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1
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The problem...

Solve
Ax = b

where A is symmetric, but indefinite.
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MINRES (Paige & Saunders, 1975)

...

rk := b −Axk

MINimal RESidual

Finds
xk ∈ x0 + span{r0,Ar0, . . . ,Ak−1r0}

which minimizes
∥rk∥2 = ∥b −Axk∥2
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Lanczos othogonalization

Want an orthonormal basis for the set {r0,Ar0, . . . ,Ak−1r0}
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Lanczos othogonalization

Want an orthonormal basis for the set {r0,Ar0, . . . ,Ak−1r0}

v1 = r0/∥r0∥

Given an orthonormal set {v1, . . . , vm}
▶ set w = Avm
▶ hi ,m = vi

Tw

▶ w ← w −
∑

hi ,mvi

▶ hm+1,m = ∥w∥2, vm+1 = w/hm+1,m

...
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Lanczos othogonalization

Want an orthonormal basis for the set {r0,Ar0, . . . ,Ak−1r0}

A



...
...

v1 . . . vm

...
...


︸ ︷︷ ︸

Vm

=



...
...

v1 . . . vm+1

...
...


︸ ︷︷ ︸

Vm+1



h1,1 . . . h1,m
h2,1 h2,2 h2,m

0
. . .

. . .
...

... hm,m−1 hm,m

0 . . . 0 hm+1,m


︸ ︷︷ ︸

Ĥm
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Lanczos othogonalization

Want an orthonormal basis for the set {r0,Ar0, . . . ,Ak−1r0}

V T
mAVm =


h1,1 h1,2 . . . h1,m
h2,1 h2,2 h2,m

...
...

. . .
. . . hm−1,m

0 hm,m−1 hm,m


︸ ︷︷ ︸

Hm
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Lanczos othogonalization

Want an orthonormal basis for the set {r0,Ar0, . . . ,Ak−1r0}

V T
mAVm =



α1 β1 0 . . . 0

β1 α2
. . .

. . .
...

0
. . .

. . . 0
...

. . . βm−1

0 . . . 0 βm−1 αm


︸ ︷︷ ︸

Hm
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From Lanzcos to MINRES

∥b −Axk∥2 = ∥b −A(x0 + Vkzk)∥2

= ∥(b −Ax0)−AVkzk∥2
= ∥∥r0∥v1 −AVkzk∥2
= ∥∥r0∥v1 − Vk+1Ĥkzk∥2
= ∥Vk+1(∥r0∥e1 − Ĥkzk)∥2
= ∥∥r0∥e1 − Ĥkzk∥2

Least squares problem: solved by Givens rotations

.
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= ∥∥r0∥e1 − Ĥkzk∥2
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..

e1 =


1
0
...
0


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What about preconditioning?

Convergence of MINRES depends on the clustering of the
eigenvalues.
Suppose P = MMT is such that the spectrum of

M−1AM−T

is ‘nice’.
Apply MINRES to

M−1AM−T y = M−1b,

where y = MT x .
Expect better convergence.
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Algorithm
v1 = b−Ax0
Pz1 = v1

β1 =
√

zT1 v1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1

Pzj+1 = vj+1

βj+1 =
√

zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + βj+1

2

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
wj+1 = (zj − γ3wj−1 − γ2wj)/γ1
xj = xj−1 + cj+1ηwj+1

η = −sj+1η

Preconditioner. Note M factors
not needed.
diagonal entries of Hk

off-diagonal entries of Hk

Givens’ rotations
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Greenbaum

...
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Greenbaum

...
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Elman, Silvester, Wathen

...
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Elman, Silvester, Wathen

...

9



Projected Krylov Methods Gould, Orban, Rees

Saunders’ implementation

..
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Saunders’ implementation

..
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A class of indefinite problems[
A BT

B 0

] [
x̂
y

]
=

[
a
b

]

Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0⇒ x = Zx̄

ZT

AZx̄ =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

.

..

A

.

B

. Z.

ZTAZ
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A class of indefinite problems[
A BT

B 0

] [
x + x0

y

]
=

[
a
b

]

Let Z span the nullspace of B (i.e. BZ = 0)

BZ = 0⇒ x = Zx̄

ZT

AZx̄ =

ZT

c

If A symmetric, ZTAZ symmetric, but (possibly)
indefinite - apply MINRES!

Use as a preconditioner ZTGZ , where G is positive
definite on the null space of B.

..

x̂ = x + x0
Bx0 = b

..

A

.

B

. Z.

ZTAZ
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B
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MINRES applied to the reduced system
v̄1 = ZTc− ZTAZ x̄0
z̄1 = (ZTGZ)−1v̄1

β1 =
√

z̄T1 v̄1
η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

z̄j = z̄j/βj

αj = z̄Tj Z
TAZ z̄j

v̄j+1 = ZTAZ z̄j −
αj

βj
v̄j −

βj

βj−1
v̄j−1

z̄j+1 = (ZTGZ)−1v̄j+1

βj+1 =
√

z̄Tj+1v̄j+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
w̄j+1 = (z̄j − γ3w̄j−1 − γ2w̄j)/γ1
x̄j = x̄j−1 + cj+1ηw̄j+1

η = −sj+1η

▶ xk = Z x̄k
▶ ZTvk = v̄k
▶ zk = Z z̄k
▶ wk = Z w̄k
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MINRES applied to the reduced system
ZTv1 = ZTc− ZTAx0
z̄1 = (ZTGZ)−1ZTv1

β1 =
√

z̄T1 Z
Tv1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence
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TAZ z̄j
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βj

βj−1
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⇒
[

G BT

B 0

] [
z
g

]
=

[
v
0
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v1 = c− Ax0[
G BT

B 0

] [
z1
g1

]
=

[
v1
0

]
β1 =

√
zT1 v1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj

αj = zTj Azj

vj+1 = Azj −
αj

βj
vj −

βj

βj−1
vj−1[

G BT

B 0

] [
zj+1

gj+1

]
=

[
vj+1

0

]
βj+1 =

√
zTj+1vj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1
wj+1 = (zj − γ3wj−1 − γ2wj )/γ1
xj = xj−1 + cj+1ηwj+1

η = −sj+1η

Projected MINRES
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v1 = c− Ax0, u1 = −Bx0[
G BT

B 0

] [
z1
g1

]
=

[
v1
u1

]
β1 =

√
zT1 v1 + gT1 u1

η = β1, s0 = s1 = 0, c0 = c1 = 1
for j = 1, 2...until convergence

zj = zj/βj , gj = gj/βj

αj = zTj (Azj+BTgj )+yTj Bzj[
vj+1

uj+1

]
=

[
Azj+BTgj

Bzj

]
−

αj

βj

[
vj
uj

]
−

βj

βj−1

[
vj−1

uj−1

]
[
G BT

B 0

] [
zj+1

gj+1

]
=

[
vj+1

uj+1

]
βj+1 =

√
zTj+1vj+1 + gTj+1uj+1

γ0 = cjαj − cj−1sjβj

γ1 =
√

γ2
0 + β2

j+1

γ2 = sjαj + cj−1cjβj

γ3 = sj−1βj

cj+1 = γ0/γ1; sj+1 = βj+1/γ1[
wj+1

pj+1

]
=

1

γ1

([
zj

gj+1

]
− γ3

[
wj−1

pj−1

]
− γ2

[
wj

pj

])
[
xj
yj

]
=

[
xj−1

yj−1

]
+ cj+1η

[
wj+1

pj+1

]
η = −sj+1η

MINRES with (indefinite)
constraint preconditioner

...

zTj Azj + zTj B
Tgj + yTj Bzj
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Claim:
If x0 chosen so that
Bx0 = 0, then both
algorithms are identical

...
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▶ uk = 0

▶ Bzk = 0

...
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