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uwr Rutherford Appleton Laboratory

PDE-constrained optimisation: from linear to
nonlinear constraints

Sue Thorne
STFC Rutherford Appleton Laboratory
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In collaboration with
Nick Gould (STFC Rutherford Appleton Laboratory)

Dominigue Orban (Ecole Polytechnique de Montreal)
Tyrone Rees (University of British Columbia)

Valeria Simoncini (Universita di Bologna)

Andy Wathen (University of Oxford)
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Givenu and boundary conditiong calculatey, where

Oy

8_71:90”8@

Ey — U, a1y + g

on some domaif
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Givenu and boundary conditiong calculatey, where

Oy

a—n:gonaﬂ

Ey — U, a1y + g

on some domaif

Suppose giveg and a targeff on some domaif) c Q. Want to
calculateu such thaty ~ y : distributed control
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L 4 Rutherford Appleton Laboratory PD E-COnStr al ned Optl m | Zatl On

Givenu and boundary conditiong calculatey, where

Oy

a—n:gonﬁﬂ

Ey — U, a1y + g

on some domaif

Suppose giveg and a targeff on some domaif) c Q. Want to
calculateu such thaty ~ y : distributed control

Suppose given and a targefj on some domaif? C . Want to
calculateg such thaty ~ y : boundary control

Basel, November 2010 — p.3/25
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Different target temperatures

Reduce recirculation
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uwr Rutherford Appleton Laboratory

Distributed control

! 112 2
min o |l (z) (y = G)llz + 6 ull;
subject to
Ly = wuin{)
y = yondf
Here
{ 1 €T € 9
w(x) = .
0 otherwise
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Distributed control

Discretize:
Yo =D Uidj, =) ujd,
1 112 2
min — ||w(z) (yn — ¥)||5 + B [[un][3
Yh,Un 2
subject to
EYh = up in Q
yn = gondS)
Let L = —V?2

Basel, November 2010 — p.6/25
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Distributed control

2 2
[unllz2 = / Up
Q

= ;;ww/ﬁ@%

= uTMu,
S @ @ =D = 3 [ @@ o=

1
= EZ yiyj/ WiW;Pid; —22%'/
~ < Q r Q

(]

1 _
= §yTMy —ylb+oc,

Ky = Mu+d,

whereM is the mass matrixi is the stiffness matrix)/ = W MW andW = diag(w;)

.1 .
wj¢jy+5/92

Q
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Distributed control

1 _
min §yTMy —yTb+ c+ Bul Mu
Y,u

subject to

Ky— Mu = d
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@ Rutherford Appleton Laboratory

Distributed control

1 _
min inMy —yTb+c+ pul Mu+ 11 (Ky — Mu — d)
Y,u

Optimality conditions:

26M 0 —M U 0
0 M KT y | =
| M K O 11! | d ]
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1 _
min inMy —yTb+c+ pul Mu+ 11 (Ky — Mu — d)
Y,u

Optimality conditions:

26M 0 —M U 0
0 M KT y | =
| -M K o | [ 1 | d |
Simple reduction:
1
M KT Y
K —Lm Ll | d
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Direct vslterative M ethods

Direct Methods lterative Methods
v/ Black box Large problems
v/ Robust (larges(A)?) Preconditioning — convergenge
x  Memory with large problems? x Iterative method?
Preconditioner?

<<

Definition: letx(A) = ||A||2]|A7!||2 be the condition number od
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H =
B 0

If Ais symmetric and positive definite, thewiA) € I~ U I, where

- = %(m — A2 +4HBH2), (IAH Viar? +4"mm(B)>}’

1
2
i 1
o Amin (A), 5 (HAH + \/HAH2 + 4 HBH2>} ;

[Rusten and Winther 1992]
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H =
B 0

ABT]

If Ais symmetric and positiveemidefinite, them\(H) € I~ U I, where

[ %(mn — A2 +4|\BH2> 1<|AH VIl +40m1n(3)>}’
= s (Al + iR+ 4s2)]

[(A, B) defined in Dollar 2009 (revised)
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C



i Y Spectral properties of original linear sys

@ Rutherford Appleton Laboratory t

Q=0 Q+£Q
10" ‘ ‘ ‘ 105 ‘ ‘ ‘
—h=1/8 NG —h=1/8
. -==h=1/16 2l N\ -==h=1/16
2 h=1/32 07 N == h = 1/32]]
b 10107
< < 10°
10°
10*
10° -10
10
Q Ql QZ y(ajla $2) Q4 Q(xl’ 5132) Qo
1 Uy [0, 1] Q/Q1 | (22 —1)2 (2y — 1)? 0
QU | {(zy):(z-5)2+@w-3)2< 5} 09 2 0
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Q=0 Q #Q
10° S ——— 10° : I
".,:k:‘.\“v"v /ﬁ/
10 1 ‘e/\“ 10 1 /////
.7 &
24 &
8 l/"/ 8 {l/
S 107 i & 102 i
£ / £ ,\.""
© / L] &£ ¢
S / g, s ot
£ 10 S 10740,
@ /./‘" == -h_2_4 @ '\-. " - - -h_2—4
a4 - . Vs =
107 & h=275] w0, he oS
" P h=27 A h=2"8
- h=27" . h=27"
r : 10 ‘
107 107 10° 107" 107° 10°
B B
Q 931 Qo y(@1,®2)lg, y(z1, 2)lg,
o o 112 - 2 2
7 U Qo 0, 5] Q/Q | 2z —1)(2y —1) 0
¢ A . 512 312 1
QUQ | {(@y):(@-5)°+y—1)° <5} 00 2 0
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@ Rutherford Appleton Laboratory t

Q=0 Q+£Q
10" ‘ ‘ ‘ 105 ‘ ‘ ‘
—h=1/8 NG —h=1/8
. -==h=1/16 2l N\ -==h=1/16
2 h=1/32 07 N == h = 1/32]]
b 10107
< < 10°
10°
10*
10° -10
10
Q Ql QZ y(ajla $2) Q4 Q(xl’ 5132) Qo
1 Uy [0, 1] Q/Q1 | (22 —1)2 (2y — 1)? 0
QU | {(zy):(z-5)2+@w-3)2< 5} 09 2 0
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—h=1/8 \ -==h=1/16
=== h=1/16 WAN ‘== h=1/32
== h=1/32 100 1
\\
1012 L \\
\
‘,
10 1
10"
\\
= 100l OB
< < ‘\\
I I
106 L \ 1 1
. I I
\ I I
I I
10" + \\/s/ !
‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ - 4+, 1
1N
10° R e e
o3 ! ! o™
0
10 ! 1 > 1 ! !
10° 10" 10 10° ¢;h® ¢, 10° 10° 10"
B

Q Ql QQ ?9(5317332) 9 g(ml’CBQ) Qo
Q1 Uy [0, 1]° Q/Q1 | (22 —1)2 (2y — 1) 0
QU | {@y: @-2*+@-92<E} o0 2 0
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1

I;Sl,iq.‘gl §yTMy —yTb+ c+ Buf Mu
subject to
Ky— Mu = d
Solve ] L o
26M 0 —M U 0
0 M KT y | =
—M K 0 [ d
or ] - -
M KT vy |
K —LM Ll | d
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N 4 Rutherford Appleton Laboratory POSSI bl e pr eCOnd | t| Oner S
A BT

I MEH

Block diagonal preconditioner (talk by Andy Wathen)

X

A 0
0 S

Constraint preconditioner (this talk)

G BY
B (O
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o | B
> Rutherford Appleton Laboratory Pr OJ eC‘ted Pr eCOnd | t| Oned CG M et hOd

A BT r | b
B 0 w | | d
Write
r=Yx,+ Zx,,

where columngZ span nullspace aB and|Y, Z] spansR”

BYz, = d,
7Y AZz, = Z'(b— AYz,),
YIBw = Y1(b- Az).

If Z1' AZ is SPD, then use PCG with preconditioier G Z.
k
VE((ZTGZ)TZTAZ) — 1)

VE(ZTGZ)1ZTAZ) + 1

Basel, November 2010 — p.12/25
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Remove references t6 by making substitutions (Gould, Hribar, Nocedal, 2001):
Choose initial pointc satisfyingBx = d
repeat

Computer = Az — b
G BT g | | r
B 0 v | | o0
Seta = rTg/pT Ap

Solve
Setx = x + ap andrt = r + aAp

Solve
G BT gt B rt
B 0 ot || 0
Setg = (r)" gt /rlyg

Setp = —gtT + Bp,r =rtandg = g+
until converged

Setp = —g

Basel, November 2010 — p.12/25
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o | B
@ Rutherford Appleton Laboratory Pr OJ ected Pr eCOnd | t| Oned CG M et hOd

Remove references t6 by making substitutions:

Choose initial pointe satisfyingBx = d
Setp = —g
repeat

Computer = Az — b
G BT g | | r
B 0 v | | o
Seta = rTg/pT Ap

Solve
Setx = x + ap andrt = r + aAp

Solve
G BT gT B rt
B 0 ot || 0
Set = (r)" gt /rlyg

Setp = —gT + Bp,r =rtandg = g+
until converged
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Solve

Computer = Az — b
Solve

Setp = —g
repeat
Seta = rTg/pT Ap
Setx = x + ap andrt = r + aAp

Solve
G BT gt B rt
B 0 ot || 0
Set = (r)" gt /r'yg

Setp = —gT + Bp,r =rtandg = g+
until converged
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(Dollar 2005) Can be generalised to
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G Bt
B 0

A BT
B 0

A=
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@ Rutherford Appleton Laboratory Constr al nt pr eCOnd | tl oner s

G Bt
B 0

A BT
B 0

A =

Theorem ( Keller, Gould, Wathen, 2000):A, G € R"*™ are symmetric
andB € R™*" has full row rank, therP—! 4 has

2m eigenvalues at 1
remainingn — m eigenvalues are defined by

ZVAZx = 7V G 7z,

where the columns of € R™*(»=™) span nullspace aB.
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Preconditioner

[ 28M 0 —M | ek
A = 0 M KT Z =
I
M K 0 |

ZTAZ =2BKTM~ 'K + M
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@ Rutherford Appleton Laboratory P = =
reconditioner

[ 29BM 0  —M |
_ M-1K
A= 0 M KT 7 = ;
-M K 0

ZTAZ = 2BKTM 'K+ M

—h=1/8 —h=1/8
= = =h=1/16 = = =h=1/16
‘‘‘‘‘ h=1/32|
R S N g
<
'_
N
E/ -
o™
10° 10°
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Preconditioner

[ 2BM 0  —M |
_ M-1K
A = 0 M KT 7 = ;
| -M K 0

ZTAZ =2BKTM~ 'K + M

26M 0 —M
P = 0 0o KT |7
-M K 0

Z'GZ = 28KT MK

M=M M # M
n? C ch? C
c<candC < (C A=1

Biros and Ghattas (2000)
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Preconditioner

[ 28M 0 —M | ek
A = 0 M KT Z =
I
M K 0 |

ZTAZ =2BKTM~ 'K + M

0 0 —M
P=| 0 28K'"M~'K K" |7
| —-M K 0 |

ZT'GZ = 28KTM 'K

M=M M # M
n? C ch? C
c<candC < (C A=1
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G BY
B —-C

A BT

A=15 ¢

7):
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-wr Rutherford Appleton Laboratory Constr al nt pr eCOnd | tl Oner S Cont |

G BY
B —-C

A BT

A=15 ¢

7):

Theoremif A, G € R™"*™ are symmetricB € R"*" has full row rank
andC is symmetric and positive definite, thé&h !4 has

m eigenvalues at 1
remainingn eigenvalues are defined by

(A+B"C™'B)z =X (G+B"C™'B)z
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Preconditioner

KT

1 Y
—%M

Ay = A+ BTC 'B=2BK" M 'K+ M

N
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Preconditioner

v T
. M K T~—11 Tarr—1 v
A, = ., A+BTC 'B=28K"M 'K+ M
K —%M
T
|G K o Tr—1p _ T a7—1 _
P, = » G+BTC'B=28BK"M'K = G=0
K —%M
M= M M £ M
I+ <A<+ S |1+ <A<+ S
c<ceandC < C A=1
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Preconditioner

M KT T ~—1 T —1 v
A = . A+ BTC 'B=28KTM 'K+ M
K —5=M
B
I —-K 2BKTM—1K 0 I 0
Pro = 0 LM 0 28M 1 KT L wm
0 25 —2p KT 2
2BKTM-'K —28KTM~-'K KT
p— 1 3
_ K —55 M
whereK is an approximation tds.
G+BTC 'B=2BKTM 'K
If K = K,
M=M M # M
h* C ch? C
c<candC < C A=1
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Using bilinearQ1 elements and setting = 5 x 10~ ° :

26M 0 —M 0 0 —M
A= 0 M KT |, P= 0 26KTM 'K KT
-M K 0 —M K 0

4 [ M KT ] — [ 2BKTM 'K —28KTM~ 'K KT
e L K Y
Solves withM : Direct method HSL_MA57) or 20/30(30/50) Chebyshev semi-iterations
Solves withK : Direct method KISL_MA57) or two(three) V-cycles of AMGHKISL_M 20)
PPCG: relative toleranced ~° for r*' Z(ZT GZ)~* ZT r, HSL_M 27

Fortran 95, ifort compiler

Hardware: Dell Precision T340, single Core2 Quad Q9550qwsar (2.83GHz, 1333MHz FSB, 12MB L2
Cache), 4GB RAM

Basel, November 2010 — p.17/25



Science & Technology Facilities Council

@ Rutherford Appleton Laboratory

Numerical Example

2D 3D
N n Direct PPCG(direct) PPCG(approx)

8 147 0.004 0.00 (8) 0.004 (9) N n Direct PPCG(direct) | PPCG(approx)
16 675 0.004 0.004 (8) 0.004 (9) 4 81 0.004 0.004 (5) 0.000 (5)
32 2883 0.02 0.02 (8) 0.03 (9) 8 1029 0.03 0.01 (7) 0.03(7)
64 11907 0.11 0.06 (8) 0.10 (8) 16 10125 0.75 0.21 (7) 0.34 (7)

128 48487 1.11 0.34(7) 0.42 (8) 32 89373 36.1 5.14 (7) 4.94 (7)
256 195075 6.24 2.32 (6) 2.04 (8) 64 750141 | 1000+ 192 (5) 41.9 (6)
512 783363 39.1 10.8 (6) 9.35(8)
2D reduced 3D reduced
N n Direct PPCG(direct) PPCG(approx)

8 98 0.000 0.00 (7) 0.00 (8) N n Direct PPCG(direct) | PPCG(approx)
16 450 0.004 0.004 (7) 0.008 (8) 4 54 0.00 0.01 (4) 0.00 (4)
32 1922 0.02 0.02 (7) 0.03 (8) 686 0.01 0.01 (7) 0.03 (7)
64 7938 0.06 0.06 (7) 0.11 (8) 16 6750 0.34 0.22 (7) 0.45 (8)

128 32325 0.33 0.33(7) 0.48 (8) 32 59582 12.0 4.97 (7) 6.72 (8)
256 130050 1.97 2.36 (7) 2.42(8) 64 | 500094 797 187 (5) 51.3 (6)
512 | 522242 10.9 11.0 (7) 12.0 (9)
Q Y (2 J(z1,m2)|g, J(x1,®2)|a,
G uQe | 0,317 @/ | (22 —1)2(2y — 1) 0
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@ Rutherford Appleton Laboratory

Numerical Example

2D 3D
N n Direct PPCG(direct) PPCG(approx)

8 147 0.00 0.00 (4) 0.00 (4) N n Direct PPCG(direct) | PPCG(approx)
16 675 0.01 0.00 (4) 0.00 (4) 4 81 0.00 0.00 (3) 0.00 (3)
32 2883 0.04 0.01 (4) 0.02 (4) 8 1029 0.03 0.01 (4) 0.02 (4)
64 11907 0.24 0.06 (4) 0.07 (5) 16 10125 0.84 0.21 (5) 0.30 (5)

128 48487 1.74 0.30 (5) 0.30 (5) 32 89373 41.0 4.79 (5) 4.46 (5)
256 | 195075 11.0 2.16 (5) 1.45 (5) 64 750141 | 1000+ 187 (5) 45.6 (5)
512 | 783363 93.5 10.1 (5) 6.50 (5)
2D reduced 3D reduced
N n Direct PPCG(direct) PPCG(approx)

8 98 0.00 0.00 (4) 0.00 (4) N n Direct PPCG(direct) | PPCG(approx)
16 450 0.00 0.00 (4) 0.004 (4) 4 54 0.00 0.00 (3) 0.00 (3)
32 1922 0.02 0.01 (4) 0.02 (4) 686 0.01 0.004 (4) 0.02 (4)
64 7938 0.14 0.06 (4) 0.07 (5) 16 6750 0.41 0.21 (4) 0.30 (4)

128 32325 0.79 0.30 (4) 0.41 (5) 32 59582 20.9 4.83 (4) 4.64 (4)
256 | 130050 4.10 2.16 (4) 1.83 (5) 64 500094 | 1000+ 192 (5) 52.1 (5)
512 | 522242 24.6 10.1 (5) 7.86 (5)
(2 Y Qo | gz1,w2)lg,  §(@1,22)lg,
Q1 U Q2 {(x,y):(a:—%)Q—l—(y—%)QS%} o2 2 0
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Wl
\;\1\\,...mi i
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Behaviour of preconditioner with 8

M=M M # M
ch? fel ch? fel
1—|—25§)\§1—|—25 1—|—25<)\<1—|—25
c<candC < (C A=
100 o : 20 :
— B:]_O_Z [ L 4 L — B:]_O_2
90t g1 18} g1
= = = B=5x10 = = = B=5x10
gor  Niaa= B=10"° wer e p=10"°
- —e— 3=5x10"|] 14l —e— 3=5x10 1]
n 60’ 7)) 12’ \
C C
i) o
g 501 g 10 mmrmemimimimimimimim e .
2 2 .
= 40} = gt s,
‘/
30t 6l
20’ 4* _\ e e m s ss==
10} 2t SN~—
0 : : 0 ‘
10°° 107 10 10°° 107 10"
h h
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Distributed control with nonlinear PDES

.1 12 2
min o |ly =Yl + 6 |lull
subject to

L(y) = uin§
y = yonof)

Optimality conditions:
My+ Jy)'l = b,

2BMu — Ml 0,
Fly) — Mu = d.
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min f(z) subjectto c¢(x) =20

Attempts to consider the objective function and constsaaist
Independently as possible
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min f(z) subjectto c¢(x) =20

Attempts to consider the objective function and constsaaist
Independently as possible

Find n toreduce ||cx + Jxn| subjectto ||n|| < Ay

Find [ to reduce Hgk—i—JleH

1
Find ¢ to reduce gj t + itTHkt subjectto  Jpt =0 and ||t]] < Ao

Thtl = T+ N+ 1

Basel, November 2010 — p.21/25
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& :
4 Rutherford Appleton Laboratory Tr USt'fu N nel met hOd (G OUI d and TOl nt)

min f(z) subjectto c¢(x) =20

Attempts to consider the objective function and constsaaist
Independently as possible

Find n toreduce ||cx + Jxn| subjectto ||n|| < Ay

Find [ to reduce Hgk—kaTlH

1
Find ¢ to reduce gj t + itTHkt subjectto  Jpt =0 and ||t]] < Ao

Thtl = T+ N+ 1

Adjust A; andA, for convergence
Only require matrix-vector multiplications (precondriag?)
Alternative matrix-free method by Curtis, Nocedal and Wach
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1
Reduce gj t + §tTHkt subjectto  Jpt =0 and ||t|| < Ao,

where
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- Rutherford Appleton Laboratory mlﬂw f (x) sSu bJ eCt tO C(ZIZ’) — O

1
Reduce gj t + §tTHk.t subjectto  Jpt =0 and ||t|| < Ao,

where
g = Vf(zk)+ Heng,
Hy = V*f(zr)+ Y [le—1]; Cins
1=1
Ci. = CL ~Veci(zp)
Apply PPCG to

Hy, J!

Jp 0
Initialiset = 0. Iterate until convergence @t|| > As. If ||t]| > Ao,
back-track to boundary.
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Distributed control with nonlinear PDES

1

min  [lw(z) (y = D5 + B lull
subject to

y = yondf
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@ Rutherford Appleton Laboratory

Distributed control with nonlinear PDES

1

min = |lw(@) (y = 913 + 8 llull
subject to
-V - [1+¥*)Vy] = uinQ
y = yondf
[ 28M 0 M |
0 M-I—Z:'il [lk—l]z VQFj(yk) J(yk)T
| M J(yk) O

Basel, November 2010 — p.23/25
C



Science & Technology Facilities Council

@ Rutherford Appleton Laboratory

Distributed control with nonlinear PDES

.1 ~
min  [w(@) (v = D3 + 58 Jull
subject to
-V - [1+¥*)Vy] = uinQ
y = yond
[ 28M 0 -M ]
0 M+ (le—1]; VEF(y) | KT +L(yk)"
M K+L(yk) 0 ]
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Distributed control with nonlinear PDES

1 ~
min  [lw(z) (y = D5 + B lull
subject to
-V - [1+¥*)Vy] = uinQ
y = 7Yyondf
[ 28M 0 -M ]
0 M+ (le—1]; VEF(y) | KT +L(yk)"
M K+L(yx) 0 i
[ 0 M [0 0 -M
P = 0 I K"+ L(yp)" |, P2 = 0 28K'"M'K | K'+L(yx)"
| M K+L(y) 0 | | —M  K+L(y) 0 |
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N T-F iterations | PPCG calls| Total PPCGits| Max PPCGits| Average PPCG its
23 | P 19 14 490 50*(3) 35

P 5 3 34 12 11
24 | Py 24 15 1388 226*(5) 93

P 5 3 39 20 13

In progress - Python package that will discretise a giverlera and use
trust-funnel method to solve the problems (uses FEnIC®a:lIdplug In
different linear solvers/preconditioners
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Conclusions and Future Wor k

PDE-constrained problems difficult to solve

Avoid accurate solves with discretized PDE

Use block structure

Mesh size independent convergence

Nonlinear PDEs - sequence of more challenging saddle-pggiems

Nonlinear PDESs, time-dependent PDEs, different regudéion terms

HSL_MA57 andHSL_M 20 are part ofHSL2007, which is free for all academics

HSL_M 27 will be part of HSL2011

‘Nonlinear programming without a penalty function or filt&ould, Toint, Math. Prog 2010
‘Optimal solvers for PDE-constrained optimization’ ReBs]lar, Wathen, SISC 2010

‘Properties of linear systems in PDE-constrained optitioza Part |: Distributed control’, Dollar,
RAL TR-2009-017

‘PDE-constrained optimization and constraint precoondgirs’, Thorne, RAL TR-2010-016
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