S Digital Calculation of Synchrotron Oscillations
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An outline of the R.F, system is shown ir figure (1).

Ten R.F, cavities are situated symnetrically as shown,

passing through the centre of each.

Zach cavity is connected by a stub of wuve

*

electrical length of the stud is O wavelengiis.

guide ©o the waveguile ring.
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electron orsit

Coupling irises A and B coudle

power between ths stub and the cavity and between stub and waveguide ring.

If the R.F. rzumonic number =

A - = 300, the distances in orbit betwesn

Lol

successive cavities will be 30 wavelengths., =2he cavities should therefore Te dn

phase with each other. The electrical length of the section of waveguide zin
1]

between cavii ss should therefore bz an even number of wavelengih

Pt -

The input power is fed into the system through a coupling iris

Junction placed symmetrically between cavities 1 and 10 if % is even,

offse. ais o’

n (2% )when n’
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digitei computor {Uercury Autocode) has been -sed to £ind the viitaze czplisucis
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for the Runge-Kutta solution will be of the same order as the time of Dlight

Methods of Calculavion

rre R,7. cavitiss will Te represented &s stunt 2.,L.C, circuivs. Tnis wiil

ve & good model provided no other rasonances of the cavities are ¢io0se w0 whe 408

Lw/s R.F. froquency, and there are no resonances close to the "linac. freguency of

of 7 x 4LO8 Mc/S. The design of tne cavities will have %o take account of these

1nstances.

The power 1nput to uhe system will be fed to the ring via & waveguide isolator

The impedance looking back along the input waveguide will equal that of the wave-

guide,  d4nd in any voltage current representation 7 : ~ Tt

the R.F. &rive may be represented as either a constant current generator shunted

by the waveguide impedance,. or & constant voltage generator in series with the

waveguide impedance (see appendix (a)).

There are two methods open to us by waica we may celculate the phase and

snergy deviations during synchrotron oscillation.

(a) " Runge-Kutta. solution of the differential ecuations of motion assuiing
continuoué interaction with an R.F. travelling wave.

(b) Step by step calculation, calculating.the voltags in eacn cavity each
time an-electron passes through., From & knéwiedge of the acceleration

recsived and the magnet parazeters & tize may be calcuiated when it will

pass through uhe nexv cavmty

"Due to the perjod of the synchro»ron osclllatlons the time intervals needed

vetween cavities, In view of this,method (b) will be adopted being a much more

1

realistic model of the actual system.

Approximations

Po gach R.F, cycle 7 bunches of electrons will be injected. For one turn
L[]

injection and R.F. Harmonlcnhmbe¢ of 300, 2100 bunches will be injecied., Zach

vunch wiil have a very small phase spread which may be ignored, but its energy

spread will be guite a large part of the total allowed energy deviation.,

.

During oscillation this energy spread wiil become 2 phase spread and <he bunches f

will fairiy cuickl become a continuum losing their separate igdentity. It is
g . (=] i "

. . . . . ; . w12 .
evidently 1o ossible to calculate the dynamics of 10 slectrons separatal 50
y imp : ,

some approximation must bé used.

1st apoproximation

Ths completa ring system is used with 10 cavities. The uy .anics or 2100

particles are calculated. Each partzcle having the chargu and mGSS O &L GxCCTIOL
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'_ of the times of' our 2nd approximation. . ' "1WF;};

.
L2 . .

~

" bunch concentrated to a point in phase space, To simulate the energy spread

sach 7th par%iclé is injected with identical pha§é with réspect to the drivingj
source, but with different energies. For the 2100 pérticles thers will Dbe 7
different phase angles #f injection, Tor each phase angle 300 different ensrgies,
After injection 2160 falues of‘both phaﬁe and energy will have to be fol}owaaf

This calculation would be very long so-a 2nd approxima%ion will be considered. .|
2nd approximation : e .

¢

The voltages in each cavity ars assumed not tb be very different in

. amplitude and phase from one another (this will be checked in all calculavions)

so that the mean voltage and phase around the ring may be calculated and assumed

r &

to be pressnt at sach cavity. .

The 210 particles in flight between cavities 2 and 3 are assumed t0 ve

.

identical in phase and energy with the 210 particles in flight between cavities’

- 1and 2, 4 and 5, etc.

The meinod used in allocating phase and energy at injection will bs similar

"~ to that of the first approximation, -,

- .

The time taken for calc¢ulation will be approximately 1/10th that of ik

first approximation.

3rd approximation

This will be used* for quick calculations to see whether it is worth calcul-
ating by the other two approximations. It corresponds to the model used oy
D.E.S.Y. in their analogue study.

7 particles are considered, so computing times are approxiﬁately 1/30th

i

The model is a single cavity mode%'sﬁbh as our 2nd approximationf%aTThe

dynamics of the first 7 particles éntering the cavity are calculated. 20§“f?y

particles will follow these through the cavity before the firsi 7 pariicles
re-enter, " These 203 particles 'in groups of 7 are considered to be identical

in phase and energy with the first 7, i.e. particle 1 is identical with particle

8, 15, 22, 29, ete,

I the slectron bunches had negligibvle enevrgy spread this approximation
would be ocuite a good one for the first few orbits, but in use its limitations

aust be rememberqd.




C?F?hﬂrﬁh;n for 2nd approximation

' Introdustion

At this noment the programme for the ring system is just being tested in
. 7 .
Joriran, a&s it was previously in Mercury Autocode, and is not yet incorporated
in the beam loading calculations.
.The model is a single cavity fed from a matched waveguide source. Ths

-

| actual ring system source can be programmed with practically no alteration.
The cavity is represented by figura (2). .

R 1s given by a parallel combination of .the cavity shunt xesistancs and
the generator shunt res&stance.' |
lg represents the driving current and Ib the beam current. Ig is
‘.sinusoidal waveform at w = 408 ﬁc/s.‘ Ib is a sucéeésion of delta Tunctions

corresponding to the circulating current,

Response of parallsl resonant circuit 4o train of dslta functions

If X(t) is the value of the parameter X as a function of %, then X(p) is

. *he Laplacs Transform of the paramster X.
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For ease of calculation later let us expand this into a complex expression,

"the real part of this complex expression "neing identical to A o at cos(wo't-({))'. -

St -p) -

- a2t
«©

v(t) =A@
We ahould now oheok this expression in = asimple oﬁaa. Suppone delie

functions of current are incident on the circuit at frequkney £, valus Wd =2717L,

Io being given by the identity Ib = . = Lo- ¢ .

- - . . - a(r - . . .
Now V(t=T) = 4e at eJ(w"t c;>) . 8 e~ ol (12)
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After N delta functions (whers N is very large)
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2ne input data is as follows;=

Loaded Q of oqﬁity

ﬂéasure_of défuning_of cavity where tan f%’ =-2QL T

-, \"'

- Mean e¢irculating D.C.' current

v IETIR

Shunt conductance of generator source
Shunt conductance of cavity

Angular phase of R.F. voltage at time of injection of first

4

particle
" Es Synchratmé energy at injection
" DEs Synchronens energy increass flor each Qavity transit
ig. " Psak generator cufrent :
.Egsilon ~ Maximum allowed energy deviation

P

Gap factor of cavity, i.e. allowance made for transit time
across the cavity, and non ideal electric field distribution

at centre line of cavity

‘The enerzy spread at injection will alsc feed in as input data,

First the parameters which will be needed  in the calculation ars set up,

for example caviiy rise - decay-times, initial times of entry of particles and

thelr snergiss. .

r = 078816 108
w = 277
& = w/ 2QL
| . SR
it = 0% tan..ﬂ(
- W'.o .= W o- S:W . ‘ ‘ . ’
St = orbit compaction factor = 0.0453 - _— o
. 0L o ' ¢
G = {‘T‘_- (G'O + G'C'r)
N (g, (A
-A = 7"0"':%,’ 1l —Wo g
(1) = time of injection of first particle = 9/W

= time intervals heotween successive partiecles at injection

= 1/7 7
T ~ i,
= .1.5 \.,OS '\/ -
Vo __G.J + T .
. [+ c .
(i) = 2(i-1)+ T for 1 = 2(1) 210
DE(i) " 16 be set up for i = 1(1) 210"

seT to ES at injection

60
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el L Parameters for this calsulation are printed out and control is nazsse
sub programie where the oaloulatlon propor 1s carried out, The-values of the

- R et ~--' ~.=-“ .
constent parameters are transfsrred to the sub programme along with the initial

b . L

values of T and DE for the 210 perticles,’ . 7
‘First a constant is s;t up for each:particle EX(i) = 1.0. - i= 1(1jté;9.
Various expfessions contain this'constant,:and if a partidle has too lérge.égf
b . L
energy deviation such as it-would strike the walis of the vacuum vessel and be
lost, the EX value for this par%icle is set to ZAQG‘SQithat its effects are no °

< '_ . 4 ‘. “ - -
longer felt by the system., = At the instant This ocecurs in the calculation a
" record will be printed out to the sffect that the particle ié_lost,

Basis of calculation of effect of beam current

The total voltage in the caviity is the vector sum of the drive voltage

et angular frecuency w, and the voltags induced by the slectron dbunches passing

_ through -the tcavity..
jurt

v ey, e ()
. ' The minus sign is used since we shall take positiddd voltages
'aé_accelg;ating voltages.,
At § = 6 the voltage is that induced by the drife currant,
_ At T(1) the first particle enters. The.voltage inducea by the bean
_ s . . ¢
V() =é%aa. (1 (%)2 g% _
For T(i) i=2(1) 200 s . ¥

=8 GIWOT (4 x mx(3))

‘. DE(i) in the R.H.S. of the DE(i) equation represents the previous value o DE(i).

+

o) = 20 (zﬂ’E) © DB ., i)
_ s

In the T{i) equation above T is réset to zero after the time that_woﬁld
be taken for a synchronons particlé io pass between cavities, DE(1) and 7(2)
are reset in a similar fashion,

if /DE(i)/VES exceeds epsilon EX(i) is ses to zero and the ith particle
no longer has any effect in ?he calewlation, A print out occurs nazing the
perticle that is lost,
Es is reset 1o Es + DES.,

Trhe time interval betwsen 2nd transit of the lst particle and tne 1st

-

- -~ . L) > : + s
. transiv of {the 210th particle is calculated. From this we get V(1) agein so

7{
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the 210 bunches and so on, : . .
Now that the 210 partiscles nave traversed the cavity for the First *ime

the voliage inq}uded by the beam is calculated, The reflsciion “factox at the

-input is also caleulated,

W = V(210) S .

. ¥ - )
Vb is also printed out in normalized form, being mormalized to its maximum

. .

Possible value of

VGl (Go. + G
/v = 5 -(T9)

The total admittance is 5alcglated as éf =Y,

-

The input admittance as Ter' - &6 = Yin

o - s . Go = Yin
The reflection coefficient as _—
© GO + Yin
The calculation is returned to t=0 with V(1) set and the process is

repeated until a set number of orbits is completed.

4 sultable distridution of input energies may be obtained ‘as follows:—

 DE(3) = {sign of Sin i) x {(sin(i) - 1) x ES x DESI -

where i = 1(1).210. B R
DESL = maximum energy spread at injection as percentage of ES.
The distribution should be random in time but should give a greater

. ¢oncentration near low energy deviations.,
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The basis for this programme is slightly different from the previous case,
The basic calculations are done in termé of currents not voltages; in
.Lterms of an R.EN sinusoidalﬂﬁeam current not delta functions, and in &
'stationary vector form.- |

The drive current Ig varies as exp (jws) and instead of calculau¢ng “ha

exponentlal as in the previous case all time varying expresﬁlons w1¢l have the

s

exp \Jwt) removed, as though a ro»atlnv co-oralnate systcem was used.

The efuect of the induced beam voltage will Ye. produced by a f¢0u1c10us
- current which would give rlse to that voltage.
210 particles are injected. The cavity voltage is assumed constant while

the 210 particles pass through. The caviity voltage is now calculaved and

' remains constant while the 210 particles pass through agéin;_and s0 on,

This allows the 210 particles to be considered as 30 groups of 7 particles,

i
L Ca

The (N.+ 1) particle having identicel energy and phase to the (¥ - i)

particle where N = 0(7) 203
i = o(7) 203
L i) T )

-hence only the energy and phase oi the first 7 particlies r2ed be calculatsd,

Particles“l, 8, 15, 22 ... etc, will be 1nC¢dent on the cavity at arzular

; s 2iC
frequency w. Thess may be represented as an R.F. current of magnitude =5

with phase as given by particle 1 and at frequency w. Similarly with parcicles

2,9 .. stes, 3, 10 ... etes ' S

The contributions from these 7 groups are added vegtionally and will give

& resultant current at frequency w. when oscillation has commenced.

The voltage in the. cavity wili however only build up according to the Q
factor of ihe cavity. For convenience & ficticious current is calculated

which would immediately give xise to the correct voltage.

Tsing—2 sl fixes fﬁr—IG—&Te—-¢%—{m~n punusgrrlx-m——-l*represchuinﬂ""”“
& >

-

current\hgigf? transit of 210 particle, m = 2 representing curren*ja::er

a’,’

e ke ' e
transit of 210 particle. _ o =
. NN e o
n=1 represantlng.xalud;cdlgulated_zcr"phase of bunches
~..
n=2 represen 1ng value wnlch would““mve rise Lo correct voltage insvantans aously
\ T

. - . ‘a
_Then IG (2,2} = Ib(l 2)f+ Ib(2 1) - Tu(3, 2)‘-(;-e )

vhers a  is the decay (or rise) factor o the avzty ﬁhd T is the vizc

- , ‘"m.h\
of flight”of the particles between cavities. T
. ’ - . L \
”-.f - ’ e " L
- R,

. V ) .
Y
” 9 . . -




.. Thia—value—lbcz,zJ is added vectorically 3.Tg~the “generator 4rive current,
: R S e

-
. to give Ic the uotal cavliy“cur“ent fronr-wh*ch Ve the cavity voltags is cal—
. ) __,..---""'_F- e
. e L. . .
,ggulatéa—acoorumng-¢o~shunt—resmstance*ahﬁrw-deuunlnbu“of.uhe daV“qum‘H

The phase angles of each group of particles is calculated hencs the”’

energy increment at each transit and time of arrival for the next transit
The energy and phase of the 7 particles, together with the effective Dbean
) ' ) S

current, the cavity voltage, and reflection coefficient of the cavity ara
Id

prlnted out after each transii, A mechanism szm;lar to +that used in the 2ad

approximation, axlsts for: allmznatlng ‘particles w1th too great an encwT

davzatzon.

.

- v e




L APPENDIY (a)

Microwave Imvedance and use of ar isolator

Iin waveguide ‘and cavity strucUures Vhe concept of impedance is different from
thav of lower frequenc;as.
At low frequencies whers voltaae and current along w1res can be  measured

L]

impedance|is defined by

4| = v whers V is given in volts
I In n 3 amps !
z it it t.l O:ﬂms

In & waveguide or cavity thé current flow is-in a sheet of metal and ‘varies
in position and direction. The voltage betwean 2 sheets of metal is given oy the
strength of the E field betwesn the points in questioﬁ, and <he dist;nce between
them V =ng.dl

Microwave 1mpedance in waveguides and cavities and free spece is defined by

Z::Z_:

" X constant

gl

-when the wave is propagating in the z direction, tne cons»an+ varylng according o
E g v

convenience, ZFor i instance jan free space

Z =§ =2 = [MHMe  in M.X.S. units

“ Hy E &, . : ‘ :

For modes in waveguide 2 wave impedances are defined, one for H modes and one for -

" E modes
Zy =§.”l§ - | _ o
ZB =Sjo . ) . . .

being the ratio Ex or -« By ° throughout the wavegulds,

Any definitilon of impedance in a waveguide is made to satisfy 2 requirements,
P ' . - :

P=/J- (EAH), an. ds - S

and =lf
" 2Z

where P is the power flow
V = V(E) can be chosen to suit the probleﬁ in hand,

-In rectangular waveguide supporting the'Ho}. mode the usual definition is
given by

V= Eo b vhere b is the height of the waveguide,
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7. For the wave. formslism we get &t once .

. oonstant currant generator shunted by the wavegulde-lmpedanoeo

& VITOL Ll HEBUPLGHRUL LQololadiCg = 3.‘0

If the load is mismatched to the waveguide thenApowé} reflected by the load-'

is absorbed by the isolator,

With_ the sguivelent oirouit of figure (5) but with & generallzed impeuance A ,?

and reflaotlon coefficient P’

. 2 l '_ ,;, ' . ;
v in doad » 3R OF ot .
o (zR)? s R
for,R = Z the matched condition, this, reduced t?f; i
PL'=I2R =P
b o :
L
For the zensiral case
&
R = ’
© (2 +R 2. ;
14 P
i-P
1
& P 1
Lo ¢ (3.. + I
- -: L= S .
om kP (1-PY) ap (1= ..
4 T

. Power ia load = PL = P (1 = - P )

wooon 7enera.‘tor ts P = P
Power in isolator = Pi'= P p? o _.5 ' ’-:t' - SRR

The cor reot conditions at the load will be obtal ad u51ng tne ‘wodel of a
. T

‘.. ‘The aonditons at the genératof'are nowever 4i ferant the powe‘ outpLa aelng

;bonstant;3 The equiVBlent circuit “epwesanuatzoa wou¢& g*ve.

" : ( R g

:'. . = P z . I3 . .

b _,4 O = o+ L P -

; M ". R . [w) .

iy . ; . .

. « .+ whioh is nao :aot.,', '

: 1 L :
i

: . I . . 3

4o
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This definition is useful in calculating the mismatich due to change in heighi
of the waveguids,
The shunt impedance of & cavity is similarly defined in an erbiirary way,

by defining V as  E.41 at the centres line of an E)cloresonator,ﬁs.shun* imsedance

is obteined which when a curren:t of charged particle is shet along the centre line,

gives the corrsct voltage value.

B
{ )
o i
ki,
«f
)
hi

Vihen cornmecting a waveguide to a cavity the impedance defined 2D0VE
&ct as an

order of 350 - 400JLL and 5 - 10 ¥L, The coupling hole is considersd so

Ideal {transformer with the appropriate turas reaiio.

==

s L . -‘ s ETY Iy - - ‘ - L - .
Throughoui discussions in this repory the waveguide impedance mentioned will

be considered o be that seen through the coupling transformer.

With reference to figure (3), for a meiched cavity

)

< 6 . : : Ak I F
n= o 10 = 1.5 10 = 1,225 10

. g ,

& L0

figure (2) is an equivalent circuii of this with tThe generator impedance multinsliied

by 1,5 x 104. .

Use of Isolator

Let us first consider the case of a generator isolator - load compination,

with & matched lozd and with a miszetched load, Sees figure (4)

Generator &:livers power Po Wnatever the load condi;ion becauses % alwavs
looks into a matcned waveguide, 2

I fthe leo2é is matched to the viavegulde there is no refleciio

is delivered to wne load. Tae eflect of tThe Isolator is nil. The gcuivelent

circuil is as Digure (3)

Power in load =Po'




Fower 1n generavor resistaznce = PO

If the load is mismatched to the waveguide then power reflected by ih
is absorbed by the isolator,
Wivh_the equivalent circuit of figure (5) but with 2 generalized impedance Z

and reflection coefficient P

Power in load = Ig2 R )2 N/ " °
Z-;—R)2 -
.S .
for R = Z ihe matched condition, This, reduced to
2 o -
PL-=I E =P _
E':-ir Q

Now 2 = 1+ E Where P s bhe %5-(acé¢é>'ﬂ 60‘31039";"‘"’"‘6'
R l - )
: 1+ D .
P, = 4P i~P = 4P (1+2(1-p
2 ¢ T ® (T+73: 192
T L) : : )
= 4P (1-P) =2 (1-99
__4 Q

For the wave formalism we get at oxce

Power in load = P, = (- 92).

_ L
" " generator =P =
generator PG Po
Power in isolstor =2 =P P2

The corrzct conditions a® the Zoad will 5¢ obiaired using the model of 2
. b
1

¢onsvant current generator sounved by thae wavezuide impedence,
.. The conditons at the generator ave however dirlerent ihe power output being

CAng

constant, ne equivalent circuii represencation would give

( s
P - I_‘ z T R
L < Z + &
2
- 2 '
.—.,_J.O‘R "-i-(z)
H‘).,. z + R
e P g S
=LP '\ = kP, Cl=xPed 2
OR':'l o l"'P L ‘O

which is incocrrecs,
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T . . »
. .

::" " For the wave formalism we get at once

constent current generator shunted by the waveguide impedance.

Power in generator resistance = P0

If the load is mismatched to the waveguide then power reflecied by the load
is absorbed by the isolator, |
. With_the equivalent cireuit of figure (5) but with a genéralizad impedance Z -

and reflection coefficient P

Power in load = k% R)z.z

for.R = Z the matched condition, this reduced to . . - %
PL'“‘gR-zPo-‘-- A -
- L :
- For the general case 'é E
c -
PpshP Rz  =fP ——fee e
L o (zﬁ)‘_‘? o @ . 1)2 . %f :
Now 2 = 14P VWhere P is bhe reflection cotffrident
R 1-P - ST N
: l+P . Lo
P, = 4P -1 - P - = 4P (1P (1-P)
2
° TI:P,. 2 © (T PFr1p)2.
=5+ _ . £ .

= &p, (1-2% =P (1-32%

2\.. . ‘
L i

generato: az PG =P’

Power in load = P. = Po (l -p

n it

*

Power in isolator =P, =P P

i o]

The correotv conditions at the load will be obtained using the model

-

!

The conditons at the gensérator are however different the'power cutput baing

constant,. The equivalent circuit representation would give .

P = {I z . ) R,
S N € Z+ R Lo '
. 2 . I
=:IR. &{( 2 )
- £ - Z 4+ R
z ' _ . 1+ P e
el e (R
= 4 Z 4. = 1l 4+ Pad = . P
- o} R'i‘.'.n. L e o} 1 - P (l hs PG

which is imcorrect, -
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If there was such a thing as an ideal gengrator with characieristiz such
% .

fD e DI oerimp - -
Ge CUTYE n LN 2LZuTE (6), & L5cLzt
~ v .

-

-, .- - = - £ .
Or WOlil nov be reedsd. £ tysizel

o}

characteristic of a Klystron amplifier is shown in curve B. With an isolztor

in series the effects.at“theiload a

with characteristic as ourve A,

-
-
[}
-
. o
. 1
N
-
’
. .
. N
.
» LI
.
it -—

re such as if driven by an ideal generator -

.
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A .
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