (K)] < CNTL( 1) (102 Omax (}A; (k+2)], |A; (K)]),

EB13 accepts A, (k+1) and issues a warning that the convergence tolerance requested by the user has
not been achieved. Convergence of thej th eigenvalueis considered to be intolerably slow if, for some
k, one of the following sets of conditions holds.

(i) res;(k+1)<CNTL(1) 102, res; (k+1)s|_r2?>2<3resj (k=1), res; (k+1)20.9D|_rB1?>2(3r05j (k-1).
(ii) res,(k+1-1)=0.8[tes; (k-1),1=0,1,2,3.
(i) res;(k+1) <res;(k), res, (k) >res; (k-1), res;(k-1) <res; (k-2), res;(k-2) >res; (k-3),

In this case, EB13 again accepts A; (k+1) and issues awarning. Note that condition (iii) is designed to
terminate the computation if the residuals start to oscillate, which we found could happen in practice.

In the event of a problem failing to converge, we ensure afinite termination of the computation by
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imposing alimit on the maximum number of matrix-vector products allowed. Thislimit is determined
by the control parameter | CNTL( 5) , which has a default value of 10000. The maximum number of
matrix-vector products allowed is | CNTL(5) * NUVEI G (NUMEI G is the number of wanted
eigenvalues). If the number of matrix-vector products required exceeds this, the user is offered the
option of increasing | CNTL( 5) and continuing the computation from the point at which it was halted.
For details, see Appendix.

3.5 Ellipse construction

When using algorithm A2 or A3 (or their block generalizations), at each iteration it is necessary to
construct an dlipse E(d,c,a) enclosing the unwanted part of the eigenspectrum. Manteuffel’s
technique (Manteuffel 1975 and 1977) for constructing the optimal ellipsein the case of the solution of
linear equations was extended by Saad (1984) to the unsymmetric eigenvalue problem. Since
Manteuffel’ s algorithm requires the reference eigenvalue A, to be real (see (2.3)), when the reference
eigenvalue is complex, Saad replaces A, by the point y on the real line having the same convergence
ratio as A, with respect to the ellipse found on the previous iteration. In general, yZ A, and so the
ellipse found by Saad is only an approximation to the optimal ellipse.

Ho (1990) introduced a new agorithm which avoids the shortcomings of Saad's method and
computes the optimal ellipse with respect to A, . For full details of this algorithm the reader is referred
to Ho (1990) and Ho, Chatdin, and Bennani (1990). Recently, Braconnier (1993) proposed an
algorithm which is much simpler than that of either Saad or Ho, but does not necessarily determine the
optimal elipse. If the unwanted eigenvalues A, ,,,..., A, are ordered in decreasing order of their real
parts, Braconnier’s algorithm proceeds as follows:

Re(A r+1) + Re(/‘ m)
2

1. Setd= , a=Re(A,,;)—d, and v=0.0.

Im(A,
2. Set b=max falm(A, )l
" ya’ - (Re(A;) -d)?
3. If E(d, c,a) isfeasible then stop else

IRe(A 1) — VRe(A))|
(v+1.0) '

d c?=a’-b?.

Set v=v+l, a=a+
goto2.

At each iteration, Ho (1990) and Braconnier (1993) use only the current estimates of the unwanted
eigenvalues to construct the ellipse. Our numerical experience has shown that, at iteration Kk, it is
necessary to construct the positive complex hull containing the current estimates of the unwanted
eigenvalues and points on the convex hull from iteration k=1 lying to the left of the current estimate of
the right-most wanted eigenvalue (that is, A,). The ellipse is then determined from the points on the
convex hull. Thisis discussed further by Duff and Scott (1993). When implementing the algorithms of
Saad, Ho, and Braconnier within the code EB13 we have modified them to use the convex hull.

In his experimental code, Braconnier (1993) offers the user the option of employing either the
ellipse construction algorithm he has developed or that of Ho (1990). However, Braconnier does not
provide numerical results to illustrate the effects of not determining the optimal elipse. We have
performed some experiments on the test examples described in Section 4. In these tests algorithms A2
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and A3 were combined with the different elipse construction agorithms. The ellipse agorithms
involve only scalar operations. Moreover, since the convex hull is used, the number of points on which
the ellipse is constructed is small and, in each test case, the time for finding the ellipse was negligible
compared with that for the matrix-vector products and for the reduction to Schur form and checking
for convergence. There appeared to be little to choose between the performance of the ellipse
algorithms and none of them displayed a consistent advantage over the others. Since Ho's algorithm
does compute the optimal ellipse, in EB13 we have decided to use Ho's algorithm as the default
ellipse construction algorithm but offer the user the option of using either the algorithm of Braconnier
or the algorithm of Saad. This choice is controlled by the parameter | CNTL( 8) (see Appendix for
further details).

3.6 Thedegree of the Chebychev polynomial

It is well known that a severe limitation of combining Arnoldi’s method with the use of Chebychev
polynomials is the sensitivity of performance with the degree | of the polynomial. If | is chosen to be
too small, convergence will be unnecessarily slow and there may be no convergence. However, if | is
too large, more matrix-vector products than are really necessary will be performed and again
convergence may not be achieved. We would like a code which is efficient on arange of problems but
isalso robust. Asaresult of our numerical experiments, in EB13 the following criteriafor determining
the degree of the Chebychev polynomial are used. Here we let | (K) denote the degree of the polynomial
on the kth iteration.

(1) Onthefirst few iterations, we anticipate that we may not have a good dlipse (that is, an dlipse
which contains the unwanted spectrum of A rather than the computed unwanted eigenvalues). In
this case it is sensible to update the ellipse quite quickly. In particular, we require I(k+1)<I,
where

I, =1(k) x (1 +log,4(k+1)) , (34)

with (1) = 40. This bound ensuresthat I(k+1) varies from I(k) in a controlled manner and that the
degree of the iteration polynomial increases as the €ellipses improve. The initial value 1(1) =40
was chosen as a result of numerical experiments. So that (k) does not grow without limit, we
impose a maximum restriction on the degree [(k) <1 CNTL( 3) for al k, where | CNTL( 3) isa
control parameter (see Section 3.2). The default value for | CNTL( 3) set by the initialization
subroutine EB13I is 800.

(2) Weimpose the restriction on the degree of the Chebychev polynomial used by the code EB12,
namely I(k+1)<I, where

|, =0.5x(1+log,,(u™)/log,,(ratio)). (3.5

Hereratio istheratio of the convergence rates of the slowest and fastest converging eigenvalues
(see Duff and Scott 1993).

(3) Near convergence we attempt to limit the number of unnecessary matrix-vector products by
limiting the degree of the polynomial. If res, < CNTL( 1) [10? (see (3.1)), we set I(k+1) <1,
where

l;=tx(1+]log,z(res,/CNTL( 1) )]), (3.6)
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with t=40. This condition is taken from Duff and Scott (1993). We found that it was necessary
only to impose this condition for algorithms A3 and AB3. In general, for algorithms A2 and AB2
the number of unnecessary matrix-vector products which results from choosing too large a
degree for the Chebychev polynomial is small and we found that imposing the restriction (3.6)
on these algorithms could result in more iterations being required and an increase in the overall
cost of achieving convergence.

If the user does not wish the code to use the above criteria for determining the degree of the
polynomial, the degree may be chosen at each iteration using the control parameter | CNTL( 4) . If
| CNTL( 4) hasthe default value 0, the above criteria (1)—(3) are used to select the polynomia degree,
but if | CNTL(4) is greater than O then the degree of the Chebychev polynomia is taken to be
| CNTL(4) . We have included this option since it allows the user to experiment with choosing
different degreesfor theiteration polynomials and it provides additional flexibility if it proves difficult
to obtain convergence with the requested accuracy for a particular problem.

3.7 Theuseof high level BLAS

Within the code EB13, only dense linear algebra operations are performed. For efficiency we exploit
Levels 2 and 3 BLAS kernels when performing these operations (Dongarra, Du Croz, Hammarling,
and Hanson 1988 and Dongarra, Du Croz, Duff, and Hammarling 1990). There are two main placesin
EB13A where we use BLAS. The first is in the Gram Schmidt orthogonalisation process and the
second is during the test for convergence. For the unblocked algorithms (A1, A2, and A3), the Gram
Schmidt process requires matrix-vector products of the form

and
w—w-=X;h, (5.2)

where X =[x, X,,..x;,] OR™, wOR™*, and hOR™* (j=1,2,...,m). In EB13, the Level 2 BLAS
routine_GEMYV is used to perform each of these matrix-vector products. To orthonormalise the vector
X; .1 With respect to each of the vectors x,, X,,..., X; using the Gram Schmidt process with one step of
iterative refinement requires four callsto _ GEMV. For the block algorithms (AB1, AB2, and AB3), if
n, isthe blocksize, in (5.1) and (5.2) we have X =[X,, X,,..., X;]1 0 R™I™ wOR"™™ andhOR" ™.
In this case the Level 3routine_ GEMM isused in place of _GEMV.

When testing the ith basis vector for convergence it is necessary to compute ||(AX —XT);|l,. In
EB13Athe Level 2 BLAS kernel _GEMYV isused to compute (AX —XT); and then the Level 1 kernel
_NRM2 is used to compute res;. Only if x; is accepted isres,,; computed.

4 Numerical experiments

In this section we report the results of using EB13 to compute the right-most eigenvalues of some
matrices arising from practical problems. The performance of EB13 is compared with that of the
subspace iteration code EB12. EB12 offers two algorithms: simple subspace iteration for computing
the eigenvalues of largest modulus (algorithm S1) and subspace iteration combined with Chebychev
acceleration for computing the right-most (or left-most) eigenvalues (algorithm S2).
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Most of the test problems were taken from the the Harwell-Boeing sparse matrix collection (Duff,
Grimes, and Lewis 1992), which is widely used in testing and evaluating sparse matrix agorithms.
The problems we selected and some of their characteristics are given in Table 4.1. The test problems
GRT200 and GRT400 were supplied by Garratt (1990). We tested each of the Arnoldi based
algorithms described in Section 2 on a subset of the test matrices (the entries marked with * in Table
4.1) then, based on our findings for this subset, we performed further tests using the remaining test
matrices and the algorithms A3, AB2, and AB3 only. The subset we used for the comprehensive
testing comprised HOR131, GRE1107, PORES3, GRT200, and GRT400. The matrices HOR131 and
GRE1107 were chosen since they provide examples of matrices with eigenvalues which are not
favourably separated. For the matrix PORES3, A, 0-0.35, A,, 0-0.15110°, and |A; — A, |/|A,| is small
for i small (here we are assuming the eigenvalues are ordered in descending order of their rea parts).
The matrices GRT200 and GRT400 have similar properties, that is, the left-most eigenvalues are large
and negative while the right-most eigenvalues (which are those of practical importance) are close to
the imaginary axis. The matrix IMPCOLA is rather different since for this matrix A, (00.58C110,
A, 00.120110%, and A, 0-0.13(10*. Hence A, is well separated and should be easy to compute using
any of the algorithms we have discussed, but we anticipate that computing more than one eigenvalue
will be harder.

Table 4.1. Characteristics of the matrices used for performance testing.

Matrix Order Ntémtr)ilm [IA]l: Description
GRE1107* 1107 5664 1.8E+01 Simulation of computer systems
GRT200* 200 796 6.8E+04 Hopf bifurcation problem
GRT400" 400 1596  3.9E+05 Hopf bifurcation problem
HOR131* 434 4710 2.1E+00 Flow network problem
IMPCOLA* 207 572 2.4E+03 Heat exchanger network
IMPCOLB 59 312 1.4E+01 Cavett’s process
IMPCOLC 137 411 1.4E+02 Ethylene plant model
IMPCOLD 425 1339 1.4E+02 Nitric acid plant model
IMPCOLE 225 1308 1.6E+04 Hydrocarbon separation problem
NNC261 261 1500 3.9E+03 Nuclear reactor model
NNC666 666 4044 6.5E+03 Nuclear reactor model
NNC1374 1374 8606 9.6E+03 Nuclear reactor model
PORES2 1224 9613 1.5E+08 Reservoir modelling
PORES3" 532 3474  6.6E+05 Reservoir modelling
WEST0156 156 371 1.9E+07 Chemical engineering model
WEST0167 167 507 6.4E+05 Chemical engineering model
WEST 0381 381 2157 3.0E+03 Chemical engineering model
WEST 2021 2021 7353 1.8E+06 Chemical engineering model

The numerical experiments were performed on an IBM RISC System/6000 Model 550 using double
precision arithmetic and on a single processor of a Cray Y-MP using single precision arithmetic.
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Throughout this section, r denotes the number of eigenpairs sought and n, denotes the blocksize. For
EB13, mis the number of Arnoldi steps used on each iteration (so that the order of the Hessenberg
matrix is mn,), and for EB12, mis the subspace dimension. For EB13, Res,,, denotes the maximum
of the scaled eigenvector residuals given by (3.3), and for EB12, Res,,, iS given by

ICAY; = Ayl
max — MaX —— 7 =S ——
1sisr |I(AY)ll,

We have this difference since the code EB12 uses (3.2) in place of (3.1). In each test, the implicit
deflation techniques outlined in Section 2 are used wherever appropriate. The convergence tolerance
CNTL( 1) istaken to be ullL0¥, where u is the machine precision, and k=3 for the RS/6000 and k=4
Cray Y-MP. In the tables of results (which are presented together at the end of this section), an entry
which is marked with an T indicates the requested accuracy was not achieved before the stopping
criteria terminated the computation and an entry marked by ** indicates the default number of

Res 4.1)

matrix-vector products was insufficient. All CPU timings are in seconds. On each machine, the
implementations of the BLAS provided by the manufacturer are employed.

In Tables 4.2a and 4.2b we present a comparison of the subspace iteration and Arnoldi methods for
computing the right-most eigenval ue of each of the test matrices marked with *in Table 4.1. Table 4.2a
gives results for the Cray Y-MP and Table 4.2b for the IBM RS/6000. For the matrices GRT200,
GRT400, and PORESS3 the right-most eigenvalues are not those of largest modulus, so the simple
subspace iteration algorithm S1 and the basic Arnoldi algorithms A1 and AB1 are not appropriate. in
these initial tests we are only interested in computing a single eigenvalue (or one complex conjugate
pair of eigenvalues), but we did perform some runs using the block algorithms (with n, >r). From the
tables we observe that, as expected, each of the algorithms converged to the right-most eigenval ue of
the matrix IMPCOLA in asingle iteration. The additional matrix-vector products used by the Arnoldi
based algorithms for this problem are the products to compute ||A||-. Compared with the unblocked
methods, the block methods generally required more matrix-vector products but a smaller number of
iterations for convergence. On the Y-MP, this resulted in the block methods AB2 and AB3 requiring
less total CPU time than the unblocked methods A2 and A3 but, on the RS/6000, the difference was
less clear-cut and algorithm A2 generaly performed well. On both the Y-MP and the RS/6000,
algorithm A2 terminated in less time than algorithm A3, although for the matrix PORES3, A2 did not
achieve the requested accuracy before the stopping criteria for slow convergence stopped the
computation. Algorithm S2 failed to achieve the requested accuracy for this problem within the default
number of matrix-vector products. We did try other values of m but for each of the values tried,
algorithm S2 did not achieve the required accuracy within the default limit.

In Tables 4.3aand 4.3b we compare the performances of the subspace iteration and Arnoldi methods
for computing the eight right-most eigenvalues of the test matrices HOR131, GRE1107, IMPCOLA,
and PORESS3. For the unblocked algorithms, for HOR131, GRE1107, and IMPCOLA we give results
for m=24 and m=40; for PORES3 results for m=40 and m=64 are given since m=24 gave much
poorer results. For the block algorithms, we took the block size to be n,=r+2 (for IMPCOLA,
n,=r+3 since A, and A,,; are a complex conjugate pair of eigenvalues), and the number of Arnoldi
steps to be m=4, 6, or 8. These choices were made for m since experience has shown that, for the
block methods, the best computational times are achieved by taking a much smaller number of Arnoldi
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steps on each iteration than for the unblocked methods. Recall that the storage requirements are
proportional to mn, and the Hessenberg matrix is of order mn,,, so with the values of mand n, we used
the storage requirements and work involved in computing the eigenvalues of the Hessenberg matrix
were generally similar for the block and unblocked methods.

For the relatively straightforward test examples HOR131 and GRE1107, the subspace iteration
algorithm S1 performs well (when the computational times for convergence are considered) compared
with the Arnoldi algorithms. As expected, for these problems with clustered eigenvalues, the basic
Arnoldi methods (A1 and AB1) require a large number of iterations and a large number of Arnoldi
steps per iteration and, in general, these methods are seen not to be competitive with either the Arnoldi
methods with Chebychev acceleration or the preconditioned Arnoldi methods. For the matrices
IMPCOLA and PORES3, the subspace iteration algorithm performed poorly, failing to give the
requested accuracy. For the matrix IMPCOLA (which does not have clustered eigenvalues), the block
methods AB2 and AB3 performed less well than their unblocked counterparts A2 and A3. For
PORES3, agorithm AB2 with m=4 did not converge within the default number of matrix-vector
products and, for arange of values of m, A2 failed to achieve the required accuracy. For most of the
problems tried, algorithm A2 performed less well than algorithm A3 when more than one eigenvalue
was required. We found that, for A2, the eigenvalues converged one at a time so that the number of
iterations required increased with the number of eigenvalues sought. However, for A3, severa
eigenvalues converged at a single step so that the number of iterations required was often no more than
for the convergence of a single eigenvalue.

We performed some experiments using different block sizes for algorithms AB2 and AB3. We
summarize our findings in Tables 4.4a and 4.4b. In each of the reported tests the number of Arnoldi
steps per iteration was taken to be 8. For problems IMPCOLA and GRE1107, with n, =r, algorithm
AB2 did not give the requested accuracy since convergence was too slow. Algorithm AB3 appeared to
be less sensitive to the choice of n, but using n, >r in place of n, =r generally resulted in smaller
maximum residuals. On the basis of our experience, we would recommend using ablock size whichis
at least as large as the largest cluster of wanted eigenvalues.

We experimented further with algorithms A3, AB2 and AB3 using the test problems given in Table
4.1 which were not used in Tables 4.2 and 4.3. The results are in Tables 4.5a and 4.5b. They broadly
confirm our previous findings. In general we see that algorithm AB2 requires a greater number of
iterations for convergence than algorithms A3 and AB3. However, since each iteration for AB3
involves (m-1)In, matrix-vector products while for AB2 each iteration involves only In, products (I is
the degree of the Chebychev polynomial), the total number of products for AB2 (and the time taken to
compute them) can be significantly less than for AB3. This conflict between a small number of
iterations and a small number of products makes it impossible (without some prior knowledge of the
problem) to predict which of the algorithms A3, AB2, and AB3 will converge in the shortest time. For
this reason we alow the user of EB13 to choose which method is employed. The default offered by
EB13 is AB3, which reduces to A3 if the user sets the blocksize to 1.
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Table 4.2a. A comparison of subspace iteration and Arnoldi methods

for computing the right-most eigenvalue (Cray Y-MP).

CPU Time

Problem  Algorithm m n, Iterations Matrix-vector for Total CPU Res, .
products products Time
HOR131 S1 10 6 509 0.19 0.24 5.47E-13
S2 10 4 449 0.17 0.21 5.10E-13
Al 10 5 485 132 1.36 5.69E-13
AB1 8 5 516 125 133 4.68E-12
A2 10 2 495 1.35 1.38 2.86E-14
AB2 8 2 548 1.30 1.35 3.01E-14
A3 10 2 815 219 2.25 3.85E-14
AB3 8 2 1028 191 2.00 1.03E-13
GRE1107 S1 8 19 2991 144 1.77 3.90E-12
S2 8 28 5079 2.39 3.06 2.21E-12
Al 12 15 1289 4.43 4.63 1.66E-05t
AB1 6 58 2503 4.93 7.27 5.16E-12
A2 12 7 2050 7.04 7.30 9.57E-15
AB2 6 5 2387 4.83 5.30 7.08E-12
A3 12 2 1572 5.36 5.50 6.32E-12
AB3 6 2 1959 4.44 4.75 1.23E-12
IMPCOLA S1 10 1 29 0.01 0.02 1.42E-13
S2 10 1 29 0.01 0.02 1.42E-13
Al 10 1 218 0.08 0.10 2.96E-14
A2 10 1 218 0.08 0.10 2.96E-14
A3 10 1 218 0.08 0.10 2.96E-14
GRT200 S2 8 12 6535 2.03 221 3.17E-10t
A2 8 8 1802 0.88 0.99 1.42E-14
AB2 4 6 2276 0.36 0.51 4.35E-15
A3 8 5 2269 1.13 1.65 6.67E-15
AB3 4 5 3656 0.54 0.73 5.11E-15
GRT400 S2 8 25 13703 8.40 8.86 7.02E-09t
A2 8 8 2812 2.78 3.00 9.34E-14
AB2 4 7 3948 1.29 161 1.63E-14
A3 8 6 3914 3.80 4.10 5.46E-15
AB3 4 6 6392 1.98 2.39 5.89E-15
PORES3 52 12 * % * % * % * % * %
A2 12 13 6218 12.82 13.39 5.21E-09t1
AB2 6 10 13292 7.70 8.86 3.37E-12
A3 12 7 7899 16.25 16.99 3.86E-13
AB3 6 6 10560 6.22 711 5.52E-12
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Table 4.2b. A comparison of subspace iteration and Arnoldi methods

for computing the right-most eigenvalue (IBM RS/6000).

CPU Time

Problem  Algorithm m n, Iterations Matrix-vector for Total CPU Res, .
products products Time
HOR131 S1 10 7 749 0.56 0.75 1.08E-16
S2 10 4 429 0.28 0.49 1.87E-12
Al 10 5 485 0.81 0.89 5.69E-13
AB1 8 6 532 0.92 1.19 2.79E-14
A2 10 2 495 0.95 0.98 2.41E-16
AB2 8 2 548 0.98 1.05 3.33E-16
A3 10 2 815 1.50 1.75 2.82E-16
AB3 8 2 1028 145 1.73 6.55E-16
GRE1107 S1 8 11 2935 2.86 347 5.84E-13
S2 8 16 5127 4.83 7.35 8.97E-13
Al 12 15 1289 3.67 4.63 4.46E-05T
AB1 6 62 2599 4.99 16.95 1.74E-12
A2 12 7 2050 5.36 6.73 3.18E-16
AB2 6 5 2387 471 7.37 4.50E-16
A3 12 3 2156 5.81 7.17 1.09E-11t
AB3 6 2 1959 4.68 6.26 1.22E-12
IMPCOLA S1 10 1 29 0.01 0.02 1.42E-13
S2 10 1 29 0.01 0.02 1.42E-13
Al 10 1 218 0.08 0.10 2.94E-14
A2 10 1 218 0.08 0.10 2.94E-14
A3 10 1 218 0.08 0.10 2.94E-14
GRT200 S2 8 16 9079 1.74 245 3.87E-12t
A2 8 8 1802 0.66 1.02 4.73E-16
AB2 4 6 2276 0.36 0.83 3.90E-16
A3 8 5 2269 0.86 1.25 2.11E-16
AB3 4 5 3752 0.61 1.35 1.20E-16
GRT400 S2 8 14 9271 354 511 2.29E-111
A2 8 10 3621 2.76 3.90 9.30E-14
AB2 4 8 6648 193 4.29 2.51E-17
A3 8 6 3914 2.63 3.92 3.36E-16
AB3 4 6 6428 1.99 4.20 2.16E-16
PORES3 52 12 * % * % * % * % * %
A2 12 13 6218 9.62 12.55 5.20E-09t
AB2 6 10 16516 11.34 20.54 1.71E-14
A3 12 7 8295 12.14 15.72 1.24E-13
AB3 6 7 12524 8.38 14.55 8.59E-14
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Table 4.3a. A comparison of subspace iteration and Arnoldi methods
for computing the eight right-most eigenvalues (CRAY Y-MP).

CPU Time

Problem  Algorithm m n, Iterations Matrix-vector for Tota_l CPU Res, .«
products products Time

HOR131 S1 40 7 835 0.22 0.53 5.29E-12
24 11 1197 0.25 0.48 5.77E-13

S2 40 18 4073 0.62 1.49 3.29E-12
24 18 3311 0.64 1.02 1.77E-12

Al 40 6 673 1.78 1.99 9.09E-13
24 23 948 241 271 1.79E-12

AB1 410 14 1004 1.38 2.25 5.60E-12
6 10 7 864 1.33 231 3.17E-13

A2 40 3 590 157 1.70 1.15E-12
24 11 871 2.28 2.57 2.22E-13

AB2 410 3 845 133 1.56 0.89E-13
6 10 4 1002 141 1.90 3.08E-13

A3 40 2 1117 291 3.06 1.84E-12
24 2 888 2.32 2.40 9.11E-13

AB3 4 10 3 1764 1.56 1.86 2.78E-13
6 10 2 1514 1.49 184 2.85E-12
GRE1107 S1 40 38 10593 174 5.26 4.66E-12
24 34 7512 1.60 2.86 5.39E-12

S2 40 50 12728 2.08 7.69 5.91E-12
24 49 9397 2.02 4.40 5.85E-12
Al 40 74 4280 15.51 25.61 1.84E-04t
24 72 3074 10.38 15.08 1.20E-03t

AB1 410 101 5157 5.78 22.07 1.74E-12
6 10 51 4177 5.13 23.01 1.84E-12
A2 40 38 8056 25.25 30.88 5.69E-08t
24 47 7510 27.27 27.35 4.90E-08t
AB2 410 9 6036 7.77 9.65 1.11E-09t
6 10 4 2812 4.45 6.32 1.36E-13

A3 40 2 2762 9.30 9.75 1.04E-14
24 2 2091 7.05 7.31 8.26E-14

AB3 4 10 4 6317 571 7.02 1.05E-13
6 10 2 3237 4.57 5.55 5.99E-14
IMPCOLA S2 40 33 2561 0.06 1.85 1.48E-10t
24 92 3801 0.10 1.87 5.18E-10t

A2 40 6 469 0.17 041 1.06E-12
24 22 797 0.28 0.62 2.61E-06T

AB2 6 11 6 786 0.10 0.99 3.28E-13
811 4 675 0.10 1.26 2.23E-14

A3 40 2 454 0.15 0.27 1.43E-14
24 3 461 0.16 0.22 5.87E-13

AB3 6 11 4 1142 0.12 1.06 1.08E-13
811 3 1098 0.10 1.02 6.07E-15

PORESB 82 40 ** * % ** * % * %

A2 40 47 14257 28.83 31.83 4.39E-061
64 35 15610 31.79 37.00 1.27E-06t

AB2 410 10 25041 8.06 10.33 1.61E-12
6 10 9 22774 6.43 8.99 3.69E-12

A3 40 5 11793 22.72 24.08 1.73E-12
64 4 11089 21.29 2291 1.09E-12

AB3 4 10 9 25412 6.65 9.16 4.70E-12
6 10 7 24062 6.35 9.38 3.99E-14
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Table 4.3b. A comparison of subspace iteration and Arnoldi methods
for computing the eight right-most eigenvalues (IBM RS/6000).

CPU Time

Problem  Algorithm m n, Iterations Matrix-vector for Tota_l CPU Res, .«
products products Time

HOR131 S1 40 6 918 0.77 2.18 5.29E-12t
24 10 1136 0.80 1.78 1.23E-13

S2 40 13 4543 3.62 6.91 4.77E-13
24 15 3046 2.30 3.85 6.79E-13

Al 40 6 675 122 2.28 1.39E-12
24 23 948 1.72 3.02 2.13E-12

AB1 410 17 1124 158 5.48 4.29E-13
6 10 7 864 1.28 5.39 1.39E-13

A2 40 3 594 1.18 1.74 6.35E-13
24 11 880 1.88 2.72 2.67E-14

AB2 410 3 871 1.26 2.19 9.40E-15
6 10 4 1034 135 3.83 1.68E-15

A3 40 2 1191 2.30 3.13 6.36E-13
24 2 934 1.79 2.20 9.23E-14

AB3 4 10 3 1884 1.95 3.33 8.92E-16
6 10 2 1614 194 3.44 2.64E-13
GRE1107 S1 40 22 10640 13.42 25.26 1.05E-12
24 26 8127 7.73 13.07 1.98E-12

S2 40 25 12671 15.87 32.85 1.36E-12
24 25 8933 831 15.93 2.50E-12t
Al 40 55 3421 9.61 31.55 3.42E-071
24 59 2651 7.01 15.38 1.14E-041
AB1 410 121 5197 6.84 57.11 6.64E-111
6 10 63 4897 6.62 80.90 1.23E-12
A2 40 30 6776 19.29 35.44 1.86E-06t
24 42 7376 21.16 32.55 6.04E-08t

AB2 410 5 3367 5.47 10.49 1.23E-13
6 10 4 2962 4.98 11.73 3.02E-14

A3 40 2 2762 8.08 10.90 2.50E-15
24 2 2091 5.95 7.32 5.86E-15

AB3 4 10 4 6317 8.38 16.21 8.88E-16
6 10 2 3237 5.32 10.23 4.22E-15
IMPCOLA S2 40 39 2965 0.31 7.71 7.93E-12t
24 100 4169 0.50 6.39 4.68E-111
A2 40 13 757 0.24 2.30 1.58E-08t
24 20 758 0.27 1.32 9.50E-14

AB2 6 11 5 732 0.14 3.75 3.98E-13
811 4 600 0.19 5.65 3.09E-14

A3 40 2 492 0.16 0.69 1.47E-14
24 3 477 0.13 041 6.67E-14

AB3 6 11 4 1307 0.23 3.22 2.13E-16
811 3 1252 0.32 4.64 6.52E-17

PORESB 82 40 ** * % ** * % * %
A2 40 27 9965 17.55 27.61 4.00E-05t
64 33 17781 29.33 56.05 1.97E-06t
ABZ 4 10 ** * % ** * % * %

6 10 9 22774 11.84 29.77 2.10E-12

A3 40 5 11916 20.42 28.54 4.33E-13
64 4 11245 19.87 27.37 4.32E-13

AB3 4 10 10 28632 14.75 32.43 8.35E-13
6 10 7 23612 11.77 30.03 6.97E-14
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Table 4.4a. The effect of the blocksize n, (CRAY Y-MP).

CPU Time

Problem  Algorithm m n, Iterations Matrr[l;gl\jc(i(;tor for TOEI.?I nf;PU Res, .«

P products

HOR131 AB2 4 8 3 730 1.30 154 9.38E-13

4 10 3 845 1.33 1.56 0.89E-13

AB3 4 8 3 1450 151 1.79 2.58E-13

4 10 3 1764 1.56 1.86 2.78E-13

GRE1107 AB2 6 8 11 4591 9.12 12.40 6.48E-101

6 10 4 2812 4.45 6.32 1.36E-13

AB3 6 8 2 2811 4.50 5.42 1.64E-12

6 10 2 3237 457 5.55 5.99E-14

IMPCOLA AB2 8 8 32 2904 0.30 8.69 6.85E-07t

811 4 675 0.10 1.26 2.23E-14

AB3 8 8 3 879 0.11 0.92 7.302E-14

8 11 3 1098 0.10 1.02 6.07E-15

PORES3 AB2 6 8 11 22129 9.65 12.63 4.38E-12

6 10 9 22774 6.43 8.99 3.69E-12

AB3 6 8 7 24076 7.55 10.37 1.23E-14

6 10 7 24062 6.35 9.38 3.99E-14

Table 4.4b. The effect of the blocksize n, (IBM RS/6000).
: CPU Time
Problem  Algorithm m n, Iterations Mat:l())g&lcet(;tor for TOtTé?In%PU Res, .«

P products

HOR131 AB2 4 8 3 756 113 1.76 8.80E-14

4 10 3 871 1.26 219 9.40E-15

AB3 4 8 3 1570 1.70 2.66 1.14E-15

4 10 3 1884 1.95 3.33 8.92E-16

GRE1107 AB2 6 8 8 3877 7.52 16.39 7.25E-111

6 10 4 2962 4.98 11.73 3.02E-14

AB3 6 8 3 4939 7.06 14.02 2.69E-121

6 10 2 3237 5.32 10.23 4.22E-15

IMPCOLA AB2 8 8 9 996 0.18 5.52 1.36E-06t

8 11 4 600 0.19 5.65 3.09E-14

AB3 8 8 3 991 0.20 212 1.22E-12

8 11 3 1252 0.32 4.64 6.52E-17

PORES3 AB2 6 8 11 22129 13.03 28.21 1.61E-13

6 10 9 22774 11.84 29.77 2.10E-12

AB3 6 8 7 22676 12.23 26.78 4.89E-13

6 10 7 23612 11.77 30.03 6.97E-14
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Table 4.5a. Further results for algorithms A3, AB2, and AB3 (Cray Y-MP).

. CPU
Problem  Algorithm r m n, Iterations Metricvector Time TO@ it Res, .«
products for products Time

IMPCOLB A3 8 40 2 1715 0.32 0.46 4.02E-14
AB2 8 5 8 4 1346 0.05 0.25 1.32E-12

AB3 8 5 8 2 1427 0.05 0.16 8.48E-14

IMPCOLC A3 14 56 2 2164 0.56 0.81 1.64E-14
AB2 14 4 14 4 1752 0.09 0.53 2.32E-14

AB3 14 4 14 2 1943 0.08 0.34 4.96E-13

IMPCOLD A3 8 40 2 2081 173 1.99 2.64E-14
AB2 8 6 10 5 3265 0.65 159 2.42E-12

AB3 8 6 10 3 5215 0.81 1.58 2.70E-14

IMPCOLE A3 8 40 2 1880 141 1.59 1.28E-14
AB2 8 6 10 2 755 0.22 0.48 1.35E-14

AB3 8 6 10 2 2355 0.35 0.68 7.67E-15

NNC261 A3 8 24 2 876 0.80 0.90 7.03E-14
AB2 8 4 10 2 751 0.29 0.50 4.87E-13

AB3 8 4 10 2 1551 0.37 0.61 6.51E-13

NNC666 A3 8 24 2 1327 3.17 3.33 1.13E-13
AB2 8 4 10 3 1461 1.89 2.24 1.21E-12

AB3 8 4 10 3 3556 2.32 2.93 1.01E-12

NNC1374 A3 8 24 2 2058 10.39 10.80 1.00E-12
AB2 8 4 10 4 2690 8.05 9.25 6.10E-13

AB3 8 4 10 3 4264 8.66 10.11 1.61E-13

PORES2 A3 4 16 2 1863 10.13 10.33 1.21E-12
AB2 4 10 6 8 4203 11.71 15.36 2.11E-13

AB3 4 10 6 3 6378 11.90 14.28 7.61E-13

WEST0156 A3 8 48 4 2415 0.58 0.93 1.78E-12
AB2 8 6 10 8 1387 0.09 0.98 2.67E-13

AB3 8 6 10 5 4516 0.16 0.83 1.87E-13

WEST0167 A3 8 48 2 1064 0.33 0.50 4.95E-13
AB2 8 8 10 3 645 0.09 1.20 8.64E-13

AB3 8 8 10 2 1737 0.12 0.91 8.80E-14

WEST0381 A3 8 24 2 1366 172 184 9.25E-15
AB2 8 4 10 3 1227 0.64 0.95 2.07E-13

AB3 8 4 10 3 3271 0.90 131 5.59E-15

WEST2021 A3 4 28 5 9781 44.81 47.34 4.00E-17
AB2 4 11 5 5 3500 11.07 13.71 247E-15

AB3 4 11 5 2 4136 11.40 13.12 7.16E-14
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Table 4.5b. Further results for algorithms A3, AB2, and AB3 (IBM RS/6000).

. CPU
Problem  Algorithm r m n, Iterations Metricvector Time TO@ it Res, .«
products for products Time

IMPCOLB A3 8 40 2 1715 0.20 0.71 3.40E-16
AB2 8 5 8 4 1346 0.09 0.72 1.61E-13

AB3 8 5 8 2 1427 0.09 0.47 8.48E-14

IMPCOLC A3 14 56 2 2326 0.58 1.49 1.96E-16
AB2 14 4 14 4 1752 0.08 1.67 7.85E-15

AB3 14 4 14 2 1943 0.21 112 5.60E-13

IMPCOLD A3 8 40 2 2081 1.50 2.90 1.19E-16
AB2 8 6 10 6 4151 1.05 6.62 2.07E-15

AB3 8 6 10 3 5215 1.46 5.91 6.41E-14

IMPCOLE A3 8 40 2 1880 117 1.92 1.86E-16
AB2 8 6 10 2 755 0.23 1.24 2.24E-16

AB3 8 6 10 2 2355 0.52 2.04 1.15E-16

NNC261 A3 8 24 2 945 0.71 0.96 1.87E-15
AB2 8 4 10 2 751 0.29 0.77 1.55E-14

AB3 8 4 10 2 1551 0.42 117 9.86E-15

NNC666 A3 8 24 2 1396 2.68 3.34 3.83E-16
AB2 8 4 10 2 1156 1.66 2.70 1.39E-12

AB3 8 4 10 3 3556 2.92 6.01 2.92E-14

NNC1374 A3 8 24 2 2127 8.76 10.32 4.38E-14
AB2 8 4 10 4 2699 7.10 11.14 1.10E-13

AB3 8 4 10 3 4264 9.12 15.74 2.02E-15

PORES2 A3 4 16 3 2500 10.66 12.68 9.46E-13
AB2 4 10 6 8 3466 9.54 21.61 571E-14

AB3 4 10 6 3 6378 14.58 26.19 4.22E-14

WEST0156 A3 8 64 2 2525 0.56 2.07 2.58E-16
AB2 8 6 10 7 1332 0.07 3.13 1.98E-13

AB3 8 6 10 5 4916 0.32 331 2.88E-14

WEST0167 A3 8 64 1 239 0.10 0.53 2.09E-17
AB2 8 8 10 4 843 0.15 4.07 1.47E-15

AB3 8 8 10 2 1947 0.21 2.55 2.67E-14

WEST0381 A3 8 24 2 1366 131 191 2.88E-16
AB2 8 4 10 3 1227 0.73 1.84 7.57E-14

AB3 8 4 10 4 5501 2.13 551 4.06E-17

WEST2021 A3 4 28 5 9781 39.85 57.97 2.94E-17
AB2 4 11 5 5 3500 10.78 21.29 1.36E-15

AB3 4 11 5 3 6791 15.75 33.12 5.73E-16
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5 Conclusion

Although there is considerable interest in solving unsymmetric eigenvalue problems, there has been a
lack of library software implementing Arnoldi methods. The purpose of this study was to efficiently
implement variations of Arnoldi's method for computing the dominant eigenvalues of large
unsymmetric matrices, to compare their performance on a range of test problems and, on the basis of
the test results, to develop an Arnoldi based library code. The code we have designed and developed is
EB13. This code will be included in the Harwell Subroutine Library. EB13 has been tried and tested
on a set of matrices arising from practical problems. The performance of EB13 has aso been
compared with that of the Harwell Subroutine Library code EB12. For the more difficult test
problems, EB13 performed significantly better than EB12.

A key feature of EB13 is that the user has the option of using a basic Arnoldi method, an Arnoldi
method with Chebychev acceleration, or a Chebychev preconditioned Arnoldi method. A block
version of each of these methods, with the blocksize chosen by the user, isalso offered. It isnot always
possible to advise a user which method will give the best performance for a particular problem on a
given machine hence this need for flexibility. When choosing which method to employ, the user
should consider the following questions.

(1) Aresevera eigenvalues required?
(2) Are the sought-after eigenvalues known to be clustered?
(3) Can blocks of matrix-vector products be performed efficiently on the machine to be used?

(4) Does the machine to be used offer efficient implementations of the Level 3 BLAS kernel
_GEMM?

If the answer to each of these questions is yes, a block algorithm AB2 or AB3 should be tried.
However, if only one eigenvalue iswanted, algorithm A2 may give abetter performance. Furthermore,
for computing one or more eigenvalue, the number of matrix-vector products required by A3 will often
be considerably less than for AB3. Even if the user makes a poor choice of method for the problem of
interest, EB13 has been designed to terminate the computation leaving the user with information
which should be helpful in resetting the input parameters to achieve convergence on a subsequent run.

To limit as much as possible the number of input parameters which must be set by the user, at each
iteration EB13 automatically selects the degree of the Chebychev polynomial. The criteria used by
EB13 to determine the polynomial degree are designed to ensure the code is robust. For some
problems this may mean that other choices of the degree will lead to more rapid convergence.
However, through the use of control parameters, the user is able to overrule the choice of degree made
by EB13 at any stage of the computation. This increases the flexibility of the code and is a feature
which the more experienced user may wish to exploit to enhance the rate of convergence.
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6 Availability of the code EB13

EB13 is written in standard FORTRAN 77. The code will be included in the Harwell Subroutine
Library and anyone interested in using the code should contact the HSL Manager: Ms L Thick,
Theoretical Studies Department, AEA Technology, Building 424.4, Harwell, Oxfordshire, OX11 ORA,
England, tel (44) 235 432688, fax (44) 235 436579, or e-mail libby.thick@aea.orgn.uk, who will
provide details of price and conditions of use.
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9 APPENDIX: Specification sheetsfor the EB13 package
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