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INTRODUCTION 

This report is concerned with the findings of a brief study to investigate 

the feasibility of estimating nonlinear response function values with the 

aid of an optical pre-processor. This work arose naturally from my 

collaborative research on the description of single input single output 

nonlinear systems in terms of Volterra functionals. In that work numerical 

schemes have been devised and implemented to provide unique estimates of 

the response values directly from the experimental data. When the proposal 

for this work was being written a homogeneous set of ascending order of 

response functions were solved using a future independent form of the time 

delayed statistical moments DE91 . Whilst developing the algorithms for the 

statistical moment and Volterr~ functional estimation it was recognised, 

perhaps obviously so, that the time delayed moments from a scattering 

experiment could be obtained using an optical pre-processor. This latter 
point is not new however the optical correlators currently used REag, FESS 

operate in the Fourier space whilst we proposed a device which would 

operate in the time delay space. The main technical barrier to developing 

a time delay space is the availability of suitable quality optical 

components. 

Several developments have occurred in my collaborative work which may alter 

the objectives of this feasibility study. These developments were 

undertaken as part of the present work but also as part of my collaborative 

work with Tim Dewson and Guang Hong of the University of Bristol. Firstly, 

I have been working on the development and solution of a suitable form of 

inhomogeneous set of Volterra equations in terms of ascending moments. 

Initial attempts with Dr Hong met with limited success and my more recent 

work with Mr Dewson has enabled a suitable form of simultaneous nonlinear 

multi-dimensional integral expansions to be formed and solved in both the 
time delay and frequency spaces IRgla. It can be shown IRgla that the 

inhomogeneous Volterra theory subsumes the general nonlinear theories of 
. WI58 LE65 SC80 W1ener , Lee and Schetzen ' , and our own homogeneous work 
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DE91 The inhomogeneous form is being applied at the present time as part 

of the Bristol project, but it will also be used as the basis of new 

theories, for example to describe turbulent fluid flow and transport 

phenomena in materials and in this report we begin to develop an 

inhomogeneous theory for the interaction of radiation with matter. 

Obviously the technique has more widespread application in the descriptions 

of observed phenomena. Secondly, the use of central moments and absolute 
moments of the data have been re-considered rRglb Thirdly, and perhaps 

more importantly, I have undertaken work in the past months with Mr Dewson 

which should allow the replacement of partial differential expressions with 

their Volterra equivalent whose values may be estimated directly from the 

data. Taken together these three developments potentially change the 

nature of the objectives from an optical pre-processor into a hybrid 

analogue optical computer. Such an optical computer could be used to 

provide estimates of the mathematical solutions from the experimental data 

or digital solutions in a unique and direct manner. The methodology of 

such a device would join the forward and 'black-box' or state variable 

techniques to problem solving. The mathematical basis of such a device are 

discussed in terms of a stochastic sensitivity analysis technique IR92 

The replacement technique may be considered to be a complement to the 

Fourier space method LA89 , used in for example fluid dynamics. However the 

present work extends such methods in as much that no assumption about the 

underlying basis set need be made prior to the analysis as the natural 
symmetries of the basic set for the particular solution may be revealed 

from the data. 

In this report we will give the inhomogeneous IRgla form of the moment 

expansion. Algorithms for estimating response values for single input 

single output systems (potentially Green's functionals as well) from the 

inhomogeneous set of equations will be given in terms of central and 

absolute moments. The effects of data manipulation such as binning and 

filtering on the estimated Volterra kernel values are discussed in Appendix 

A. 

Having established the forms of algorithm required by the optical 

pre-processor we will then develop them in terms of optical fields, which 

are to be used as the basis of the device. As an example of the technique 

a brief numerical study of impulsive stimulated light pulse train 

scattering from a plasma is presented and discussed in terms of the 
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possibility of utilising the optical device to analyse the nonlinear 

scattering process. The functional replacement method is then presented 

and potential applications discussed. 

INTRODUCTION 

The purpose of this part of the report is to present a formalism for the 

identification and analysis of weakly nonlinear systems which experience 

stochastic boundary conditions. Wiener was the first to characterise the 

input-output behaviour of single-valued nonlinear systems in terms of 
Volterra functionals WI 42 •WISB. One form of Volterra series expansion 
vosg,vooo frequently used as a generalisation of the well known linear 

convolution integral. The values of the Volterra kernels represent those 

finite amplitude finite memory impulse response functions that describe the 

nonlinear system in terms of its physical observables. Wiener expressed 

the relationship between the input time series sequence {x(tl} and the 

output sequence {y(tl} as a Volterra series in the form 

N n 
y(t) = r 1 Jda1 ... Jdan hn(a1, ... ,an) K x(t-a) 

n=1 n! i=1 i 

where N is the order of the system, where the response functions 

hn (a1, :·.,an) characterise the system, where to denote time and 
denote time delay with respect to the time t. 

(1) 

the a.'s 
1 

Wiener demonstrated that the correct probe for nonlinear systems was 

'Gaussian white noise' rather than harmonic signals. Wiener developed 

orthogonal representations based upon the Volter:ra functionals WISB and 

Barrett showed that when {x(tl} are zero mean Gaussian white noise then the 

Volterra kernel functions are equivalent to Hermite polynomials BA64 , which 

may then be used as a basis set for the Wiener functionals. In the Wiener 

nonlinear identification procedure the time delay statistical moments are 

obtained for the input data sequence {x(tl} and between the input data 

sequence {x(tl} and the Hermite or Wiener G polynomials and not with the 

output data sequence {y(tl}; these are then used to obtain estimates for 
the Volterra kernel values LE65 
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If, after Wiener, we choose the input data sequence {x(t)} to be drawn from 

a Gaussian white noise distribution then an approximate estimate of the nth 
order homogeneous Volterra kernel value may be obtained from LE6S,SC?G,SCBO 

(2) 

Where An= {Mxx(O)}n is the nth power of the sample variance of {x(t)}. 

In the present work we are interested in estimating the response values 

directly from the time series data {x(t)} and {y(t)}. Such estimates may 

well provide an insight to the symmetries of the system which in turn will 

determine the form of basis set to be used. The time delayed moments 

between {x(t)} and {y(t)} in terms of the Volterra expansion will be 

estimated and from these moments form a set of simultaneous inhomogeneous 
equations which we may solve for the unknown response values. 

REPRESENTATION OF NONLINEAR SYSTEMS IN TERMS OF VOLTERRA KERNEL 

FUNCTIONALS AND MOMENTS 

Our knowledge of the fundamental laws which describe physical phenomena is 

based upon the existence . of repeatable and predictable behaviour of the 

system under study. The properties of the observed data are used to 

characterise the system and provide relationships between the physical 

observables. When estimating such relationships it is important to 

identify those observables which are essential to the description of the 

data and which are superfluous. Often experimental situations occur when 

one does not know which the important variables and characterisations are; 

consequently some degree of intuition is necessary. Thus we need to not 

only to characterise the properties of the data but also determine the 

minimum amount of information which needs to be extracted from the data in 

order to adequately describe some aspects of the data. The response 

functions are used to characterise the properties of the data in terms of 

the physical observables. From the characterisation we may then make 

inferences about the properties of the system in terms of symmetries, 

physical laws, formulae or the like. In the following analysis we assume 

that the system is time invariant causal and single input single output 

nonlinear in form and that the boundary conditions {x(t)} and {y(tl} are 

drawn from stochastic sequences for which the 2nth order moments exist. 
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The multidimensional integral of the Volterra kernel values provides us 

with a measure of sensitivity between observables IR92 . The sensitivities 

and the Volterra kernel values give us a basis for discriminating between 

essential and superfluous variables. 

In the previous sect-ion we briefly presented the established 'Gaussian 

white noise' homogeneous method for estimating the Volterra kernel values 

of a single input single output weakly nonlinear time invariant univariant 

system in terms of the time delayed moments of the input and output data. 

In the present section we shall develop an inhomogeneous set of equations 

in terms of moments and Volterra kernels. We shall consider the solution 

of these equations in the time delay and frequency domains. 

The most general expression for a single input single output time invariant 

linear system is the convolution equation 

This may be generalised for the single valued nonlinear system with memory 
VOS9 as 

N n 
y(t) = E 1 fdu1 ... fdu h (u1 , ~ .. ,u) ~ x(t-a.) 

n=l n! n n n i=l 1 

the volume under the Volterra kernel values IR92 and this gives us a basis 

far discriminating between essential and superfluous variables. 

When {x(t)} and (y(t}} are drawn from stochastic sequences we need to 

consider statistical averaged properties of the data rather than the 

sequence itself. If we first consider the second absolute moment between 

{x(t}} and {y(t}} we have that 

n 
<X(t-r1} ~ x(t-a.)> 

. 1 1 1= 

5 

( 3) 



which we may write as 

Where we have defined the nth order absolute auto moment as 

n 
= <X(t-r1) ~ x(t-U.)> 

i=l 1 

Similarly we may consider the third order moment Ax2y between {x(tl} and 

{y(t)} with 

which may be written as 

n 
<X(t-r

1
)x(t-r2) ~ x(t-U.)> 

. 1 l. 1= 

. By inspection we may write the rth term as 

If we consider the average value of the output {y(t)} we have that 

<Y{t)> 

·6 

n 
< ~ 
i=l 

x (t-u.)> 
1 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 



which may subtract from equation (7) to give 

{y(t) - <y(t)>} 

n n 
{ ~ x(t-u.) - < ~ x(t-ui)>} 
i=1 1 i=1 

(10) 

By inspection we may write the rth central moment between the output {yttl} 

and the input {x(t)} as 

r 
< ~ {x(t-rj) - <X(t-rjl>} {y(t) - <y(t)>}> 

j=1 

r n n 
<-~ {x(t-r.)- <X(t-r.)>} { 1r x(t-u.)- < ~ xft-a.)>}> (11) 

. j=1 J J i=1 1 i=1 1 

We may define the central moments as 

r 
= < ~ {x(t-rj)- <X(t-rjl>} {y(t)- <y(t}>}> 

j=1 

and define the auto moment as 

r n n 

(12} 

= <{ ~ {x(t-rJ.) - <X(t-rJ.)>} { ~ x(t-u.) - < ~ x(t-u.)>}> (13) 
j=1 i=1 1 i=l l 
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It should be noted it is not the same as the usual definition of central 
moments, for example ROSS 

r n 
= < ~ {x(t-r.)-<x(t-r.)>} ~ {x(t-u.)-<x(t-U.)>}> 

'1 J J '1 1 1 J= 1= 

which one constructs as the average of the (r+n)th product of the input 

data less its arithmetic mean value. 

(14) 

The new form of central moments arises because one constructs the 

difference (y(t)-<y(t)>) in terms of absolute moments before one obtains 

the average of the product of output data less its arithmetic mean, with 

the rth product of the input data less its rth order absolute moment value. 

We may write the central moment equation as 

which is of the same form as the absolute moment case. Thus we could solve 

either set of nonlinear inhomogeneous integral equation expansions so we 

shall simply denote statistical moments, absolute or central, as 

Mxry(r1, ... ,rr) _and Mxrxn(r1,r2, ... , rr, u1, ... , an). 
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Collecting these equations which are nonlinear and simultaneous in the 

unknown Volterra kernel functionals hr(r1, ... ,rr) we have 

N 
Mxry ( r 1, ... , T r) = r: 1 Jda1 ... Jdan hyxn(a1, ... ,an) 

n=1 n! 

Mxr xn ( r 1, T 2 , ... , r r, a 1, ... , an) 

N . . 
MXNY ( T 1' ... I T N) = r: !_ Jda1 ... Jdan h n(a1 , ... ,a) 

n=l n! yx n 

MXNXn(rl,T2' ... ,TN,f11, ... ,an) 

where N is the finite order of the system. 

( 16) 

(17) 

(18) 

(19) 

These form a set of N simultaneous inhomogeneous nonlinear integral 

equations, from which we wish to estimate the values of the N unknown 

Volterra kernel functionals hr(a1, ... ,f1r). If we denote the generalised 
convolution operator as ~ then we may write that IR91a 
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h2{a1,a2) 

= 

(20) 

which we need to solve for theN unknown hyxN(r1, ... ,rN) values where we 

have renormalised hr(r1, ... ,rr)~r!hr(r 1 , ... ,rr) for the rest of this work 

and where Mij = Mxixj (r1, ... ,ri,a1, ... aj). They are also simultaneous 
equations of time delay Osris~, where~ is the finite memory of the 

nonlinear system. 

Consider the second order inhomogeneous equations 

Mxy(r 1) Mll Ml2 
h (. ) 
yx ll 

= ~ (21) 

Mx2y ( r 1 , r 2) M2l M22 hyx2(a1,a2) 

where we wish to solve for the unknown hyx(r1) and hyx2(r1,r2) values. 

When the data are discrete these two equations maybe written in the form 
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and 

(22) 

where ~ is the finite memory of the nonlinear system and where 

Mx2x(r
1
,r2,a1)=<(x(t-r1 )-<x(t-r1 )>) 

(x (t-r 2) -<x (t-r 2) >) (x (t-cr 
1

) -<x (t-cr 
1

) >) > 

Mx2x2(r
1
,r2,cr1cr2)=<(x(t-r1)-<x(t-r1 )>} 

(x ( t- r 2) -<x ( t- r 2) >) (x ( t-a 1) x ( t-a 2} -<X ( t-cr 1) x ( t-a 2) >) > 

and 

We will now consider two alternative techniques for solving this set of 

inhomogeneous integral equations in order to obtain estimates of the 

hn(r
1

, ... ,rn) values. Thus we have a set of simultaneous nonlinear 

integral equations of order N. If we denote the full set of equations as 

M N = M N N®h N xy XX yx (23) 

In the first solution method we have a single matrix which describes the 

complete sequence of sets of equations and then obtain the solution 

algebraically. The examples given in this report use that method. An 

alternative approach is based on Fourier space methods. The solution of 

the frequency space matrix is identical to the time delay case. However 

the frequency method has the drawback that we must assume that a Fourier 

representation is valid before we undertake the analysis. 



So, let us consider a single input single output time invariant nonlinear 

system which is subjected to a sequence of quasiperiodic boundary 

conditions. In this case we need to consider all the harmonics or nodes of 

the nonlinear system. 

We can consider solving for the multidimensional frequency response 

functions 

H 1 ( w 1) I ••• I HN ( w 1 I ••• I WN) 

of the system when the input data are quasi-periodic then we have to 

consider all of the harmonics of the signal and perform a theoretical 
deconvolution in terms of nonlinear Fourier components with 

T T k 
x(t) = E E X(w1, ... , wk) exp {i E w.n.} 

n1=1 nk=1 j=1 J J 

(24) 

(25) 

In a similar way to Balescu BAG 3 we may define a multidimensional Fourier 
operator to be of the form IRSla 

whose elements are inverse Fourier transform operators with 

k 
= S dw1 ... S dwk exp {-i E w. n.} 

j =1 J J 

(26) 

(27) 

-1 Assuming that the data are harmonizable we may use F [ ] to operate on 

the Volterra series with 

where 

N 
E 1 S da1 , ... S da - n n=1 n! 

n 
h ( ) 1 ) - iw.a. n a1, .. . ,a ~ x,t-a. e J J 
yx n j=1 J 

12 
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Obviously this definition could be extended to other physical observables, 

such as spatial position, velocity etc. 

-1 If we apply F [ J to the moment expansion up to the memory ~ of the 

system 

we have to Nth order for the time delay set r1,r2, ... rN that 

-1 -1 
F [M ( T 1 I ••. ITN)] = F 1 [Mxy ( T 1)] 

-1 
+ F2 [Mx2y(r1,r2)] 

we could have equally well defined a Laplace or similar operator. 

The complete description of the nonlinear system is given by equation (23), 

which for the Nth order moment case is 

M N = M N N®h N xy XX yx (29) 

We may transform to the frequency domain if we extend the definition of the 

inverse Fourier operator above to be 

F-1 [N:*J-

ie F-1 [N: *] 
N 

= 1: 
n=1 

N 
1: 

i =0 n 

F -1[*]} 
n 

Operating on equation (29) we have that 

13 
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~ N = ~ N N H N 
XY XX yx 

(32) 

where H N are the nonlinear frequency response functions and where the ~·s yx 
are generalised spectral densities. 

Equation (32) is analogous with the one dimensional frequency response, and 

where the frequency response values H N may be identified with Landau's yx 
harmonic representation on a N dimensional torus JAS 9 

Basis of the Optical 'Universal Learning Machine' 

Detectors of electromagnetic radiation respond to the energy and intensity 

of the incident photons. In the present work we will assume that the field 

intensity I(~) at the detector may be described in terms of a set of 

stationary random functions (which are particular solutions of the wave 

equation) f(~,t). The observed intensity at a point~ due to the incident 

electromagnetic disturbances f(~,t) is the time average of the complex 
* product f(~,t) f (~,t) ie 

(33) 

For a quasi-monochromatic beam we may write that field value is 

f(~,t) = E (~,t) (34) 

and that the intensity value is 

* I(~) = <E(~,t) E (~,t)> (35) 

we shall consider the in a linear non-dispersive memoryless medium detector 

medium to be, but that the media under study may be dispersive and 

nonlinear 

If we now consider the intensity distributions at ~ due to the fields due 

to two sources, E1 (~,t) and El (~,t) say, then total field strength will be 

(36) 

and the total intensity at x is 



~37) 

That is 

* * I(!} = <E 1 (!, t) E1 (!, t) > +<El(!, t) E1 (!, t) > 

* * + <E 1 (!, t) El (!, t} > +<El(!, t) El (!, t) > (38) 

where one may think of the superposition of the coherent intensity 

and the coherence intensity 

Consider now a special case where the field El (!,tl is simply some fraction 

of the field E1 (!,tl but with an introduced time delay of value r for 

example as shown. 

At the output the total field strength will be 

(39) 

where r 0 . is a fixed time delay value with 

optical path difference 
To = 

average velocity of light in the apparatus 
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Similarly the intensity will be given by the expectation 

expanding this is simply 

(40) 

The intensity of the unmixed field is given by 

(41) 

From these intensity values we may estimate the second absolute auto moment 

of the intensity for the fixed delay value T1 with 

* = <E(!,t)E (!,t+r1)> = - ----........,.------
2aoal2 bo 

(42) 

where the 'gain' factors a 0 , a 1 and b0 are determined by calibrating the 

correlator for a given fixed optical path difference prior to the 

experiment for the path with arbitrary delay r
0

. 



The absolute auto moment Mxx{r1) for an arbitrary time delay r1 will be 

given by 

{43) 

as before and the absolute cross moment Mxy{r2) for an arbitrary time delay 

r2 will be given by 

{44) 

These absolute moment values may then be used to determine the linear 

response of the scattering medium S to the incident electric field 

intensity E{~,t) in terms of the incident electric field intensity E. From 

the measurements of the intensities r
0 

and r1 and r
5 

and the calibration 

factors a
0 

and a
1

. 

The above equations may be recognised as the auto covariance and cross 

covariance of the electric field strengths. In that form their time 
dependence is implicitly stationary. It has been demonstrated IRgla that 

the correct form of moments is nonstationary with 

* M {t
1
,t

2
) = <E.{x,t

1
) E.{x,t"'')> x.x. 1 - 1 - ~ 

1 1 

(45) 

and the cross covariance may be represented as 

* =<E. (x,t
1

) E (x,t
2

l> 
1 - 0 -

{46) 

* due to the causal relationship between the output E
0 

and the input Ei. 

The three main components needed to implement the inhomogeneous method are 

i) a way of generating the delayed signals 

ii) the optical formulation of the time delayed moments 
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and 

iii} the optical matrix inversion of the moment equation (26) 

There are several ways of generating the delays between the split laser 

field, we will give one without discussion. Recently there have been 

several optical matrix inversion algorithms reported in the literature 
WH~9, AI86, FESS, CA9l, PSS 6, ZA9l with nonlinear optical and 

acousto-optical devices both appearing useful but both with drawbacks which 

we will discuss below briefly when we consider the optical moment~ 

formulation. 

At the present time the most difficult problem seems to be the optical 

estimation of the moments needed for equation (26} . This is because of the 
difficulty in multiplying and integrating two optical signals together. 

One method frequently used for the temporal correlation of optical signals 
. b . t. . t. M07 2 I SP7 5 Wh d . . t. 1s y acusto-opt1c 1me 1ntegra 10n en use 1n con]unc 1on 

with low noise CCD arrays the acousto-optic method has proved well suited 

to certain forms of wide band radar signal processing. One important 

feature of this acousto-optic system is its ability to perform temporal 

integration of two signals up to a few milliseconds. The signals to be 

correlated are input as acoustic waves into separate Bragg defracting 

crystals. The first diffracted orders from each Bragg cell are selected by 

a slit arrangement and the transmitted inteference pattern illuminates the 

·ccD array. Each CCD 'sees' a different time delay between the signals and 

the CCD performs the temporal integration as the charge is accumulated. 

These are very useful devices and are candidates for many analogue and 

d . . 1 . 1 d . WH89 I FESS H h . . . . 1g1ta opt1ca ev1ces owever t e1r operation t1me 1s 

considered as slow (of the order of milliseconds} and the incoming 

radiation must be converted into a voltage modulation of the Bragg cell and 

normal electronic processing may be more efficient and more accurate. Such 

an acousto-optic device would be amenable to the analysis of numerical 

simulations. 

The next obvious candidates for analogue optical devices are nonlinear 

photorefractive crystals AR62 ' 8165 . Time integration of mixed waves may 

be efficiently carried out on a time scale of several pico seconds at 

liquid Helium temperatures sc91 . The multiplication is carried out by the 

nonlinear interaction of the incoming electromagnetic wave with the lattice 

structure 8165 and there is temporal integration of the signals within the 
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interaction time with the crystal (a few pico seconds). The integration 

time and efficiency may be increased as the temperature of the lattice is 
l -\.o'V\. 

lowered but at additional cost. The usual form of the auto moments given 
1\ 

in the literature is in the time retarded frame, see equation (43), and is 

symmetric. This symmetry is not desirable when ultrashort pulses are 

considered as these are not likely to be symmetric L084 . The correct form 
of moments is the absolute time frame form IR9la as given by equation (45). 

The relative time frame moment may be obtained using a modified 

interferometer as shown in Figure 1. 

FIGURE 1 
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The absolute time frame moment Mxx(t1,t2} can be constructed in an analogus 

way to the single beam case given above, only now we must deal with a 2-D 

array of beams. Each of the mirrors on the arms of the interferometer is 

replaced by an array of reflecting surfaces normal to the incident beam 

shown in Figure 2. 

' 

y 
· · t ·· ,iG <-t;...., ' 1 . J .. ) 

. ......r\t.-.....<...v, 

One of these reflecting surfaces is placed on the interferometer arms. The 

second harmonic signals yield the required moment values 

(these could be integrated and stored in a CCD array at this point if 

desired}. These values may be used with the ~.E (r1) cross covariance 

values and an optical matrix inverter to solve ai~ectly for the hE E. (r1) 

response values between E
0 

and Ei, which may be from a scattering Brocess 

or two separate modulated signals. An example of a modified interferometer 
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that may be used for the analysis of sub pico second processes is given in 

Figure 3. 

·. E (t--~ ) 
,i I 

FIGURE 3 
A 

rile. i:: (-r, \ = \. ~ u- '•:)c)'"JM-
..4 " ' . ..t 

The third order cross moments may be obtained shematically as shown ino 

Figure 4. 
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<) 

The reflecting surface shown in Figure 2 may be included to the arrangement 

given in Figure 4 for the generation of ME E E (r1,r 2) Arrangement of 
A. ;._ o 
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the lower arm 

then we may generate the moments ME.E.E.2(r1,r2,r3,r4) required for the 
quadratic form of equation (26). At this point it can be seen that 

approximately r~ interferometers will be needed to calculate all of the max 
required moments (about 110 if 10 delays are required) . This is obviously 

very cumbersome and expensive at this time. If a linear analysis of atomic 

transitions or in-beam molecular spectroscopy is required in the fs region 

then only 2 interferometers will be needed and the matrix inversion may be 

performed optically. That would offer a practical and independent 

experimental method to analyse a variety of atomic processes and should be 

given serious consideration. The nonlinear optical analogue computer 

described above is on the edge of being practical but again offers an 

independent technique to those currently being used or considered, as these 

are in the frequency domain rather in the time delay domain. If such a 

nonlinear optical analogue computer is developed it would be of great value 

in the study of the interaction of radiation with matter, solid, fluid or 

plasma. 

The incident electric field E(~,t) interacts with the medium and the 

scattered electric field e(~,t) contains the information of the response of 

the medium to the excitation. In order to make inferences about the 

interactions between the incident field and the medium we need to 

characterise the process in a suitable way. We may characterise the 

scattered field e (~,t) in terms of an expansion of the incident field 

E(~,t) and the time averaged Green's functions. That is, we may represent 

the proc·ess as a Volterra series with 

N n 
e(~,t) = E 1 Jda1 ... Jdan heEn(a1, ... ,an) ~ E(~,t-ai) 

n=1 n! i=1 
(47) 

we may solve for the unknown Volterra kernel values heEn(a1, ... ,an) using 

equation (47) where now the absolute auto field moments are defined as 
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~rEn ( r 11 ... 1 r rl rJ 11 ... 1 rJn) 

r 
= < 1T 

i=1 
E(x1 t-r.) 

- 1 

n 
1T 

j=1 
E(x1t-rJ.)> 

- J 

and the absolute cross field moments are defined by 

r 
= < 1T 

i=1 
E(x1t-r.) e(~ 1 t)> - 1 

These form a set of simultaneous equations 

~E .. ' ' •• •. • • ~EN 

= 

(48) 

(49) 

(50) 

which may be solved for the Volterra kernel values. This formalism may be 

extended to the moments of other observables (for example spatial 

correlations) or they may be transformed into some chosen basis set (for 

example a Fourier transform) or into a generalised tensor form. The 

Fourier transform of the impulse response values is the frequency response 

HeEr(w1 ~ ···1wr)1 which is also known in some areas of science as the 
susceptibility X(w11 ... lwr). 

We should emphasise that the current theoretical basis of the nonlinear 

theories used to describe the electromagnetic interaction process 10881 
C188 B165 B090 BU91 . . . 1 1 1 are based upon the 1solated kernel approx1mat1on. 

For example in the description of light the fluctuations are described in 

terms of an ascending series of coherence terms where each isolated kernel 
. . b 1088 1s g1ven y 
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n 
* 

n 
< 11' E{x,t.) E {x, t.) > < 11' I (t.) > 

gn {tl, ... 'tn) i=l - 1 - 1 i=l 1 
{51) = = 

n 
* 

n 
11' < E {x, t.) E (x,t.) > <I {t) > 

i=l - 1 - 1 

* where denotes the complex conjugate and as before we have ignored the 

spatial correlations which are a trivial extension to the above (also note 

that Lowdon sometimes takes the square root of the denominator and other 

times he does not) . In an equivalent way the intensity fluctions in 

fluorescence experiments may be characterised by PAS 9 

G .. { T) = ---------:--:------ -
1] i+j 

<'iF (t) > 

where F{t) is the observed value of the fluorescence at the time t, and 

where the mean observed fluctuation at timet is 6F{t) = F{t) - <F(t)>. 

{52) 

If we now consider the interaction of the incident electric field E(!,t) 

with the medium then after Miller MI 64 we could define a third rank tensor 

~ in terms of the linear and nonlinear frequency susceptibilities where the 

lowest order nonlinearity is given by 

to that 

or in terms of molecular polarisabilities a .. and p. 'k 
1] 1} 

{53) 

where ~ijk is assumed to be constant for a given crystal. 

25 



This should be compared to Brillingers polyspectra BRGS where the frequency 

response, between {x(t)} and {y(t)}, is given by 

(54) 
n 

n! n fxx(wi) 
i=l 

where f( ... ) denotes the spectral density. This equivalent to the 

Wiener-Schetzen Gaussian white noise isolated kernel method where the nth 

order Volterra kernel, or impulse response tensor, is given by 

cy{t) 
n 
n 

i=l 
x(t.)> 

1 

2 n ex (t.)> 
1 

i=l 

(55) 

which is only time when the input observable {x(t)} is drawn from a 

Gaussian white noise distribution, otherwise we must find some way of 

solving the series of multidimensional convolution integrals. Each of the 

above methods are simply forms of normalised statistical time series 

moments. More importantly they do not solve for the set of Volterra kernel 

values which describe the properties of the interactions, rather the 

characterise the properties of the boundary conditions, as discussed 

elsewhere DE91 . They assume that each kernel may be isolated and that 

{x{t)} are drawn from Gaussian white noise distribution and because they 

only characterise the properties of the data (being normalised moments of 

the data) then the methods will suffer from so-called closure problems that 

have beset fields like fluid dynamics. 

The shortcomings of the isolated kernel approach are discussed in detail 

elsewhere DE 91 and the only sensible approach is to simultaneously solve 

for the unknown Volterra kernels, for example by using an inhomogeneous 
IR9la approach 

Before we continue we should also mention that Butcher BU90 use an isolated 

kernel approximation for the polarisation of a nonlinear medium (or 

alternatively the susceptibility). Unlike the other available approaches 
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they deal with the molecular polarisation as an observable, rather than the 

induced polarisation current density that one may observe in a 

semiconductor or the intensity of the scattered radiation as a function of 

the material properties and the incident radiation. When the incident 

radiation E(!,t) has a delta functional form the convolution equations 

simplofy and the polarisation is a simple function of the polarisation. 

The induced current density in the scattering medium may be written as BLG5 

N n 
J(t) = E l_ Jda1 . .. Jdan KJEN(a1, ... ,an) ~ E(!,t-ai) 

n=l n! i=l 
(56) 

where KJEN(a1, ... ,an) are the nonlinear electrical conductivity properties. 

The induced currents density J(t) is related to the radiated electric field 

by the time derivative. 

J(t) = e ae (!,tl 
0 at 

(57) 

Taking the Fourier transform of the nonlinear conductivities yields: 

(58) 

the so called frequency conductivity tensors, where w~ = (w1+w2+ ... +Wn) is 

the sum·of the driving frequencies in the Fourier representation. Thus we 

have the third possible delta functional representation, this time in the 

frequency domain, the others being in the time and time delay domains. 

We may describe the scattered field in terms of the Maxwell's equations 

with 

and 
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where the induced current density J(t) is the source term. If we take a 

multipole expansion of the induced current density then we have that 

J{t) = {j {P{t) + Q(t) + .•.. ) 
ot 

(61) 

where P(t) is the average dipole moment, Q(t) is the average quadrupole 

moment etc, and where we have ignored the magnetic properties of the medium 
BL65 

Now if the scattering centres in the medium are sufficiently dilute then it 

is usual to assume that the interactions are exclusively due to the dipole 

term BL65 . The dipole interaction may then be expanded as a Taylor's 

series or equivalently as a Volterra series BUSO with 

p (t) (62) 

where TPEn{u
1

, ... ,an) are the dipole nonlinear response functions of the 

medium. At this point the current theoretical approaches decompose the 

series expansion given in equation (62) into a set of isolated kernel 
equations where each has the form BUSO 

n 
= l_ Jda1 ... Jdan TPEn(a1 , ... ,an) w E(~,t-ai) 

n! i=l 
(63) 

which amounts to a fictitious theoretical decomposition which is not 

realizable in practice. Obviously one should attempt to simultaneously 

solve for the set of nonlinear response functions {TPEn(a1, ... ,an)}, for 
example as we propose to in equation (48). 

Now the polarisation is not an observable but the induced polarisation 

current density and the scattered radiation are observables. So in this 

work we shall consider a general time invariant system with a single input 

{x(t)} and a single output {y(t)} which may be characterised by the 

Volterra series 
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N n 
y(t) = r !_ Jda1 ... Jdan hyxn(a1 , ... ,an) ~ x(t-ai) 

n=l n! i=l 

As the system is time invariant the impulse pulse response functions 

h n(a
1

, ... ,a) will also be independent of time and consequently yx n 

Qm {h n(a
1

, . .. ,a l} = 0 for all values of m. 
dt yx n 

(64) 

This greatly simplifies the expression for the induced current density J(t) 

which in the dipole approximation is 

N n 
J(t) = oP(t) = o { r !_ Jda1 ... JdanTpEn(a1 , ... ,an) ~ E(~,t-ail} 

ot Ft n=l n! i=l 

ie 

N 
J(t) = r !_ fda 1, ... Jdan TPEn(u1 , ... ,an) 

n=l n! 

n 
o { ~ E(~,t-ail} 
ot i=l 

(65) 

If we can measure the current density J(t) that is induced by the incident 

field then we may solve for the unknown response functions 

{TPEn(a
1

, ... ,an)} by using the moment method discussed above. Where the 

auto moments of the time derivatives of the incident field are 

~rEn(r1 , ... ,rr,a1 , ... ,an) 

r 
= < ~ 

i=l 
E(x,t-r.) 

- 1 

n 
~ 

j=l 
E(x,t-U.)> 

- J 

as before, and the absolute cross moments are 
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r 
MErJ (r1, ... ,rr) = <.~ E(!,t-r1) J(t)> 

1=1 

which give the set of equations 

= 

(66) 

(67) 

So that we have characterised the properties of the scattered field E(!,tl 

in terms of the incident field E(!,tl given by equation (48) and the 

properties of the scattering medium in terms of the time derivative of the 

incident field E(!,tl given by equation (67). These equations may either 

be quantised or put in terms of the measured intensities or in frequency 

domain representation but time does not permit these to be completed in 

this brief report. It may well be better to use Maxwells equations and 

replace the E(!,t) dependence and abandon the electric field approximation 

and use the intensity or poynting vector instead. 

Given a sequence of input data {x(tl} and output data {y(tl} the ascending 

moments may be estimated and from these values the Volterra kernel of 

Green's functions values may be deduced. The non zero functional values 

will indicate what terms are in the underlying differential equations and 

the functional values may be analysed to identify the symmetries of the 

basis set and the particular solution family for the data being analysed. 

From the computational perspective the essential points are to estimate the 

moments of the data, that the moments are well defined. This ensures that 

the matrix given by equation (23) is well conditioned so that the Volterra 

kernels are well defined. The theoretical decomposition of these values to 

identify the particular solution and symmetries is post processing and will 

be addressed briefly in the section on my Volterra functional replacement 

methods. Further work on that topic is required. The input data {x(tl} 

and the output data {y(tl} could be modulated pulses from two lasers. This 

is one mechanism for inputting numerical data to the ULM. Also the ULM is 

well suited to the study of chemical reactions, molecular interactions, 
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atomic transition and the bulk properties of solid, liquid and gaseous 

materials. It may be thought of as the time delay compliment to Fourier 

space methods and may be used on time scales from femto seconds upwards. 

THE FUNCTIONAL REPLACEMENT METHOD 

In this section we begin to develop the basis of a proposed functional 

replacement method. This work arose out of an attempt to use the findings 

f h h . . . . 1 . hn' IR92 b . h o t e stoc ast1c sens1t1v1ty ana ys1s tee 1que to o ta1n t e 

solutions of differential equations from the experimental data. In order 

to understand what a replacement method is we shall look briefly at the 

Fourier replacement method. We shall then re-examine the equivalence 
between the Volterra functional series vosg and the Taylor's series 

expansion. We shall then try to establish the basis of the functional 

replacement method and consider some examples of the technique. 

First let us briefly consider the Fourier replacement method where we 

assume that the spatial part of the function y(x 1 ,xl,x 3 ,t) may be expressed 
. . . h LE90 as a Four1er expans1on w1t 

= (271') J 

(2) 

Differentiating (1) we may produce the replacement table 

Differential Term Fourier Space Representation 

'Vy i ~!(~,t) 
'V .y i ~·I'~·t' 
'Vly - ~·~ !(~,t) 

0 y L Y(~,t) 
ot ot 

(68) 

If for example we consider the diffusion initial value problem of y(x,t) 

which satisfies 
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for O<t and -~<X<~ 

with the initial condition of 

y {x, 0) = f (x) 

Now the inverse Fourier transform of y(x,t) is simply 

DO 

Y(k,t) = S y(x,t) e-i kx dx 
-~ 

So that 

-- ~ nlv e-ikx dx -k 2 Y(k,t) J ~ 
-~ OX 2 

and from (43) we may say that 

Also 

oY (k,t) = -k 2 Y(k,t) 
ot 

Y{k,O) = F(k) so that 

for O<t 

Applying the Fourier transform this becomes 

y(x,t) = S eikx-klt F(k} dk 
-~ 

remembering that 

~ 

F(k} = S f{6} e-ik6 d6 
-~ 

this becomes 
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(71) 

(72) 
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(75) 
-CO -eo 

Rearranging this- is 

y(x,t) = S { S eik(x- 5 )-k~tdk} f(5) d5 (76) 
-CO -CO 

which may be written as 

CO 

y(x,t) = S h(x- 5,t) f(5) d5 (77) 
-CO 

where the kernel function 

h(x- 6,t) = S eik(x- 5)-k~t dk (78) 
-CO 

has a fundamental solution of the form 

h(x,t) = 1 e-x~/4t 
Vt 

(79) 

which also satisfies 

(80) 

Equation (10) 

CO 

y(x,t) = S h(x- 5,t) f(5) d5 
-CO 

represents the solution to the initial value problem given by (2) which has 

a fundamental solution of 
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h{x,t) 

Aside: Given the linear and homogeneous nature of the equation 

We may generate other solutions from CAB 4 

(i) linear combinations: if y 1 and yl are solutions then ay 1 + ~Yl is 

also a solution. 

(ii) translations; if y(x,t) is a solution then so is y(x-6, t-r), where 6 

and r are translation parameters. 

(iii) a fine transform; if y(x,t) is a solution then so is y(AX,Alt) for 

any constant A 

(iv) Integration with respect to x and t: then y(x,t) is a solution then 

so if 

X 
S y(6,t) do provided that Qy (x 0 ,t) 
X0 Ok 

is provided that y(x,a). 

t 
= 0, and S y(x,t-r)dr 

a 

(v) Convolution: if y(x,t) is a solution then so are 

~ ~ 
5 y(x-o,t) ~(o)do and 5 y(x,t-r) 8(r) dr 

(vi) Differentiation and Integration with respect to a parameter: if 

y(x,t,o) is a solution for each a < o <b then so are 

~ (x,t,o) and 
ay 

~ 
5 y(x,t,o)do for a< o < b 
a 
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The Fourier replacement method is a powerful technique and enjoys wide

spread use. It should be noted that the initial conditions, the boundary 

conditions and the solutions are assumed to be decomposable into a Fourier 

series. 

At the present time the idea of the functional replacement method is to 

identify the kernel function values directly from the data without any 

assumption about the symmetries underlying the data. The kernel function 

itself may then be analysed for the form of the fundamental solution and 

the appropriate basis set to describe the properties of the data. In some 

respects it may be thought of as being the compliment of the Fourier 

replacement method. 

In order to understand the basis of the functional replacement method we 
shall first rework Volterra's VOOO original work where he developed a 

functional series by replacement of each term in the Taylor's series. That 

part of this section will develop the ideas of replacement and indicate the 

form of the mapping between the Taylor's series and the Volterra functional 

series. A particular form of functional, the convolution, is then 

considered and the convolution expansion is developed and the derivatives 

of this expansion are considered. The idea of the functional replacement 

will be developed from that point as time did not permit a study in the 

present work. It is the functional replacement method that allows one to 

obtain the fundamental solution from the kernel values and is worthy of 

further resource. 

Volterra's functionals are general in nature and we shall restrict 

ourselves in the following discussion to a class of smooth continuous 

functions which are differentiable at least in times and are regular and 

integrable, on some interval (a,b), at all points except for a countable 

set of points on the interval. For example, after Volterra, the functional 

b b 
F[x(t)] = s ~(t) dt (81) 

a a 

where ~ft) f(t,x, ~, n = • • • I Q-~) 
dt dtn 
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is defined for those functions x(t) for which the nth order derivative 

exists. F[] may be thought of as a functional operator and f[x(t)] is a 

functional which is evaluated at x(t). After Volterra we will now consider 

the homogeneous polynomial functional expansion 

b n b 
F[x(t)] = r: Fi[x(t)] 

a n=l a 

Where the first order homogeneous term is given by vooo 

b m 
F 1 [X ( t}] = lim E k X 

a m~ r=l r r 

which is a Stieltjes integral of measure so that 

b 
F 

1 
[X (t)] 
a 

b 
= S k(t) x(t) dt 

a 

The second order term is 

b m m 
Fl[x(t)] = lin E E k xr xs 

a ~ r=l S=lrs 

which is again a Stieltjes integral of measure with 

b 
F l [X ( t)] 

a 

b b 
= S ds S dt k(s,t) x(s) x(t) 

a a 

which is a regular homogeneous functional of second order. 

( 82) 

(83) 

(84) 

(85) 

(86) 

More generally we may write the nth order homogeneous functional as vooo 

b 
= S ds 1 

a 

b n 
S ds k ( s 1 , ••• , s ) 1r x ( s . ) 
a n n n i=l 1 

(87) 

where kn(s 1 , ••• ,sn) is the kernel, or the characteristic of the homogeneous 

nth order functional and is symmetric under the interchange of its n 

variables (s1, ... , sn). 
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Obviously the homogeneous terms 

may be used to develop an inhomogeneous functional series expansion with 

b 00 b 
F [x (t)] 

a 
= F0 +I: f [x(t)] 

n=l R 

that is as 

b 
F[x(t)] = 

a 

oo n 
F o + r: S ds . . . S dsn k ( s 11 ••• , s ) 1T x ( s . ) 

n=l n n i=l 1 

V059 which is the Volterra functional polynomial series expansion 

After Volterra we shall now differentiate the homogeneous functional 

(88) 

(89) 

up to the nth order and substitute in a term wise fashion into the Taylor's 

series in order to establish the correspondence of the Volterra functional 

series and the Taylor's series. Remember we are considering functionals 

which possess derivatives up to order n on the interval (a,b). If we let 

the boundary values be ga = ~(x(ta)) and gb = ~(x(tb)) and assume that the 
value of the derivatives are when the functional F[~(x(t)] has an extreamum 

value. That is, in order to differentiate the functional F[~(x(t))] we 

need to find those functional values, say g = u(x(t)) which yields an 

extreamum value for the functional F[~(x(t))]. Following calculus of 

variations methodology now we will assume that we can find a solution 

g = u(x(t)) for the extreamum at x(t). If this is the case then any other 

choice of function, say r = v(x(t)), will move the value of the function 

F[~(x(t))] away from the extreamum value. We can choose v(x) to be close 

to u(x) so that the difference [u(x) - v(x)] remains small on the interval 

(a,b). If we take any function 8(x) that vanishes at a and b ie 8(a) = 0 
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and 8(b) = 0 and if 8(x) has continuous derivatives everywhere then we may 

form the family of functions 8(x,e) = [u(x) + E 8(x)] where now bu = e8(x) 

is a variation of the function y(x). 

The value of the functional is now 

f (E) = F [u (x) + E 8 (x) ] 

has a derivative which is a continuous function of e and the minimum value 

of this is when e = 0. Thus we may write the calculus of variations 
quantity VOOO 

b 
bF = S F' [c/>(x)] bx(e 1l de 1 

a 

or alternatively 

b 
lin bF = 1Q_ F[u(x) + E v(x)] I 
E~O E JdE E=O 

= S F' 
a 

where F' [u(x), ex)] is the first derivative of F[u(x) + e v(x)l so that 

sL F [u (x) + e v (x)] I 
de e=O 

Similarly it can be shown VOS9 

Q: F[u(x) + e v(x)] I 
de 2 e=O 

dg f[u(x) + e v(x)] I 
den e=O 

b 
= s F/ [u(x) I rl)] v(rl) drl 

a 

b b 
= s dr l s dr 2 

a a 
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Now Taylor's theorem up to nth order for the function 

f {E) = F [u (X) + E V (X)] (95) 

After Volterra we may write the Taylor's theorem about the origin as vos9 

f(ll = f{o) + (ofl I + 

(oe) e=O 

n-l 

1 

n 

1 

+ 1 (o-f) + 1 (o-f) 

(n-1)! (oen-1) E=O n! (oen) 

and on substitution from the above we obtain VOOO 

+ ... (9 6) 

E=O 

F [u {x) + v (x)] 
n b b i i 

= F[u{x)] +I: ~ Sdsl ... Sdti F '[u{x),sl'····S·]11' v(s.)(30) 
i=1 1! a a 1 1j=1 J 

Thus we can clearly see the steps that Volterra took made in in order to 

obtain his extension to the Taylor's series. First he developed the nth as 

homogeneous equations relation the derivative to integral terms as showing 

equation {27) and then he replaced each term of the Taylor's series given 

(29) by the homogeneous functional equivalent given by {30). 

One special case of the Volterra functionals that satisfies the above is 
the multidimensional convolution series vos9 

b 
y ( t) = F [x { t)] 

a 

N b 
= I: L Jda1 

n=1 n! a 

where we have used the transformation properties of the symmetric kernels. 

In order to differentiate this we need to define a multidimensional 

operator of the form 

D = rL 02 , ... , .Q_n J 
X 

lox 02 oxnJ 
X 

and 
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Dx y(t) = 
N 
E 1 

n=l n! 

which is containing the homogeneous terms 

and this is the basis of the stochastic sensitivity technique IR92 . 

These represent the linear and nonlinear steady state gain values which may 

be determined when the boundary conditions are stochastic, in addition the 

functions Kn(a1, ... ,an) are particular solutions to the nth order 

differential terms and these solutions may be extracted directly from the 

data. 

Numerical Example: Impulsive Stimulated Scattering 

In this report we have considered the estimation of Volterra kernel values 

which describe the properties of nonlinear single valued univariate system. 

This estimation may be achieved digitally using an electronic computer and 

for some applications an optical preprocessor may be used to speed up the 

computations. The optical preprocessor may also be used directly to study 

the properties of systems from which the incident light (or other 

particles) has been scattered. One extreme of optical experiments is the 

use of ultrashort duration optical pulses to study the properties of for 
example YOBS individual or collective molecular rotations and vibrations in 

rarefied or condensed matter, chemical rearrangements etc. The pulse 

duration is usually much shorter than the lifetimes of the nuclear, atomic 

or molecular transitions being studied and is thus much shorter than the 

time resolution of the optoelectronic devices used to detect the scattered 
radiation FAgo 

The force may then be considered as a delta function or an impulse which 

acts on the system and the output observed from the system will usually be 

a time averaged Greens function or the impulsive response of the system. 

Although we concentrate on a particular experimental application we also 

40 



note that the optical ULM has many uses for example in high speed optical 

communications, the control of plasimas on as an optical hybrid computer. 

Before we give the results of the numerical example let us first examine 

the physical situation being studied and identify some of the 

approximations being used. It has long been well known that Maxwell's 

equations for the interaction of electromagnetic waves with matter are 

nonlinear as 

D(~,t) = E (E) E(~,t) and B(~,t) =~(H) H(~,t) 

with the dielectric permitivity e(E) and magnetic permeability being 

functions of the field strengths E and H. For a single electron system 

whose dimensions are small compared to the wavelength of the incident 

electromagnetic radiation the equation of motion of the electron may be 

encapsulated in the Hamiltonian0031 

H(~,t) =~+V(~) - g p.A(~,t) + e 2 A2 (~,t) 
2m me 2mc 2 

or 

where the interaction term H1 may be expressed as an electromagnetic 

1 . l . . h BL65 mu t1po e expans1on w1t 

H~ = -P.E - M.H - Q:VE+ ... . 

If we ignore all magnetic interactions and any electric interactions of 

order greater than or equal to the quadrupole interaction then we are said 

to be using the pure dipole interaction approximation. We may consider 

that the electromagnetic wave influences the local polarisation of the 

scattering medium and that we may describe this interaction as a functional 
expansion of the electric field with sugo 
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n N 
P(t)®E(t) = e

0 
E 1 

n=1 n! 
Jdu1 ... Jdan TPEn(u1, ... ,ac) ~ E(t-ui) 

1=1 

Applying the Fourier operator defined by equation (67) this becomes 

F-1 [P (t) ®E (t)] = 
N 

e
0 

E 1 
n=1 n! 

n 
XPEn(w1, ... ,W) ~ E(w.) n . 

1 
1 1= 

where we have defined the nth order susceptibilities as 

It may be seen that the polarisation tensor TPEn(u1, ... ,un) is simply the 

impulse response function of the dielectric medium, and its Fourier 

transform, the electrical susceptibility, is simply the nth order frequency 
response function. At this point is is usual BLGS,BU90 to make a 

theoretical decomposition of the series and assume; that we may isolate 
and examine individual functional terms of the form ARG 2 

Pn(t)®E(t) E (t-u.). 
1 

This is a Wiener's homogeneous approximation to nonlinear system 
identification WISB,LEGS which we have discussed in detail elsewhere DE91 

in particular we have demonstrated that the homogeneous approximation is 

likely to lead to erroneous inferences of the properties of an unknown 
system and we recommend an inhomogeneous approach IR91a 

If we ignore any magnetic interactions we can write the Hamiltonian for the 
. YA87 medium under the excitation of electromagnet1c pulses as 

I I 

H = H
0 

+ H1 + H2 + .... 

Now the first order interaction between the optical field and the dipole 

moment of the medium is given by the homogeneous equation 
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H
1

1 

=- S EP.(x)E.(x,t)dx 
1 - 1 -

which describes the absorption of the incident pulses via the dipole 

moment. The Hl term represents the nonlinear interaction between the 

optical field and the matter and describes the lowest order scattering 

process with 

I 

H.=- SEE e .. (x) E.(x,t) E.(x,t) dx • 1J - 1 - J -
i j 

which can be seen to be a Volterra functional of order 2. 

If we denote F .. (x,t) = E. (x,t)E. (x,t) we may use the approximate homo-1J - 1 - J -
geneous response function theory to solve for the dielectric response 
function theory to solve for the dielectric response e .. (x,t) with YAS? 1J -

where G77 £(x,t) is the impulse response function (time averaged Green's 1JK -
function) for the dielectric tensor e .. (x,t). 

1] -

It is usual to consider that only the local effects are important so that 

Gee (x-x', t-t') 
ijkl- -

= GEE (x, t-t') [) .. (~-~,) 
ijkl- 1 J 

where we sum over the temporal and spatial properties of successive 

ultrahost pulses and finite scattering volume the response function 

description for a sequence of pulses reduces to 

The impulsive stimulated scattering occurs when the motion or transitions 

induced have time scales which are long compared to each pulse duration. 

If we consider an atomic vibration then one could consider the process as a 

kick which induces simple harmonic motion of the electrons. When one 

considers an array of atoms it is usual to consider that as tte loser spot 
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size is much greater than its wavelength then a collective excitation is 

induced and that spatial quasi standing waves are induced which then decay, 

although at first sight this is at variance with the above local 

approximation for the Green's function. The impulsive excitation tends to 

be a temporal delta function as ultrashort duration laser pulses are used 
so that YAS? 

where AKf may be considered as a calibration constant and the observed 
signal intensity I(t) for the linear system will be of the form 

I(~,t) a I < G7: e(x,t)> ll lJK - X 

as we should expect, as the observation for any impulsive excitation 

experiment will be proportional to the Volterra kernel or impulse response 

function (or the time averaged Green's function) of the system. 

In the numerical experiment a set of pulse input sequences were used to 

generate an equivalent set of output data sequences from the system whose 

linear properties are known and used to generate each output sequence. The 

autocovariance and covariance values were accumulated from those estimated 

for each element of the set of sequences. The form of each input pulse was 

considered to be of the form 

T 
I(x,t) = E r

0
coslkx [r(t) +a exp(-(t

0
-t)l/al) + b cosl (wt + ~)] 

n=l 

which is similar to that observed experimentally WE90 , where the random 

numbers r(t) are drawn from a Gaussian white noise distribution and the 

exponential and cosl terms from the actual pulse which has a duration of 

lOO time units out of a total of 103 units in each element of the set. 

That is each element of the set contains 103 white noise points and added 

onto the first 100 points is added the (exp (cosl)) pulse, some so such 

elements of an ensemble were used in each numerical experiment. 
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In the previous work two forms of impulse response (vibrational in the ISS 

case) were used 

and 

with the latter being the typical characteristic for a molecular 

vibrational excitation where a is a constant, A is the damping rate and w 
is the natural frequency of the system. 

An absolute moment formulation to determine the coefficients needed to 

solve equation (64) in each example. The accuracy of the Volterra kernel 

estimate is determined by the root mean square (rms) difference and the 

absolute mean difference between the known and estimated values. The 

accuracy of the predictive power is determined by the normalised root mean 

square (nrms) difference between the actual and predicted output time 

series sequences. 

where the rms value is estimated using 

or 

rms = {! 
(JHl) 

and the absolute difference estimate is 
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or 

and where the normalised root mean square difference is given by 

nrms 
T 

= {l ~ [y(t) - Ypi!l] 2 }~. 
T t=l y(t) 

and the normalised absolute difference is given by 

T 
nabs = {l ~ ly(t) - YpJ!ll · 

T t=l y(t) 

We then use the inhomogeneous moment technique to estimate the properties 

of the system. The estimated Volterra kernel values response hyx(t1) and 

hyx2(r1,r2) are then compared against the known responses g1 (r1) and 

g2 (r
1
,r2) and therms differences estimated. Hence the accuracy and range 

of appropriate use of the inhomogeneous moment estimator may be 

established . 

. We shall now consider four examples. Each of the examples is chosen to 

demonstrate different attributes of the inhomogeneous method, yet taken 

· together they demonstrate the accuracy and the range of appropriate use of 

the method. In the first two examples we use Gaussian white noise input 

data and in the final examples we use sequences of experimentally measured 

heat flux values as input data. In each example the output data sequences 

are generated using convolution between the input data {x(t)} and the known 

Volterra kernel values; explicitly for the second order case we use 

y(x,t) = 

(97) 
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and where for the second order examples we use a memory of ~=20. 

-0.1r where g1 (x,r1) = 10.0 e 1 and where g2 (x,r1,r2) = 0.0 ie a linear 

system being analysed with a nonlinear estimation method. 

In Figure 1 we show a sample of the input data sequence {I(x,tl} and the 

output data sequence {y(tl}. As can be seen II(x,t) 1<1.0 and the system is 

clearly nonlinear. In Figure 2 we show the values for the linear Volterra 

kernel hyi(x,r1) as estimated from the inhomogeneous moment equations. 

Also in Figure 2 we show the differences between the estimated values 
-12 hyi(x,r1) and actual values g1 (x,r1), the values of 10 are not untypical 

for the zero mean Gaussian white noise input data case. In Figure 3 we 

show the values for the nonlinear Volterra kernel hyi2(x,r1,r2) as 

estimated from the moment equations. It should be emphasised that all of 

the Volterra kernel values, for hyi(x,r1) and hyi2(x,r1,r2l in this case, 

are solved simultaneously in an algebraic operation. The observed 

differences appear to be related to the conditioning of the matrix rather 

than the statistical uncertainty of the estimated moments. In Table 1 we 

present the results for the first example. 

TABLE 1: 

estimated theoretical ms absolute mean 
volume volume difference difference 

linea~ 178.6456459634 178.6456459643 1.023x10 -8 8.54x10-9 
kernel 

nonlinear 1.258x10 -9 0.0 2.936x10-8 1.46x10-8 
kernel 

where by volume we mean Jhy1 (x,r1)dr1 for the linear case and 

JJhyi2(x,r1,r2ldr1dr2 for the nonlinear case. 

If we now generate a sequence of predicted time series output y (t) using 
p 

the estimated Volterra kernel values hyi(x,r1l and hyi2(x,r1,r2l and the 

known input data sequence {I(x,t)}. The predicted sequence yp(t) can then 

be compared against the original sequence y(t). For the present example 
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the normalised rms value nrms difference = 0.854 x 10-10 and the absolute 

difference is 3.117 x 10-11 . 

In these examples we use the same input pulse sequences and in this case we 

use the Volterra kernel functions 

(98) 

and 

(99) 

a linear system with a small nonlinear admixture. 

In Figure 4 we show a sample of the input data sequence {x(tl} and the 

output data sequence {y(t)} for the second example. As can be seen {x(tl} 

is a non zero mean Gaussian white noise sequence with the average of 

lx(t) 11,0. In Figure 5 we show the estimated values of the linear Volterra 

kernel values hyx(r1) and the differences between the estimated values 

hyx(r1) and the actual values g1 (r1l in this case. In Figure 6 we show the 

estimated values of the non linear Volterra kernel values hyx2(r1,r2) and 

the difference surface (hyx2(r1,r2) - g2(r1,r2ll between the estimated and 

actual Volterra values. The estimated area under the Volterra kernels, the 

normalised rms difference and the mean absolute differences are given. 
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TABLE 2: 

estimated theoretical rms absolute mean 
volume volume difference difference 

linear 13.21928363435 13.21928363482 1.686x10 -9 1.481x10-9 

kernel 

nonlinear 0.1883046089963 0.188304608924 4.135x1o-10 3.254x1o-10 

2nd order 
kernel 

The normalised root mean square difference between the known output data 

sequence {y(tl} and the output data {yp(t)}, as predicted using {x(tl} with 

the estimated Volterra kernel values hyx(r1l and hyx2(r1,r2), is 

nrms = 7.916 X 10-10 

nabs = l. 051 X 10-7 

The numerical examples clearly show that our simultaneous solution method 

for the nonlinear impulse response functions yields the correct results and 

is very accurate. They are however only numerical examples and the time 

measure of the method must be an application to actual experimental data. 

In order to do this there are a variety of experimental situations that may 

be considered depending on the physics that one wishes to study. The most 

interesting and challenging at this time would seem to be the study of 

individual molecular transitions (in beam chemistry or plasma scattering 

for example) as this would require the development of a practical optical 

ULM and would allow scientists to study atomic transitions in real time, 

rather than the averaged frequency domain approaches that are currently 

being proposed. 
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Appendix A: The Effects of Filtering and Averaging Time Series Data 

Consider two sequences of time series data {x(t)} and {y(t)} which are the 

input and output values observed for a realisable univariate single valued 

nonlinear (or non stationary) system. We may characterise the properties 

of the data, and hence the system, in terms of impulse response functions, 

or Volterra kernels and in this note we wish to begin to identify if the 

properties of the system are invariant to manipulations of the original 

data sequences. 

The most general expression which characterises the properties of a single 

valued univariate linear system is the convolution equation; where for 

continuous data we have that 

and for discrete data we have 

y(tl = r h1 (a 1) x (t - 0' 1) 
a1 

(A.2) 

These may be generalised as a Volterra series expansion of multidimensional 

convolution integrals where for continuous data we have the relationship 

between {x(t)} and {y(t)} in terms of the multidimensional Volterra kernels 
hn(a1, ... ,an) as 

N n 
y(t) = r 1 

n=1 n! 
S d<i 1 ... da h (0' 1 , ... ,0') 1r x(t- a.) n n n . 1 1 

and for discrete data 

N 
y(tl = r 1 r ... 

n=1 n! 0' 1 

1= 

n 
rhn (a 11 ... , a) 1rx(t- a.} n . 

1 
1 

an 1= 

The first absolute moment of the input data sequence {x(t)} will be 

Ax = E[x(t)] 
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and the first absolute moment of the output data sequence {y(t)} will be 

Ay = E [y(t)] 

substituting for y(t) from (A.4) this is 

N 
A = E[ r: 1 

Y n=1 n! 

which is 

N n 
A = r: 1 r: ... r: hn (a 1 , ••• ,an) E [~ x(t- a)] 

Y n=1 n! a1 an i=1 n 

or in terms of retarded delay absolute moments 

N 
A = r: 1 
Y n=1 n! 

r: . . . r: hn (a 1 , ••• , an) Axxn -1 (a 1 , ••• , an) 
a 1 an 

where we have defined 

n 
= E [x(t- a1 ) ~ x(t- a.)] 

i=2 1 

. Similarly we may define the auto absolute moments as 

n 
Axxn ( r 1 , a 1 , ••• , an) = E [x ( t - T 1 ) ~ X ( t - a. ) ] 

i=1 1 

For a linear system obviously 

ie 

(A.6) 

(A. 7) 

(A. B) 

(A.9) 

(A.lO) 

(A.ll) 

(A.12) 

So for a linear system the dynamic effects are integrated out when one 

obtains the first absolute moment; as one would expect for stationary data. 

For a non-linear system we have from above (A.9) 
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A = y 

N 
I: 1 

n=1 n! 
I: . . . I: hn ( a 1 , . . . , an) Axxn -1 ( a 1 , . . . , an) 
a1 an 

The second absolute moment between the time series sequences {x(t)} and 

{y(t)} is 

N n 
A ( T 1) = I: 1 I: ... I: hn (al' ... an) E [x(t - T1) 7f x(t - a. ) l xy l n=1 n! a1 an i=1 

(A.13) 

which in terms of auto absolute moments is 

N 
A ( T 1) = I: 1 I: ... I: h (a 11 ... , an) Axxn ( r 1 , a 1 , . . . , an l xy n n=1 n! al an (A.14) 

This multi dimensional convolution expansion may be transformed into the 

frequency domain in terms of generalised spectral densities with 

N 
=I: 1 Hn (W 1 , ••• , wn) ~xnx(W 1 , ••• ,wn) 
n=1 n! 

(A.15) 

where (w 1 , ••• ,wN) are the nodal frequencies which characterise the data's 

non-linear (or non stationary) properties. ~xy(w 1 , ••• , wN) we define as a 

generalised spectral density; ~xnx(w 1 , ••• , wN) is the inverse Fourier 

transform of the nth order auto absolute moment Axnx(T 1,a1, ... ,an) and 

where Hn(W1, ... , wn) is the nth order frequency response function and is 

the inverse Fourier transform of the multi-dimensional impulse response 

function hn(a 1 , ••• , an). 

For the linear case we obtain the usual relationship between spectral 

densities and frequency response with 

Short-Term Averaged Values 

(A.16) 

If we take our original time series sequences {x(t)} and {y(tl} and break 

it up into T/m separate pieces which are non overlapping we can generate a 
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new set of time series sequences {x' (t)} and {y' (t)} which are composed of 
the short term averaged values 

t 
X' (t) = 1 r: x(k) 

m k=t-m 

and 

t 
Y' (t) = 1 r: y(k) 

m k=t-m 

respectively, m may be thought of as a fixed window or memory function or 

the like. The new sequences {x' (t)} and {y' (tl} contain T/m elements, 

rather than the original T sample length elements and may be displayed 
graphically as 

So that t ~ t' with 

(1,2,3, ... ,T) ~ (1/m,2/m, ... T/m) 

The time delay values will map as 

(1,2,3, ... ,a.) ~ (1/m,2/m, ... ,a. 1 ) 
1 1 m 

and the frequencies as 

57 

-~------ --- -- - - "k - ~ 

x(t) 

time series 

' 

X' (t) 

averaged 

series 
.__ __ 



2n (1,2, ... T) ~ 2n (1/m,2/m, ... ,T/m) 
ai ui 

which we will denote at t', a'i and w' i respectively ie t ~ t', ai ~a' i 

and wi ~ w' i' 

The short term average values y' (t) substituting from (A.4) are 

N n 
y' (t) = I: 1 I: ... I: h' n(a'1' ... , a' n) n x' (t - a'.) 

n=1 n! a', a' i=1 1 

1 n 

Substituting for x' (t) this is 

N n t 
y' (t) = I: 1 

n=1 n! 
I: ... I: h'n(a' 1, ... ,a') n {r 1 x(k- a'.)} 
a', a' n i=1 a'=t-m m 1 

1 n 

The mean value or first absolute moment of {x' (tl} is 

t 
= E [1 I: X (k)] 

m k=t-m 

t 
= 1 I: A = Ax - X m k=t-m 

Taking the expectation of (A.17) we have that 

N 
= E [I: 1 

n=1 n! 
I: ... I: 

(]I (]I 
1 n 

n 
h'n(a' 1, ... , a' ) n X' (t- (] 1

,) 

n i=1 1 

re-ordering the summations this is 

N 
A' = I: 

Y n=1 

In terms 

N 

Ay, = I: 
n=1 

n 
1 E ... I: h' (a•

1
, ... a'n) E[ n X'(t- a'.)] 

n! a' 1 a'n n i=1 1 

of auto absolute moments Ax,nx, this is 

1 I: ... I: h' (a' a • • I a' ) n 1' n n! a' a' 1 n 

Ax, x' n-1 (a' 1, ... , u' n) 

Alternatively we may take the expectation of (A.18) to give 

58 

(A.17) 

(A.18) 

(A.19) 

(A . 20) 

(A.21) 

(A . 22) 



N 
= E 
n=1 

1 
n! 

n t 
E ... E h' (a' , ... , a' n) E [ 1r E 
a' a' n 1 i=1 k=t-m 

1 n 
1 
m 

x(k - a'.) J 
1 

(A.23) 

where each a' 1 is fixed under the expectation operation and the E summation 
k 

Expanding the E summation this may be seen to be 
k 

N 
= E 
n=1 

1 
n! 

n 
(A. 24) 

E[7r 1 {x(t-a'.) +x(t-1-a'.) + ... +X(t-m-a'
1
.)}J 

i=1 m 1 1 

The expectation of the averaged data {x' (t)} 

n 

Ax'x' n-1 (a' 
1 

, ... , a ' ) = E [x ( t - a' 
1 

) 1r x' ( t - a' . ) J n . 2 1 
1= 

may be related to the expectation of the original data {x(tl} where 

. where m~ a' 1, a• 2 . 

When n = 1 we have that 

n 
= E[11' 1 

i=1m 

+ x(t- m- a' il} 1 

= E [ 1 {x(t - a' 1)} + .. . + x(t - m - a' 1) }1 
m 

i.e. Ax, =m A as we would expect. 
- X 
m 

when n = 2 we have that 
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= E [! {x(t- u' 1) + ... + x(t- m-u' 1l} 
m 

1 {x(t- u' 2) + ... + x(t- m- u' 2l}l 
m 

Expanded the RHS we have that 

When n=3 we have for the third auto absolute moment 

Ax'x'x' (u' 1,a' 2,u' 3) of the averaged data sequence {x' (t)}. 

3 
Ax, x, x, ( u, 1 , u, 2 , u , 3 ) = E ( 11' X' (t-U' . ) ) 

i=1 1 

which after some algebra is 

m m m 
Ax, x, x, ( u, 1 , a, 2 , a, 3 ) = 1 E E E 

;3 k1=0 k2=0 k3=0 

Generally speaking the nth averaged auto moment will be 

(A. 26) 

(A.27) 

(A. 28) 

(A.29) 

Returning now to the first auto absolute moment of the output sequence 

{y' (tl} we have from (A.22) that 

A' y 

N 
= E 1 

n=1 n! 
E . . . E h, n (a, 1 , ... , a, n) Ax, x, n -1 ( u, 1 , ... , a, n) 
u I (J I 

1 n 

but we also know that AY, = AY so we may write 
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N 
A ' = A = E 1 

Y Y n=1 n! 

by equating coefficients of {A.22) and {A.31) we have that 

E 
a' 1 

Also Ax, = Ax we may note that the integrated value of the response 

function over the interval a
1 
~ (a

1 
- m) 

Similarly 

Therefore 

a' 
E2 h2(k1,k2) Axx(k1,k2) 

Using {A.28) we may say by inspection that 

{A. 31) 

{A.32) 

(A.33) 

(A.34) 

(A.35) 

which is the area under the original Volterra kernel over the interval 

(a' -m~a· a' -m~a' ) ie the neighbourhood which the data sequence was 
1 1' 2 2 

averaged over. 
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Finally we have that in general the value of the Volterra kernel 

h 1n(U 1 
11 ···1U1n) obtained from the short term averaged data {x(t)} and 

{y(t)} is the short term average of the original Volterra kernel 

hn ( u I !I • • • I u I n) • 

Graphically for the first order term this is 

----

Filtered Data Sequences 

Consider a filter f(8) which acts on a time series sequence x(t) to 

generate a new time series sequence x' (t), for example by the short term 

convolution operation 

t 
X' (t) = !: 

r=t-m 
f (r) x(t-r) (A. 36) 

where m may be thought of as the finite memory of the applied filter f(8) 
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As before the output sequence {y(t)} of the unfiltered system will be given 

by (A.4) with 

N 
y(t) = 1: 1 1: 

n=1 n! a 1 

There are two cases that we will look at, one trivial the other not. First 

if we have a nonlinear system 

xU-J 

where the 

N 
Y' (t) = 1: 

n=1 

X (_'c) 

' 

I N.::...,j_~e.r.
~L 

f'J 
4(1:) ;;z .i. \d£ .. JM 
I) l1 ;I,! I I , 

output sequence y' (t) is given by 

1 1: ... 1: 
n! 0'1 an 

n 
hn ( (1 1 I • • • I 0' ) 1T 

n . 1 1= 

r 
1T 

i=1 
x(t-- k.)} 

1 
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M 
{1: 
r=1 

1 1: . .. 1: f (k1' • • • 1 kr) r r! k1 kr 

(A.37) 



where obviously the response functions or Volterra kernel values 

hn(a1, ... ,an) remain the same and would be obtained by an analysis of 

either {x(t)} with {y(t)} or {x' (t)} with {y' (t)}. 

where by definition 

N r 
X' (t) = E 1 E . .. E f (k1 I 

r=1 r! k1 kr r 
I I I, k ) 7r X (t - k.) 

r i=1 1 

and the relationships between the absolute moments are given by 

Similarly 

N 
Ax, ny, (a 1 , ... , an) = E 1 E . . . E hn (a 1 , ... , an) 

n=1 n! a1 an 

M 
.{ E 1 E 

r=1 r! k1 

(A.38) 

(A.39) 

(A.40) 

relates the absolute moment of the filtered data {x' (t)} and {y' (t)} in 

terms of the unfiltered data {x(t)} and {y(t)} and the filters 

fr (k1, ... , kr) used. 

The second case is more complex. This is where we have two sequences of 

data {x(t)} and {y(t)} and we operate on them both with filters f and g 

such that x' (t) = f[x(t)] and y' (t) = g[y(t)] 

where f [ l and g [ l are functional operators, with now 

M r 
X' (t) = E 1 E ... E f (k1, • • • I kr) 1r x (t - k.) (A.41) 

r=1 r! k1 k r i=1 1 

r 

and 
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Y' (t) 
N 

= E 
r=l 

'• • I 

r 
k) 1T y(t- k. ) r . 

1 
1 

1= 
(A.42) 

If we are trying to analyse and interpret the properties of the data, and 

hence the system, then we will need to select the filter functions 

fr(k1, ... , kr) and gr(k1, ... , kr) that do not distort or otherwise affect 

the estimated values of the systems Volterra kernel values h (a1, ... , a). n n 
Any other choice will distort hn ~ h~ which is likely to lead to misleading 

or erroneous conclusions about the properties of the data {x(t)} and {y(t)} 

which describe the system. 

Also we know that we can write y' (t) as a convolution Volterra series 

N n 
y' ( t) = E 1 E . . . E h' (a i, ... , a' ) IT x' ( t - a! ) 

n=1 n! a' a' n n i=l 1 

1 n 

Substituting for {x' (t)} from (A.41) this becomes 

N 
y' (t) = E 1 E . .. E h' (ai, ... , a' ) 

n=1 n! a' a' n n 
1 n 

M r n 
IT 

i=1 
{ E 1 
r=1 r ! 

• • • I k) IT x(t- a! - k )} 
r i=1 1 p 

This may be equated with (A.42) where 

N 
y' (t) = E 1 E 

n=1 n! a1 

which may be written in terms of {x(t)} and h~s as 

N 
Y' (t) = E 1 E 

n=1 n! a1 

n 
IT 

i=1 

M 
{ E 1 
r=1 r ! 

• • • I 
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(A.44) 

(A.45) 



Equating coefficients of (A.44) with (A.45) we have that 

1: ... 1: h~ (CTi, ... , CT~) 
CT' CT' 

1 n 

n 
n 

i=1 

M 
{ 1: 1 
r=1 rl 

• • • I 

• • • I 

n M 
CT~) 1T { 1: 1 

i=1 r=1 r! 

r 
1T x(t- CT~ - k l} 

P=1 1 p 

r 
kr) n x(t - CTj_ 

P=1 
- k l} p 

(A.46) 

Taking the expectations of (A.43), (A.44) and (A.45) we obtain expressions 

for AY, the mean value of the filtered sequence {u' (t)}. 

From (A.43) we have 

N 
A' = 1: 
Y n=1 

Similarly from (44) we obtain 

N 
A' = 1: 
Y n=1 

1 1: . . . 1: h~ ( CT i , . . . , CT ~) 
n! CTi CT~ 

Equating coefficients of h~(CTi, ... , CT~) we have that 
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(A.49) 



Equation (49) relates the auto absolute moments of the filtered sequence 

{x' (t)} to the auto absolute moments of the original data sequence {x(t)} 

and the nonlinear filter f(8) with kernel functions fr(k1, ... , kr) 

A' = y 

N 
r: 1 

n=1 n! 

Equating coefficients of (A.48) and (A.SO) we obtain 

n M 
r: . . . r: 
(J' (J' 

1 n 
h~ ( (J i 1 " • 1 (J 

1 
) 7f { r: 1 

ni=1 r=1 r! 

= r ... E 
(J' (J' 

1 n 

fr(k1, ... , kr) and gr(k1, ... , kr) the filter kernel 

(A. 51) 

The values of 

functions are either known or estimable; similarly the auto absolute moment 

values A r-1 (u1 + k1, ... , a + k) are estimated from the original xx r r data 

sequence {x(t)}; the Volterra kernel values hr(k1, ... , kr) may be 

estimated from the original data sequences {x(t)} and {y(t)} and the 

Volterra kernel values hr(k1, ... , kr) may be estimated from the filtered 

data sequences {x' (t)} and {y' (t)}. 

(i) If we first look at the most simple case where f(O) = f 1 (t) and 

g(6) = g
1 

(t) are linear filters then the filtered data is 
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and 

Using {A.4) in {A.57) we may write that 

N 
E Y' {t) 

k1 
= r: g 1 {k 1) { I: 1 

k1 n=1 n! 

Changing the order of summation this is 

N 
y' {t) = { r: 1 

n=1 n ! 

{A.53) 

{A. 55) 

Also, remembering that the ui are dummy indices, from {48) we have for the 

linear filter f 1 {k1) case that 

N 
y' { t) = { r: 1 

n=1 n! 

n n 
{A. 57) 

remembering that each ui is fixed for the k1 integration. This means that 

we must choose 

{A. 58) 

for a non-trivial result in the linear filter case. That is, we must use 

the same filter on the input {x{tl} and output {y{tl} data sequences 
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otherwise we will mask the properties of the system under study with the 

properties of the filters being used to smooth the data. Thus we have 

arrived back the first situation discussed in this section where a 

pre-filter was placed before the sample point for {x(t)}. 

A D Irving 

AA11/ADI2 

27 February 1991 

11 September 1991 

8 January 1992 
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