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Calculate epicentre of earthquake
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Q)

1 112
min — ||w(x —
nin = (@) (v — )13
subject to
Ly = win)
Oy
a1y +as— = gondf2
on
Here
1 z € Q
w(x) =
0 otherwise
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Q)

1 R
min = ||w(x) (y — §)||12+8 ||ul|2

y,u 2
subject to
Ly = win)
oy
o1y +as— = gonofd
on
Here
1 xr € Q)
w(z) =
0 otherwise
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Discretize:
Yo =D Uidj, =) ujd,
min L lwn (8 — Fu)ll5 + B |lunl|3
Yh,Un 2 2 2
subject to
»Cth — Un in Q

yn = gondfd
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Distributed control

1 —_~
min —y "My —y*b+c+ Bu*Mu
y,u 2

subject to

Hy— Mu = d

whereM is the mass matrixt is matrix associated witly,, M=WM W, W = diag(w; ),
b= My, andc = yi Myn
H may be complex and indefinite but is always symmetric
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Distributed control

1 —_—~
min iy*My —y*b+c+ Bu " Mu+l™ (Hy — Mu — d)
Y,u

Optimality conditions:

26M 0 —M U 0
0 M H* y | =
| -M H O |1 7 | | d
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1 —_—~
min iy*My —y*b+c+ Bu " Mu+l™ (Hy — Mu — d)
Y,u

Optimality conditions:

26M 0 —M u 0
0 M H* y | =
| -M H o | [ 1 | d ]
Simple reduction:
1
U= —I
25
M H* Y
H —Lwm Ll | d
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A B* G B*
7PC:
B -C ] [ B —-C ]

A=A"eC™",C=C" e C™ ™ rank(B) = m

A =
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A B~ G B~
P

A= ,
B -C B -C

(@)
I

A=A"eC™",C=C" e C™ ™ rank(B) = m

Constraint preconditioner:
If C =0,P.Ahas

2m eigenvalues at 1
remaining eigenvalues satisty* AZx = A2 * (G Zx [Real case: Keller, Gould, Wathen (2000)]
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A B~ G B~
P

A= ,
B -C B -C

(@)
I

A=A"eC™",C=C" e C™ ™ rank(B) = m

Constraint preconditioner:
If C =0,P.Ahas

2m eigenvalues at 1

remaining eigenvalues satisty* AZx = A2 * (G Zx [Real case: Keller, Gould, Wathen (2000)]
If C'is nonsingula,rPc_lA has

m eigenvalues at 1

remaining eigenvalues satisfyl + B*C~'B)z = A (G + B*C~ ' B) z [Real case: Gould
(1999)]
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A BT T b
B —-C w d

If C' = 0,writex =Yz, + Zz., where columns of/ span nullspace oB and[Y, Z| spansR™

BYz, = d,
ZV'AZz, = 27 (b— AYz,),
YT'Bw = Y7T(b- Ax).

If Z1 AZ is SPD, then use PCG with preconditiorief G ~.
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tRlBb

If C' = 0,writex =Yz, + Zz., where columns of/ span nullspace oB and[Y, Z| spansR™

BYz, = d,
ZV'AZz, = 27 (b— AYz,),
YT'Bw = Y7T(b- Ax).

If Z1 AZ is SPD, then use PCG with preconditiorief G ~.
If C is nonsingularw = C~! (Bz — d) and

(A n BTc—lB) z=b+C 1.

If A+ BTC~!Bis SPD, use PCG with preconditioner+ B* C~' B.
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A BT T b
B —-C w d

If C' = 0,writex =Yz, + Zz., where columns of/ span nullspace oB and[Y, Z| spansR™

BYz, = d,
ZV'AZz, = 27 (b— AYz,),
YT'Bw = Y7T(b- Ax).

If Z1 AZ is SPD, then use PCG with preconditiorief G ~.
If C'is nonsingularw = C~! (Bx — d) and

(A n BTc—lB) z=b+C 1.

If A+ BTC~!Bis SPD, use PCG with preconditioner+ B* C~' B.
Use substitutions to removeZ, Y)/C—! to obtain projected PCG (PPCG): require preconditioner

G BT
B —-C

Can extend to complex case.

Householder, June 2011 — p.6/29
C



Science & Technology Facilities Council

@ Rutherford Appleton Laboratory Exam pl e Pr Obl em 1

Forward problem:

V% = uinQ=1[0,1%d=23
y = yondf
where
ﬁ = ﬁlUﬁg
2 2
6 _ {@r,2) [ (21— )+ (w2 - 3) < &}, d=2
T 2 2 2
{@1,2,20) | (01— )"+ (02 = )" + (03— ) < &}, d=3
Qs = 09
. 2, xEﬁl
y(z) = .
0, x€ Qo

Bilinear Q1 elements
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A BT
B 0

A =

If A is symmetric and positive definjtthen\(A) € I~ U I, where

=[5 (i) = R+ 4181 ) 5 (141 = 1A +402,,8)) |
1= D), 5 (140 + 141 + 41812

[Rusten and Winther 1992]
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A =

A BT
B 0

If A is symmetric and positiveemidefinite then\(A) € I~ U I, where

- = % ()\min(A) - \/Afnin(A) —I—4HBH2) % (HAH - \/HAH2 +4o?nin(3)ﬂ ;

[ 1
rt = ficasg (B ViaR +aER) |

[(A, B) defined in Dollar 2009 (revised)
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Preconditioner

[ 2BM 0  —M |
- M-1K
A= 0 M KT Z =
I
| -M K 0

7ZTAZ =2BKTM 'K+ M
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reconditioner
[ 2BM 0  —M |
_ M-1K
A= o M KT 7 = ;
-M K 0 |
7ZTAZ =2BKTM 'K+ M

—h=1/8
- = =h=1/16
‘‘‘‘‘ h=1/32
S NP i
<
'_
N
4
o™
10° 10°
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Preconditioner

[ 2BM 0  —M |
- M-1K
A = 0 M KT 7 = ;
| -M K 0

7ZTAZ =2BKTM 'K+ M
[ 208M 0 —M |
P = 0 o KT |7
-M K 0

ZTGZ =28KTM 'K

M=M M# M
ch? C ch? C
c<éandC < C A=1
Rees, Dollar, Wathen (2010) Thorne (2011)

Biros and Ghattas (2000)
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Preconditioner

[ 2BM 0  —M |
- M-1K
A = 0 M KT 7 = ;
| -M K 0

7ZTAZ =2BKTM 'K+ M

0 0 M ]
P=| 0 28K"M~'K K' |7
| —M K 0 |

ZTGZ =28KTM 'K

M=M M#M

h C ch* C

L+ 95 SASltgg | 1455 SA<14g
c<candC < (C A=1
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Preconditioner

M KT _
. ., A+BTCc 'B=2BKTM 'K+ M

1
—%M
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Preconditioner

]\//j K" T 1 T 1 AT
A, = . A+BTC'B=28KTM 'K+ M
K —%M
T
|G K o Tr—1p _ T pp—1 _
P, = ? G+BTCc 'B=28KTM'K = G=0
K —%M
M=M M+#M
I+ <A<+ S |1+ <A<+ S
c<ceandC < C A=1
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Preconditioner

]/\4\ KT T ~—1 T —1 T
A, = . A+BTC 'B=28KTM 'K+ M
K —5=M
B
> I —-K 2BKTM—1K 0 I 0
T 1 1 T 1
0 5gM 0 —28M KT M
2BKTM-'K —28KTM~-'K KT
p— 1 3
I K —%M
whereK is an approximation tds.
G+BTC 'B=2BKTM 'K
If K = K,
M=M M+#M
ht C ch* C
c<candC < C A=1
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Using bilinearQ1 elements and setting = 5 x 10~ ° :

26M 0 —M 0 0 —M
A= 0 M KT |, P= 0 28KTM 'K KT
-M K 0 —M K 0

—_

4 [ M KT ] — [ 2BKTM 'K —28KTM~ 'K KT
e L K — LM
Solves withM : Direct method HSL_MA57) or 20(30) Chebyshev semi-iterations

Solves withK : Direct method KISL_MA57) or two(three) V-cycles of AMGHKISL_M 20)
PPCG: relative toleranced ~? for r*' Z(ZT GZ)~* Z™ r (HSLM 27)

Fortran 95, ifort compiler

Hardware: Single Quad core processor (2.83GHz, 1333MHz E3HB L2 Cache), 4GB RAM

Householder, June 2011 — p.12/29
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2D 3D

h N Direct PPCG(direct) PPCG(approx)
2—3 147 0.00 0.00 (4) 0.00 (4) h N Direct PPCG(direct) PPCG(approx)
2—4 675 0.01 0.00 (4) 0.00 (4) 22 81 0.00 0.00 (3) 0.00 (3)
2—5 2883 0.04 0.01 (4) 0.02 (4) 2—3 1029 0.03 0.01 (4) 0.02 (4)
2—6 11907 0.24 0.06 (4) 0.07 (5) 2—4 10125 0.84 0.21 (5) 0.30 (5)
2— 7 48487 1.74 0.30 (5) 0.30 (5) 2—5 89373 41.0 4.79 (5) 4.46 (5)
2—8 195075 11.0 2.16 (5) 1.45 (5) 2—6 750141 | 1000+ 187 (5) 45.6 (5)
2—9 783363 93.5 10.1 (5) 6.50 (5)

2D reduced 3D reduced

h N Direct PPCG(direct) PPCG(approx)
2—3 98 0.00 0.00 (4) 0.00 (4) h N Direct PPCG(direct) PPCG(approx)
2—4 450 0.00 0.00 (4) 0.004 (4) 22 54 0.00 0.00 (3) 0.00 (3)
2—5 1922 0.02 0.01 (4) 0.02 (4) 2—3 686 0.01 0.004 (4) 0.02 (4)
2—6 7938 0.14 0.06 (4) 0.07 (5) o—4 6750 0.41 0.21 (4) 0.30 (4)
27 32325 0.79 0.30 (4) 0.41 (5) 25 59582 20.9 4.83 (4) 4.64 (4)
2—8 130050 4.10 2.16 (4) 1.83 (5) 2—6 500094 | 1000+ 192 (5) 52.1 (5)
2—9 522242 24.6 10.1 (5) 7.86 (5)




ccccccccccccccccccccccccccccccccc

uwr Rutherford Appleton Laboratory

Recent wor k

Pearson and Wathetf Q = Q, K is symmetric and the eigenvalues of
M~1K are real and positive, then the eigenvalues of

(M +28KM ' K) 2 = \(M + /28K)M (M + /28K)x
liein [3,1].

Simoncini: Block diagonal and indefinite (approximate constraint)
preconditioners for reduced systems.
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Forward problem (geophysical migration problem from sésmaging):

—V2y—k?y = winQ =10,800] x [0,800] x [0,160],
0
tky + 9 gon OS2,
on
where
1.2kg, x3 <304 0.01x1 + 0.005x2,
k(x1,22) = < 1.5kg, =3 > 80+ 0.005z1 + 0.002z2,
| ko, otherwise,
27
ko = —
0 10h

Source at519, 220, 130]

Finite difference discretisation [Huber (Basel)]
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ﬁnf o

s0 -
1DD:_ L T m o
RO . o S -
SR

g = TN
(=Yula]

[S{uin]

- S00
o 100 Z0ono

Given measurements gfat half-spheres (radius 10) equally distributed
with centers on boundary withy = 0, find the source.
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relative difference (norm control)

— h=32
10°° — = 16 |
- ==pB=5x32°
. - = =B=5%16"
10 5 \4 I
10 10 10 10
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Control returned from optimisation problem (original soeiat
[519,220,130])

100
L e o S .

140 ] °

160
s00
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Science & Technology Facilities Council

@ Rutherford Appleton Laboratory Spectr al pr Opertl eS Of I | near WStemS

1015 1016
14
10 1041
10137
10127
5 107 %
[5) [}
IS 2 10"
o
S 1ol o
© 10°
10"
6
109 10
s o B .
10 : : 10 : :
107° 10° 10° 10" 107° 10° 10° 10%
B B

Very ill-conditioned: need good preconditioner
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28M 0 —M .
A=| o M H* 7 = ; }
M H 0
Z*AZ = 28H*M*H + M
0 0 —M |
P=| 0 28H*M~'H H*
M H 0
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—V?y — k’y = u,

—V?y—k*y = winQ =][0,600] x [0,600] x [0, 160],
d
tky + 9av g on 0%2,
on

Using finite differences and settinyj= 5h° :

2BM 0 —M 0 0 —M
A= 0 M H* |, P= 0 28H*M~'H H*
-M H 0 —M H 0

Let 7 be the matrix formed from discretising the shifted problefv?y — (1 — 0.014)k%y = u,

Solves with/\/ : Use factthat\/ = LT

Solves withH : Direct method ASL_MA86); SQMR with multilevel preconditioner, or one applicatioh
multilevel preconditioner

Multilevel preconditioner: ILUPACK (condest=20, dropt6l.005) applied to/

PPCG : residual decreased by~ ¢ (HSL_M 27)

Fortran 95, gfortran compiler

Hardware: Two Quad core processors (2.5GHz, 1333MHz FSHEB1P22 Cache), 32GB RAM
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Reduced System

h N Direct (1 core)| Direct (8 cores)
32| 8112 | Setuptime 2.30 1.21
Solve time 0.04 0.03

Total time 2.34 1.24

16 | 57222 | Setup time 238 156
Solve time 0.88 0.70

Total time 239 157
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Original System

Numerical experiments

h N Direct (1 core) Direct (8) PPCG (direct,1) PPCG (direct,8) PPCG (SQMR) PPCG (approx)
32 12168 Forward solve 0.09 0.04 0.09 0.04 0.16 (10) 0.16 (10)
Setup time 1.84 1.07 0.21 0.07 0.14 0.14

Solve time 0.05 0.03 0.09 0.04 0.22 0.06

Total time 1.89 1.10 0.29 0.12 0.36 0.20

PPCG its - - 5 5 5 (143) 15

16 85833 Forward solve 2.31 0.68 2.31 0.68 2.99 (12) 2.99 (12)
Setup time 80.6 34.8 4.49 1.29 2.68 2.69

Solve time 0.70 0.40 1.73 1.03 4.44 1.60

Total time 81.3 35.2 6.22 2.32 7.09 4.28

PPCG its - - 8 8 7 (223) 30

8 642663 | Forward solve 144 28.0 144 28.0 123 (15) 123 (15)
Setup time 1439 311 286 54.3 114 115

Solve time 7.67 4.22 68.7 39.8 211 90.4

Total time 1447 315 355 94.1 325 205

PPCG its - - 22 22 13 (459) 84 (1184)

4 4969323 Forward solve - - - - 1996 (12) 1996 (12)
Setup time - - - - 1928 1930

Solve time - - - - 3518 *

Total time - - - - 5446 *

PPCG its - - - - 22 (590) *
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Distributed control with nonlinear PDES

.1 12 2
min o |ly =Yl + 6 |lull
subject to

L(y) = uin§
y = yondf

Optimality conditions:

286Mu — Ml = 0,
My +Jy)t't = b,
F(y) — Mu = d.
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min f(z) subjectto c¢(x) =20

Attempts to consider the objective function and constsaaist
Independently as possible

Householder, June 2011 — p.25/29
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min f(z) subjectto c¢(x) =20

Attempts to consider the objective function and constsaaist
Independently as possible

Find n toreduce ||cx + Jxn| subjectto ||n|| < Ay

Find [ to reduce Hgk—i—JleH

1
Find ¢ to reduce gj t + itTHkt subjectto  Jpt =0 and ||t]] < Ao

Thtl = T+ N+ 1

Householder, June 2011 — p.25/29
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min f(z) subjectto c¢(x) =20

Attempts to consider the objective function and constsaaist
Independently as possible

Find n toreduce ||cx + Jxn| subjectto ||n|| < Ay

Find [ to reduce Hgk—kaTlH

1
Find ¢ to reduce gj t + itTHkt subjectto  Jpt =0 and ||t]] < Ao

Thtl = T+ N+ 1

Adjust A; andA, for convergence
Only require matrix-vector multiplications (precondriag?)
Alternative matrix-free method by Curtis, Nocedal and Wach
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1
Reduce gj t + §tTHkt subjectto  Jpt =0 and ||t|| < Ao,

where

g, = Vf(xg)+ Hyny,
Hy = V2f(ze)+ Y [lk-1]; Car.
1=1

Cik — Ck ~ vazmcz(ajk)

Householder, June 2011 — p.26/29
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1
Reduce gj t + §tTHkt subjectto  Jpt =0 and ||t|| < Ao,

where
g = Vf(zr)+ Hgng,
Hy = V2f(ze)+ Y [lk-1]; Car.
=1
Cik — Ck ~ vajajcz(mk>
Apply PPCG to

L]

Initialise ¢ = 0. Iterate until convergence ot || > As. If ||t]| > Ao,
back-track to boundary.
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Distributed control with nonlinear PDES

1 12 2

min — — + U

nin _ fly — g5 + 8 lull3
subject to

-V - [(1+vy*)Vy] = uinQ
y = yondf

Householder, June 2011 — p.27/29
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Distributed control with nonlinear PDES

o1 12 2
min — - + U
nin _ fly — g5 + 8 lull3

subject to
-V - [(1+vy*)Vy] = uinQ
y = yondf
[ 28M 0 M |
0 M+ Zgl [lk—l]i VQFJ(yk) J(yk)T
| M J(yk) 0
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Distributed control with nonlinear PDES

o1 12 2
min — - + U
nin _ fly — g5 + 8 lull3

subject to
-V - [(1+vy*)Vy] = uinQ
y = 7yondf
[ 28M 0 -M ]
0 M+ (le—1]; V2F(yr) | KT +L(yk)"
| —M K+L(yx) 0 i

Householder, June 2011 — p.27/29
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Distributed control with nonlinear PDES

o1 12 2
min — - + U
nin _ fly — g5 + 8 lull3

subject to
-V - [(1+vy*)Vy] = uinQ
y = yondf
[ 28M 0 —M |
0 M+ Z?;1 [lkz—l]i V2Fj(yk:) KT"'L(yk)T
| —-M K+L(yx) 0 1
[T 0 —M | [0 0 —M ]
P=| o0 I KT+L(y)T |, Pa=| 0 28KTM K | KT+ L(y,)”
| —M  K-+L(y) 0 | | M K+L(yg) 0 |

Householder, June 2011 — p.27/29
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h T-F iterations | PPCG calls| Total PPCG its| Max PPCG its| Average PPCG its
273 | P 19 14 490 50*(3) 35
P 5 3 34 12 11
274 | P 24 15 1388 226*(5) 93
P 5 3 39 20 13

In progress (with Gould and Orban) - Python package thatdisicretise
a given problem and use trust-funnel method to solve thel@nub (uses
FENICS). Idea: plug in different linear solvers/precoiuiiers
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Conclusions

Even the simplest PDE-constrained optimzation problewss lgnear
systems that are highly ill-conditioned

As PDE becomes more involved, the linear system becomesneven
challenging

Poisson distributed control: optimal preconditionerslawde

Helmholtz distributed control: shifted multilevel ilu gr@enditioner for
forward problem not optimal so overall preconditioner nptimal.
However, slow increase in PPCG iterations

Distributed control with non-linear PDEs: sequence ofdingystems;
reuse preconditioner; Python package in development

Householder, June 2011 — p.29/29
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