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Can you use MINRES with an indefinite
preconditioner?

Tyrone Rees
STFC Rutherford Appleton Laboratory

Nick Gould (RAL), Dominique Orban (Ecole Polytechnique de Montréal)



Projected Krylov Methods Gould, Orban, Rees

The problem...

Solve

Ax=b

where A is symmetric, but indefinite.
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Projected Krylov Methods Gould, Orban, Rees

MINRES (Paige & Saunders, 1975)

MINimal RESidual
Finds
Xk € xo + span{r, Ar, ... ,.Ak_lro}

which minimizes
[rill2 = [Ib — Ax|l2
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Projected Krylov Methods Gould, Orban, Rees

MINRES (Paige & Saunders, 1975)

— AXk
fo=b— A

I\/IINim

Finds
Xk € xo + span{r, Ar, ... ,.Ak_lro}

which minimizes
[rill2 = [Ib — Ax|l2
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Projected Krylov Methods Gould, Orban, Rees

Lanczos othogonalization

Want an orthonormal basis for the set {ry, . Ar, ... ,.Akflro}
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Projected Krylov Methods

Lanczos othogonalization

Want an orthonormal basis for the set {ry, . Arg, ..

vi = ro/|[roll
Given an orthonormal set {v1,..., vy}
> set w = Av,
> him= V,'TW

> W(—W—Zh,‘_mv,'

hm+1,m = ||W||2r Vm+1 = W/hrnJrl,m

v

Gould, Orban, Rees

. ,.Akilro}
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Projected Krylov Methods

Lanczos othogonalization

Want an orthonormal basis for the set {ry, . Arg, ..

vi = ro/|[roll

Given an orthonormal set {v1,..., vy}
> set w = Av,
him= V,'TW

> W(—W—Zh,‘_mv,'

hm-}-l,m = ||W||2r Vm+1 = W/hm-l-l,m

v

v

Gould, Orban, Rees

. ,Akilro}
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Projected Krylov Methods

Lanczos othogonalization

Want an orthonormal basis for the set {ry, . Ar, ...

Vm

Vi

Vm+1

Gould, Orban, Rees

Vm

Vi1

k—1
5 .A ro}

hl,l - hl,m
hi hoo h2,m

0

hm,m—l hm,m

0 0 hm+1,m

Hpn
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Projected Krylov Methods Gould, Orban, Rees

Lanczos othogonalization

Want an orthonormal basis for the set {ry, . Ar, ... ,.Akflro}

[ hi1 hio him |
ha1 hop ha,m
VIAV, = :
hm—l,m
L 0 hm7m,1 hm,m
Hm
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Projected Krylov Methods

Lanczos othogonalization

Gould, Orban, Rees

Want an orthonormal basis for the set {ry, . Ar, ... ,.Akflro}
[ a1 hg O 0o ]
ho1 hop
VIAV, =1 o 0
hm,m—l
L 0 0 hm7m—1 hm,m ]
Hpm
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Projected Krylov Methods

Lanczos othogonalization

Want an orthonormal basis for the set {ry, . Ar, ...

VAV, =

Gould, Orban, Rees

L AR 1)
a1 /1 O 0 ]
f1
0 0
: Bm-1
| 0 0 Bma1 am
Hm

Science & Technology
@ Facilities Council



Projected Krylov Methods Gould, Orban, Rees

From Lanzcos to MINRES

16— Axkl2 = [[b—Alxo + Vikzi)l2
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Projected Krylov Methods Gould, Orban, Rees

From Lanzcos to MINRES

16— Axkl2 = [[b—Alxo + Vikzi)l2
(b — Axo) — AViez||2
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Projected Krylov Methods Gould, Orban, Rees

From Lanzcos to MINRES

16— Axkl2 = [[b—Alxo + Vikzi)l2
(b — Axo) — AViez||2
Illrollvi — AViez|l2

vi = ro/||ro|
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Projected Krylov Methods Gould, Orban, Rees

From Lanzcos to MINRES

16— Axkl2 = [[b—Alxo + Vikzi)l2
= ||(b— Axo) — AViz||2
Illrollvi — AViez|l2

llirollvi = Ve Hizello

[AVk = Viq1 Flk}

Science & Technology
@ Facilities Council



Projected Krylov Methods Gould, Orban, Rees

From Lanzcos to MINRES

[b—Axllz = [lb—Alxo + Viczi)||2
(b — Axo) — AViczi|2
lrollve — AVizil|2

Il rollva — Vir1 Hizel2
= | Visa(llroller = Hizi)ll2
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Projected Krylov Methods

From Lanzcos to MINRES

16— Axxl2

IIb — A(xo + Vikzk)||2
(b — Axo) — AViczi|l2
[lrollve — AVizil|2
l7ollve — Vier1Hiczil2
IVir1(llroller — Hiz)ll2
llroller — Hiezell2

Gould, Orban, Rees
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Projected Krylov Methods Gould, Orban, Rees

From Lanzcos to MINRES

[b—Axk|2 = [|b—A(xo + Viz)|2
(b — Axo) — AViczi|l2
[lrollve — AVizil|2
l7ollve — Vier1Hiczil2
IVir1(llroller — Hiz)ll2
= lllroller — Hizll2

Least squares problem: solved by Givens rotations
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Projected Krylov Methods Gould, Orban, Rees

What about preconditioning?

Convergence of MINRES depends on the clustering of the
eigenvalues.
Suppose P = MM is such that the spectrum of

MTAM—T

is ‘nice’.
Apply MINRES to

MIAM~Ty = M~ 1p,

where y = M Tx.
Expect better convergence.

Science & Technology
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Projected Krylov Methods Gould, Orban, Rees

Algorithm

vi =b — Axo
PZ1:V1
Br=1/z{w1

n=p,s%=5=0,ca=a=1
for j = 1, 2...until convergence
2 =2;/f;
aj = z; Az,
Vi = Azj — —
Pzji1 = vjn1
= STy
Bi+1 = Z; 1 Vj+l
Yo = Gy = G-15;f;

M =1/ + Bj+1?
Y2 = sja + ¢-165;
V3 = sj-10;

Gi+1 = Y0/71; Si+1 = Bj+1/m
Wil = (zj — 13Wj—1 — 72W;) /71
Xj = Xj—1 + CGi+1MWj+1

— Science & Technology
n= —Sj+17 @ Facilities Council



Projected Krylov Methods

Algorithm

vi =b — Axo
P21:V1
Br=1/z{w1

n=pnss=5=0,0=a=1

for j = 1, 2...until convergence
2 =2;/f;
aj = z; Az,
Vjr1 = AZj — =
Pzj1 =vjn
Biv1 = 1/2], 1V
Y0 = Gaj — G-15if;
1=/ + Bj+12
Y2 = 505 + G163
Y3 = Sj-1P

Gi+1 = Y0/71; Si+1 = Bj+1/m
Wi = (zj — 73Wj—1 — 72W;) /7

Xj = Xj—1 + CGi+1MWj+1

= —S+11

Gould, Orban, Rees

Preconditioner. Note M factors
not needed.
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Projected Krylov Methods Gould, Orban, Rees

Algorithm
vi = b — Axg
P21 = V1
/31 = \/ZIV].
772‘81,5025120, Co=C1=].
for j = 1, 2...until convergence

Zj = ZJ/ﬁJ

) = z; T Az

Vit = Az — Yy Preconditioner. Note M factors
J+ BT B not needed.

diagonal entries of Hy

off-diagonal entries of H

Pzj1 =vjn

. — T .
Bit1 = \ Zj+1Vi+1
Yo = Gy — ¢—15i3;

"= 73 + Bji12

Y2 = sja; + G-16;

Y3 = 5j71ﬂj

Gt = Y0/71; Sj+1 = Bie1/m
Wil = (Zj — y3Wj—1 — 72W;) /71
Xj = Xj—1 + G+1MWjt1

— Science & Technology
n= —Ssj+17 @ Facilities Council



Projected Krylov Methods Gould, Orban, Rees

Algorithm
V] = b — .AXO
P21 = V1
fr=1/2z]w
n=p0,s0=s51=0,co=c1=1
for j = 1, 2...until convergence
Zj = ZJ/ﬁJ
) = z; .Azj
%, _ B ) Preconditioner. Note M factors
5T B not needed.
diagonal entries of Hy
off-diagonal entries of H

Givens' rotations

Vi = Az —
Pzj1 =vjn
o T,
ﬂﬁrl =1/ Zj1Vi+1
Yo = ¢y — G1Sif;

"= 73 + Bj+12
Y2 = sja; + G-16Gf
Y3 =5si-103;

G+1 = Y0/71; Si+1 = Bj+1/m
Wil = (Zj — y3Wj—1 — 72W;) /71
Xj = Xj—1 + Cit1MW,j+1

— Science & Technology
n=—=5+17 @ Facilities Council



Projected Krylov Methods Gould, Orban, Rees

Greenbaum

Chapter 8

Iterative Methods

for Solving Linear Systems Overview and Preconditioned Algorithms

Anne Greenbaum

The same modifications can be made to any of the MINRES implemen-
tations, provided that the preconditioner M is positive definite. To obtain a
preconditioned version of Algorithm 4, first consider the Lanczos algorithm
applied directly to the matrix L~'ALH with initial vector g;. Successive
vectors satisfy

;= LT AL - ajd; — Bjadjor,
= (L7 AL G5,45) = Bj-1(45-1,45),
a5/85. 85 = Il

Science & Technology
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Projected Krylov Methods Gould, Orban, Rees

Greenbaum

Chapter 8

Iterative Methods
for Solving Linear Systems

Overview and Preconditioned Algorithms

Anne Greenbaum

ve
rectly to the matrix

Successive
vectors satisfy

o =L" ‘AL 145~ ajd; = Bj-1d;-1,
aj = (LT AL 45,45 ~ Bj1(4j-1.45)
95/, B = lI;ll.
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Projected Krylov Methods Gould, Orban, Rees

Elman, Silvester, Wathen

The preconditioned MINRES method

leme I|‘lm and 6.1
ative Solvers
it In the generic context of solving a symmetric and indefinite matrix system
Incomprosslalkd dymarics
Kx=b, (63)
HOWARD ELMAN
DAVID SILVESTER
ANDY WATHEN .

any preconditioner does not destroy

It is desirable to ensure that
otherwise iterative meth-

of the discrete Stokes problem;
would have to be employed as for discrete
symmetry in the preconditioned s;
is uqlmul

the symmetry
ods for nonsymmetric
convection-diffusion plol)l(‘m To prese
tem, a symmetric and positive-definite preconditioner M = HHT

tem:
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Projected Krylov Methods

Elman, Silvester, Wathen

lements and
ative Solvers

[ —
"

HOWARD E
DAVID SILVESTER
ANDY WATHEN

Gould, Orban, Rees

6.1 The preconditioned MINRES method

In the generic context of solving a symmetric and indefinite matrix system

Kx=b, (6.3)

It is desirable to ensure that any preconditioner does not destroy
the symmetry of the discrete Stokes problem; otherwise iterative meth-
would have to be employed as for discrete

ods for nonsymmetric systems

convec £ Forpreserve Syt Ty-mrthe 1s

i1, a symmetric and positive-definite preconditioner M = HH” is required.
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Projected Krylov Methods Gould, Orban, Rees

Saunders' implementation

% Science & Technology
Facilities Council
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Saunders' implementation
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A class of indefinite problems

HEEN i
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Projected Krylov Methods

A class of indefinite problems

3905 ]

X = X-+Xo

BXO=b

12

Gould, Orban, Rees
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Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems

EAIREOR
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Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems

A BT x| _|c A
B 0 y| |0
Let Z span the nullspace of B (i.e. BZ =0)

BZ =0=x=/7x

Science & Technology
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Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems

A BT x| _|c A
B 0 y| |0
Let Z span the nullspace of B (i.e. BZ =0)

BZ =0=x=/7x

AZx+ B'y= ¢

Science & Technology
@ Facilities Council
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Projected Krylov Methods

A class of indefinite problems

3 91G)-[5

Let Z span the nullspace of B (i.e. BZ =0)

BZ =0=x=/7x

ZTAZx+2Z"BTy=27"¢

12

Gould, Orban, Rees

ZTAz
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Projected Krylov Methods Gould, Orban, Rees

A class of indefinite problems

HAHEH i

Let Z span the nullspace of B (i.e. BZ =0)

BZ=0=x=72x
Z
ZTAZz=2Z"c
If A symmetric, ZT AZ symmetric, but (possibly)
indefinite - apply MINRES! ZTAZ

Use as a preconditioner Z" GZ, where G is positive
definite on the null space of B.

Science & Technology
@ Facilities Council
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Projected Krylov Methods

MINRES applied to the reduced system

13

Ww=Z"c—Z"AZxo
7 =(Z'62) "%

=
Z vy

n=pF,s0=5=0c=ca=1
for j = 1,2...until convergence

z;,=2/p;

o =2/ Z"TAZ3;

Vi = ZTAZz - Dy - bi g,
j Bi-1

Zj+1 (Z GZ) Vj+1
/Bj+1 =1/ zj+1vj+1
Yo = Gy — G-18f;

T =1/7% + J+1

Y2 = s + ¢i-1Gf;

73 = sj-15

Gt = Y0/ Sj+1 = Biv1/m
Wit1 = (Zj — 13Wj—1 — 72W;) /71

XJ - Xjfl + Cj+lnwj+l

= —5+11

Gould, Orban, Rees
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Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
Ww=Zc—Z"AZ%
7 =(Z'62) "%
B = 21T‘_’1
ﬁ:ﬁLSo:Sl:O, Co:C1:1
for j = 1, 2...until convergence

z = ijﬁjT
W=2"Azz - Yy - Pg > X = ZX
j Bi-1

Zj+1 (Z GZ) Vj+1
Bi1 =4/ Zj+1"j+1
Yo = Gy — G-18f;

T =1/7% + J+1

Y2 = s + ¢i-1Gf;

73 = sj-15

Gt = Y0/ Sj+1 = Biv1/m
Wit1 = (Zj — 13Wj—1 — 72W;) /71

Xj = Xj-1+ G1MWj1
Science & Technology
n = —Sj+1n @ Facilities Council
13



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system
Ww=2"c—Z" Ax
7 =(Z'62) "%
B = 21T‘_’1
ﬁ:ﬁLSo:Sl:O, Co:C1:1
for j = 1, 2...until convergence

z = ijﬁjT
W=2"Azz - Yy - Pg > X = ZX
j Bi-1

Zj+1 (Z GZ) Vj+1
Bi1 =4/ Zj+1"j+1
Yo = Gy — G-18f;

T =1/7% + J+1

Y2 = s + ¢i-1Gf;

73 = sj-15

Gt = Y0/ Sj+1 = Biv1/m
Wit1 = (Zj — 13Wj—1 — 72W;) /71

Xj = Xj—1 + G+1MZWj41
Science & Technology
n = —Sj+1n @ Facilities Council
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Projected Krylov Methods

MINRES applied to the reduced system
Ww=2Z"c—Z Ax
7 =(Z2"62) "%
B = le‘_’l
ﬁ:ﬁLSo:Sl:O, Co:C1:1
for j = 1, 2...until convergence

zi=12/p
o =2 ZTAZ3;
Vi = ZTAZz - Dy - bi g,
J /ijl T N
7= (Z27GZ) Yin > 2 v =g

Bir1 = A/ Zj+1"j+1
Yo = ¢y — ¢—15i5;

T =1/7% + J+1

Y2 = s + ¢i-1Gf;

73 = sj-15

Gt = Y0/ Sj+1 = Biv1/m
Wit1 = (Zj — 13Wj—1 — 72W;) /71

Xj = Xj—1 + G+1MZWj41

= —5j+11
12

> Xk:Z)_(k

Gould, Orban, Rees
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Projected Krylov Methods

Gould, Orban, Rees

MINRES applied to the reduced system

13

Z'vi=2"c—Z" Axo
21=(2"62)"'2"w

ﬁliyliIZTvl

n=pFL,s%=s1=0,g=ca=1
for j = 1, 2...until convergence
zj = ijﬁjT

ZTVJ'+1 = ZTA22J'— %ZTVJ— ﬂj ZTijl
Bj Bi-1

Zi1=(276Z) " Z v

Bir1 = J+1Z Vit

Yo = ¢y — ¢—15i5;

T =1/7% + J+1

Y2 = sja; + ¢-165;

3 = sji-1B

Gt = Y0/ Sj+1 = Biv1/m

Wit = (Zj — 13Wj—1 — 72W;) /"

Xj = Xj—1 + G+1MZWj41

= —5j+11

Science & Technology
@ Facilities Council



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system

13

vi = ¢ — Axg
7= (2" GZ) 'z

pr= \/217277\11
n=p%,s0=51=0,co=c=1
for j = 1, 2...until convergence

zj = 21451T

aj =3 Z2TAZ3,

Vi1 = AZij — %VJ‘ — %Vj_l > Xy = Z)_(k
i

3= (2762)" 147 Vi » Z v = vy

Biv1 = V 2127,

Yo = ¢y — G155

M=/ + Bl

Y2 = sj0; + G-16f

Vs = sj—10;

G+1 = Yo/71i Si+1 = Biri/m
Wi = (2 — 73Wj—1 — 72W;) /7
Xj = Xj-1 + G1NZWjp1

— Science & Technology
N = —5+11 @ Facilities Council



Projected Krylov Methods

MINRES applied to the reduced system

13

vi = ¢ — Axg
71=(Z2" GZ) 'z

pr= \/ 2/ Z7v,

n=p,s0=5=0c=ca=1
for j = 1, 2...until convergence

Z =3B
aj=2; Z AZz 5
o .
5 J
Vig1n = AZz; — —vj — ——v;_;

J
= T —1-5T
Zj 1 = (Z GZ) V4 Vjt+1
B = V 212,
Y0 = Gy — ¢-150;

M=/ + Bl
Y2 = sja + ¢-165;
Y3 =513

Gt = Y0/71; Sj+1 = Biv1/m
Wit = (Zj — 13Wj—1 — 72W;) /"
Xj = Xj-1 + G1NZWjp1

= —5+17

Gould, Orban, Rees

> Xk:Z)_(k
T -
PZVk—Vk

> Zk:Zik
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Projected Krylov Methods

MINRES applied to the reduced system

Vi =C— A

z2=2(2" GZ) 177w

pr= \/ﬂ
n=p%,s0=51=0,co=c=1
for j = 1, 2...until convergence

Gould, Orban, Rees

zj = 21451
Qj = Zj AZJ'
(o'} —
Vjt1 = AZJ 7ij ﬂﬂ —1 > xk - Zxk
j—1

T _
21 =2(Z7 GZ) 1Z7vj > L v =y
Bjr1 = \V j+1vj+1 > Zy = Zik
Yo = ¢y — G—15;5;
M=/ + Bl
Y2 = sja + ¢-165;
Y3 =513

Gt = Y0/71; Sj+1 = Biv1/m
ZWji1 = (zj — V3 ZWj—1 — 122 W;) /71
Xj = Xj-1 + G1NZWjp1
= —5+17
13

Science & Technology
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Projected Krylov Methods

MINRES applied to the reduced system

13

Vi =C— A

z2=2(2" GZ) 177w

pr= \/ﬂ
n=p%,s0=51=0,co=c=1
for j = 1, 2...until convergence

zj = 21451
Qj = Zj AZJ'
«;
Vi1 = Az; — 7JVJ B -1
51 1

zja=2(Z2" GZ) 1va,+1

Biv1 = V 2} v
Yo = oy — ¢j—15i;

"= 'Yo + J+1
Y2 = s + ¢-1G5;
73 = sji-1B

Gt = Y0/71; Sj+1 = Bir1/m
ZWj1 = (zj = 13ZWj1 — 122W;) /1
Xj = Xj-1 + G411 Z W41

= —5+17

v

Xk :Z)_(k
ZTVk :\_Ik
Zy :Zik
W :Zwk

Gould, Orban, Rees
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Projected Krylov Methods

MINRES applied to the reduced system

13

Vi =C— A

z2=2(2" GZ) 177w

pr= \/ﬂ
n=p%,s0=51=0,co=c=1
for j = 1, 2...until convergence

zj = 21451
Qj = Zj AZJ'
Qj B
Vi1 = Az; — 7JVJ
51 1

zja=2(Z2" GZ) 1va,+1

Biv1 = V 2} v
Yo = oy — ¢j—15i;

"= 'Yo + J+1
Y2 = s + ¢-1G5;
73 = sji-1B

G+1 = Y0/71; Si+1 = Biri/n
w1 = (zj — y3Wj—1 — 72w;) /1
Xj = Xj—1 + G+1MWj+1

= —5+17

v

Xk :Z)_(k
ZTVk :\_Ik
Zy :Zik
W :Zwk

Gould, Orban, Rees
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Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system

n=p,s0=5=0c=ca=1
for j = 1, 2...until convergence

> Xy = Z)_(k

> ZTVk = Vg

>z, = Zik
Yo = Gy — G151 > wy = 2wy

— 2 2
T =4/% 1B
Y2 = Sj + G163
3 = Sji-1f;
i1 =/ s = Bir/m
wii1 = (zj — YawWj-1 — 12w;)/m
Xj = Xj—1 + G+1MWj+1
_ Science & Technology
n = —Sj+11 @ Facilities Council
13



Projected Krylov Methods Gould, Orban, Rees

MINRES applied to the reduced system

n=p,s0=5=0c=ca=1
for j = 1, 2...until convergence

z:Z(TZTGZ)_IZTv
-15 % i )-[5]

> Xk:Z)_(k

> ZTVk:\_Ik

> Zk:Zik

Yo = oy — ¢j—15i;

M =1/%+ B

Y2 = sja + ¢-165;

Y3 =513

G+1 = Y0/71; Si+1 = Biri/n
w1 = (zj — y3Wj—1 — 72w;) /1
Xj = Xj—1 + G+1MWj+1

> Wk:ZWk

— Science & Technology
n= —Sj+17 @ Facilities Council
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Projected Krylov Methods Gould, Orban, Rees
Vi =C— AXO
G B™][a]_[wn
B 0 g1 0
Br=1/2{v,

n=p1s=s51=0cg=c=1
for j = 1,2...until convergence

zj = zj /B

o = zJTAzj

Vi = Az — Sy,

j+1 J B; J Bi1 j—1

[G BT} {ZJH} - {"JH} Projected MINRES
B 0] |g+1 0

= T
Bir =1/Zj11Vin

Yo = oy — G-15iB;

=1/ + B
Y2 = 5oy + 616
v3 = sji—108;

Gl =0/Mi Sjy1 = Biy/m
Wiyt = (zj — 3Wj_1 — 72W;) /71
Xj = Xj—1 + G+1MWj+1

n= —Sj+1M

Science & Technology
@ Facilities Council
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Projected Krylov Methods

15

Gould, Orban, Rees

Vi =C— AXO, u; = —BXO
G BT

o (] = o]

B = \/m
n=pB,s%0=51=0,cqg=c=1
for j = 1, 2...until convergence

zj=2;/B;, g = g;/5;
aj = ZJT(AZJ+Bng)+yJTBZj

|:vj+1:| _ [AszrBng}_ﬂ M_ B [\,H]
Ujt1 sz 5] u; 51'71 iy

[G BT} |:Zj+1:| _ |:Vj+l] MINRES with (indefinite)
- — constraint preconditioner

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

"= 'Yg + Bj‘2+1
Y2 = sjaj + ¢-16B;
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Bxg = 0, then both
algorithms are identical

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

Vi =C— AXO, u; = —BXO

G BT Z] _ A\
B 0| |g] |w
B1=1/z]v; +g]um

n=p,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/Bj, g = gj/B
aj = ZJT(AZJ+Bng)+yJTBZj

)= [ -5 o] ]
Uj+1 Bz; B LWl Bj—1 W1
Hl N
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

X Xi_1 W1

=1 Hean| )T

Yj yj—1 Pj+1
n= —Sj+1M

Gould, Orban, Rees

Claim:

If xo chosen so that
Bxg = 0, then both
algorithms are identical

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0

G BT Z] _ A\
B 0| |g] |w
B1=1/z]v; +g]wm

n=p,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/Bj, g = gj/B
aj = ZJT(AZJ+Bng)+yJTBZj

)= [ -5 o] ]
Uj+1 Bz; B LWl Bj—1 W1
Hl N
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

X Xi_1 W1

=1 Hean| )T

Yj yj—1 Pj+1
n= —Sj+1M

Gould, Orban, Rees

Claim:

If xo chosen so that
Bxg = 0, then both
algorithms are identical

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0
G BT Z] _ A\
B 0 gi| |0
ﬂlzy/levl—i—O

n=p,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/Bj, g = gj/B
aj = ZJT(AZJ+Bng)+yJTBZj

)= [ -5 o] ]
Uj+1 Bz; B LWl Bj—1 W1
Hl N
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

X Xi_1 W1

=1 Hean| )T

Yj yj—1 Pj+1
n= —Sj+1M

Gould, Orban, Rees

Claim:

If xo chosen so that
Bxg = 0, then both
algorithms are identical

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0
5 ][9]
B 0 gi| |0
B =
n=p,5%0=51=0c0=ca=1
for j = 1, 2...until convergence
2 =2;/Pj, & = 8j/bj
aj = ZJT(AZJ+Bng)+yJTBZj

)= [ -5 o] ]
Uj+1 Bz; B LWl Bj—1 W1
Hl N
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

=
Z1V;

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

X Xi_1 W1

=1 Hean| )T

Yj yj—1 Pj+1
n= —Sj+1M

Gould, Orban, Rees

Claim:

If xo chosen so that
Bxg = 0, then both
algorithms are identical

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axp,u; =0
G BT Zi| _ (\1
B 0] |e| |O
BL=/z{v
n=p%,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj =2;/Bj, & = &/b;
aj = ZJT(AZJ+Bng)+yJTBZj
uj

Bj-1

Ujt1 Bz; Bj
G BT][z1] _ [vina
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

"= 'Yg + Bj‘2+1
Y2 = sjaj + ¢-16B;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wii] 1 ZJ}, [Wj—l}, [Wj
[pjﬂ} wqgm B pioa) T e

M= T g | Wit
Yj Yj—1 J Pj+1
N = —Sj+1M

|:Vj+1:| _ |:AZJ+BTgJ:| _% |:VJ:| _ ﬂj |:Vj,1

uj_1

| 4 uk:O
> BZkZO

Gould, Orban, Rees

Assume, (k <j) :

Science & Technology
@ Facilities Council



Projected Krylov Methods Gould, Orban, Rees
vi=c— Axg, u1 =0
G BT][z1]] [w1
B 0 g1 0
Pr =4/ z{v;

n=pB,s0=5=0,cg=c=1
for j=1,2.. until convergence

zJ.TAzJ- + zJ.TBTgJ +y; BzJ

" u; Zj:j Assume, (k <j) :
[G BT} |:Zj+1:| _ |:Vj+l] > u, =0

B 0] g Uji1
> =

Bit1 =/ 2/ v tglauin Bz, =0
Yo = oy — G-15if;
Y
Y2 = 50 + ¢-16f;
Y3 = Sj— I/BJ
Gi+1 = Y0/71: Sir1 = Biy1/m

A (ARIERH)
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

X; Xj—1 1
J| — J +
1= |y, + ¢iy1m
Yj yj—1 Pj+1 .
_ . Science & Technology
N = —Sj+1M @ Facilities Council

15



Projected Krylov Methods Gould, Orban, Rees

vi=c— Axg, u1 =0
G BT Zi| _ (\1 T
IR 2] 42, 2] BT} +

A=y 2 v, = ZjTAZ_i
n=p%,s0=51=0,cp=c1=1
for j=1,2.. until convergence
VJ 1 )
ui_q Assume, (k <j) :

I
o~

FBTFﬂ:Vﬂ v
B 0] [gj+1 U1
Bi+1 =4/ Z]:rlijrl + ng-1”1'+1

Yo = oy — G-15if;

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
Y3 = Sj— 118j

Gi+1 = Y0/71: Sir1 = Biy1/m

w5 ()b B
|:Pj+1:| o 8j+1 s Pj—1 72 Pj

X; Xj—1 1
I = |57 gran |
. . J
yj Yj—1 Pj+1 Science & Technol
_ . cience & Technolo
n= —SJ+1’)’] @ Facilities Council i

15



Projected Krylov Methods

15

vi=c— Axg, u1 =0
G BT Zi| _ (\1
B 0] |e| |O
B1=1/2z{ v
n=p%,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/B;, g = gj/B
aj = zJ-TAzj

Bj-1

Ujt1 Bz; Bj
G BT][z1] _ [vina
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

uj

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wii] 1 ZJ}, [Wj—l}, [Wj
[pjﬂ} ’Yl(|:gj+1 B pioa) T e

X Xi_1 W1

=1 Hean| )T

Yj yj—1 Pj+1
n= —Sj+1M

|:Vj+1:| _ |:AZJ+BTgJ:| _% |:VJ:| _ ﬂj |:Vj,1

uj_1

| 4 uk:O
> BZkZO

Gould, Orban, Rees

Assume, (k <j) :

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0
G BT Zi| _ (\1
B 0] |e| |O
B1=1/2z{ v
n=p%,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/B;, g = gj/B
aj = zJ-TAzj

Bj-1

Uj+1 Bz; Bj
G BT][z1] _ [vina
B 0] |g+ Uj+1

. — T T .
5j+1 =VZVi + 8 1Uj+1

Yo = oy — G-15if;

uj

"= 'Yg + Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wii] 1 ZJ}, [Wj—l}, [Wj
[pjﬂ} ’Yl(|:gj+1 B pioa) T e

X Xi_1 W1

=1 Hean| )T

Yj yj—1 Pj+1
n= —Sj+1M

|:Vj+1:| _ |:AZJ+BTgJ:| _% |:VJ:| _ ﬂj |:Vj,1

uj_1

| 4 uk:O
> BZkZO

Gould, Orban, Rees

Assume, (k <j) :

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0
G BT Zi| _ (\1
B 0] |e| |O
B1=1/2z{ v
n=p%,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/B;, g = gj/B
aj = zJ-TAzj

U1 0 Bj 0

G BT][z1] _ [vina

B 0] |g+ Uj+1
Bi+1 =4/ Zﬁl"jﬂ + ng-1”1'+1
Yo = oy — G-15if;
1= \/'Yg +Bj‘2+1
Y2 = 50 + ¢-16f;
V3 = sj-10;
Ci+1 =Y0/71; Sj+1 = Bj+1/m

wii] 1 ZJ}, [Wj—l}, [Wj
[pjﬂ} wqgm B pioa) T e

Bi—1

M= T g | Wit
yj Yj—1 J Pj+1
N = —Sj+1M

|:Vj+1:| _ |:AZJ+BTgJ:| _ﬁ |:VJ:| _ Bj |:Vj,1
0

| 4 uk:O
> BZkZO

Gould, Orban, Rees

Assume, (k <j) :

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0
G BT Zi| _ (\1
B 0] |e| |O
B1=1/2z{ v
n=p%,s0=51=0,cp=c1=1
for j = 1, 2...until convergence
zj = 2;/B;, g = gj/B
aj = zJ-TAzj

unl =g 8]k )

ujt1 0 B 0] B—11 0
G BT [zin] _ [vin
B 0] |g+ Uj+1

Bi+1 =4/ Zﬁl"jﬂ + ng-1qu

Yo = oy — G-15if;

1= \/'Yg +Bj‘2+1

Y2 = sj0j + ¢o16f;

V3 = sj-10;
Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

M= T g | Wit
yj Yj—1 J Pj+1
N = —Sj+1M

Assume, (k <j) :

| 4 uk:O
> BZkZO
uir1=0

Gould, Orban, Rees

Science & Technology

@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0

G BTl [z1] _[wn

B 0 gi| |0
B1=1/2{v,
n=p,5%0=51=0c0=ca=1
for j = 1, 2...until convergence

z; =z;/B;, g =g;/B;
aj = zJ-TAzj

) = s e 8-

ujt1 0 B 0] B—11 0
G BT [zin] _[vin
B 0] |g+ 0

Bi+1 = 4/ 2/ v +0

Yo = oy — G-15if;

"= \/'Yg +Bj‘2+1

Y2 = 50 + ¢-16f;

V3 = sj-10;
Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

M= T g | Wit
yj Yj—1 J Pj+1
N = —Sj+1M

Assume, (k <j) :

> Uy =0

> BZk =0
Uj+1:0
BZJ'_H_IO

Gould, Orban, Rees

Science & Technology

@ Facilities Council



Projected Krylov Methods

15

vi=c— Axg, u1 =0

G BTl [z1] _[wn

B 0 gi| |0
B1=1/2{v,
n=p,5%0=51=0c0=ca=1
for j = 1, 2...until convergence

z; =z;/B;, g =g;/B;
aj = zJ-TAzj

e e A v R

ujt1 0 B 0] B—11 0
G BT [z1] _ [vin1
B 0] |g+ 0

Bis1 =/ 21V

Yo = oy — G-15if;

71 = \/'Yg +Bj‘2+1

Y2 = 5 + Go16h;

V3 = sj-10;
Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

M= T g | Wit
yj Yj—1 J Pj+1
N = —Sj+1M

Assume, (k <j) :

> Uy =0

> BZk =0
Uj+1:0
BZJ'_H_IO

Gould, Orban, Rees

Science & Technology

@ Facilities Council



Projected Krylov Methods
vi=c— Axp,u; =0
G BT Zi| _ (\1
B 0] |g] [0
B1=1/2z{ v N
n=p0,5=5=0,cg=c=1 O\o\em
p(

for j = 1, 2...until convergence
z; =z;/B;, g = g;/B;
aj = zJ-TAzj
|:Vj+1:| _ |:AZJ+BTgJ:| o |:VJ:| . Bj |:Vj,1:|
ujs1 0 i 101 B2 L O
G BT [z1] _ [vin1
B 0 gj+1 0
_ T
Bit1 = 21V
Yo = oy — G-15if;
"= \/'Yg +Bj‘2+1
Y2 = 50 + ¢-16f;

V3 = sj-10;
Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

M= T g | Wit
yj Yj—1 J Pj+1
N = —Sj+1M

15

Gould, Orban, Rees

Assume, (k <j) :

> Uy =0

> BZk =0
Uj+1:0
BZJ'_H_IO

Science & Technology
@ Facilities Council



Projected Krylov Methods

15

n=pB,s0=5=0,cg=c=1
for j = 1, 2...until convergence

vi=c— Axg, u1 =0
G BT

o] 5] - [

_ /T
=Vav:

¢
) o‘O\em '

z; =z;/B;, g = g;/B;

aj = zJ-TAzj

o= [ 8- I
ujt1 0 B 0] B—11 0
el
B 0 2

Bis1 =/ 21V

Yo = oy — G-15if;

"= \/'Yg +Bj‘2+1

72 = sj05 + 61605

V3 = sj-10;

Ci+1 =Y0/71; Sj+1 = Bj+1/m

wel =5 (] = ] == [7])
|:Pj+1:| a4l gj+1 s Pj—1 72 Pj

unchanged

M= T g | Wit
Yj Yj—1 J Pj+1
N = —Sj+1M

Gould, Orban, Rees

Assume, (k <j) :

> Uy =0

> BZk =0
Uj+1:0
BZJ'_H_IO

Science & Technology
@ Facilities Council



Projected Krylov Methods
vi=c— Axg, u1 =0
G BT Zi| _ (\1
B 0 gi| |0
B1=

n=pB,s0=5=0,cg=c=1
for j = 1, 2...until convergence

=
Z1V;

Zj = ZJ/BJ g =g/B;

aj =z Azj

|:Vj+1:| _ |:AZJ'+Bng:| o |:vj_
Uj+1 0 B
G BT [zin] _[vin
B 01 [gj+1 0

_ T

Bit1 = \/Z1VYi

Yo = g —G-15i5;

"= 'Yg + Bj‘2+1

Y2 = 50 + ¢-16f;

Y3 = Sj— 16]

Gi+1 = Y0/71: Sir1 = Biy1/m

ol =5 (e -
Pj+1 T 8j+1 Pj—1

Xi| _ |%j-1 Wjt1
= + G
Y i1 T i
1= —sj47

15

Gould, Orban, Rees

Bi+1 =

Bj
Az; +BTg——v 7 1)
N R o =

= \/ J+1 (AZJ (;j Vj — Wilv‘,’_l)

vPPMINRES
J+

= z

Assume, (k <j) :

> Uy =0

> BZk =0
Uj+1:0
BZJ'_H_IO

|- [7])

Science & Technology
@ Facilities Council



Projected Krylov Methods Gould, Orban, Rees

Numerical Comparison
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