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TRUTH may be misleading

In a finite dimensional space all norms are equivalent i.e.

c(N)[[vlls < flvll2 < C(N)[Ivilx

Identify the norms for which we have

cliviiy < [lvlla < Cllvily e (- flo ~ 1] - |]2
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Finite dimensional Hilbert spaces and R"

» (-,-) : H x H — R scalar product and
lully = +/(u, u) Yu € H norm.
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Finite dimensional Hilbert spaces and R"

» (,-): H x H — R scalar product and

lulli = +/(u, u) Yu € H norm.
» 3{e;}i=1. N a basis for H

VvueH u=3N,uv; wu€R i=1..N
» Representation of scalar product in RN

N N
Let u=>",", uithj and v =3 ;. vit;.

Then
(u,v) = Zzu,vj Vi) =

i=1 j=1

where H,'j = Hj,' = (w,'ﬂ[)j) and u,v € RV,
Moreover, u’ Hu > 0 iff u # 0 and, thus H SPD.
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v

v

f € H*: H — R (functional);
f(au+ pv) = af(u) + pf(v) Yu,veH

‘H* is the space of the linear functionals on H

If H finite dimensional and u = ZlNzl uj1);, then

f‘
[Flles = sup T2
u£0 [[ull

f(u) =N, uif(¥;) =fTu

Dual vector

Let u € H, u # 0, then 3f, € H* such that

(Hahn-Banach).

fu(u) = llull
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Dual space H*

> Let H be a Hilbert finite dimensional space and H the real
N x N matrix identifying the scalar product.
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Dual space H*

» Let H be a Hilbert finite dimensional space and H the real
N x N matrix identifying the scalar product.

fu(u)=fTu = (u”Hu)/?
The dual vector of u has the following representation:

_ Hu
[ullm

and
Ifull3 =u"Hu=fTHf
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Linear operator

» o« : H — V where H and V finite dimensional Hilbert
spaces. H and V are the SPD matrices of the scalar products
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Linear operator

» o« : H — V where H and V finite dimensional Hilbert
spaces. H and V are the SPD matrices of the scalar products

1 ully
[l

— ||V1/2AH—1/2”2

Ay =
I |3,y max
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Linear operator

» o/ : H — )V where H and V finite dimensional Hilbert
spaces. H and V are the SPD matrices of the scalar products

o
13y = manc 17l

— ||\/1/2AH—1/2”2
u#0  ||ull3

» The result follows from the generalized eigenvalue problem in
RN
A"VAu = \Hu
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Linear operator

&/ - H — YV where H and V finite dimensional Hilbert
spaces. H and V are the SPD matrices of the scalar products

v

>
JZ{U y o
I s = max 2V a2 ppirz,
w0 [|ully
» The result follows from the generalized eigenvalue problem in

RN
A"VAu = \Hu

(M) = My -1 [M7 -1 e
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Linear operator

» o : H — V where H and V finite dimensional Hilbert
spaces. H and V are the SPD matrices of the scalar products

| 2
A u B
| 1%,y = maxu = VY2AH"1/2?|,
w0 luln
» The result follows from the generalized eigenvalue problem in
RN
A"VAu = \Hu
| 2

k(M) = M|y -1 M|yt g
The interesting case is ky(M) independent of AL
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Interpolation spaces

H = (RV,(u,v)y =uTHv)
M = (RY (u,v)p =u"Mv)

Then 4. self-adjoint such that
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Interpolation spaces

H = (RY,(u,v) =u'Hv)
M = (RY (u,v)p =u"Mv)

Then 4.7 self-adjoint such that

(u,v)y = (u, LVIpm = (L u, v)pm

(u,v)yg = (u,Sv)m = (Su,v)m

where S = M~1H
S (self-adjoint in the good scalar product!)
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Interpolation spaces

H = (RY,(u,v)y =u"Hv)
M = (RN (u,v)p =u"Mv)
Then 3.7 self-adjoint such that

(u,v)H = (u, Sv)m = (Su,v)m
where S = M~1H
S (self-adjoint in the good scalar product!)

Sx=pux < Hx=puMx}=p=04>>0
{ [ 1 } [

JWst. M=W'W, H=WTA?>W, _A-diagonal oA >0
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Interpolation spaces

A=wW1law A2 -_w1al/2w
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Interpolation spaces

A=wW1law A2 _w1al/2w

S=MH = wlw"wTa2w
= wlawwlaw
= AN

Science & Technology
@ Facilities Council

9 /39



Georgia-Tech 25 March 2013 Mario Arioli, Daniel Loghin

Interpolation spaces

A=wW1law A2 _w1lal/2w

S=MH = wlw "wTa2w
wlaww-law
— A2

MA =W WW AW TW'W = ATM = (u,Av)y = (Au,v)m
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Interpolation spaces

A=wW1law A2 _w1lal/2w

S=MH = wlw "wTa2w
= wlaww'law
— A2

MA =W WW AW TW'W = ATM = (u, Av)y = (Au,v)m

and
(N2, AY2u) = (u, Au)m
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Interpolation spaces

{H,ML = {u e RV; ((u, u) g + (u, Sl’ﬁu)M>1/2}
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Interpolation spaces

M| = {ue R, (it (u,sl—ﬂu)M)m}

{H,M} 1o = {u e RV, ((u, U+ (u,l\u)M)l/2}
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Interpolation spaces

{’H,ML? = {u e RV ((u, u) g + (u, Sl’ﬁu)M)lp}

T -9
M35 = VIR, , =7 (M +MS* 7 )v

Hyp =M (I n 51_19) - WT(I n A2(1—”))w (Bessel)
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Interpolation spaces

[H,ML = {u e RV, ((u, u) g + (u, Slfﬂu)M>1/2}

V5 5= IIvlf, , = v7 (M+MS!7)v

Hyp = M (l n slfﬂ) - WT(I + A2(H9))w (Bessel)

Let us drop one of the M
{u c RV, (u,Slfﬁu)}éf}
2 2 T 1-9
VI3 = IIvIf, = v7 (Ms™)v
Hy = M(Skﬁ) _ WT<A2(1719)>W (Riesz)

H & Science & Technology
/19 ~r Hﬁ h @ Facilities Council
Y
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Interpolation spaces (duality)

M* and ‘H* dual spaces of M and H

*
[H,M} - [MH}
9 1—9
Hy 5 ~Hi_y,~Hi,

where
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Interpolation spaces (duality)

M* and ‘H* dual spaces of M and H

M), =[]

-1 * *
Hyn~Hi_yp~H_y
where

1(719 — H—l(HM—l)ﬁ — W—lAZ(ﬁ—l)W—T — H;l
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Interpolation spaces (oo dimensional case)

» X, Y two Hilbert spaces with X C Y, X dense and
continuously embedded in Y. (-,-)y,(,-)y scalar product
and || - ||x, || - ||y the respective norms.

v

(Riesz representation theory) 3. : X — Y positive and

self-adjoint with respect to (-, )y such that

(U vy = (U, IV)y . & =72 X =Y,

X = D(&) with [Jullx ~ [lulls = (lull§ + [6ul)
_ 1/2

Jullo == (lulFy + 16 ul}) 2.

The interpolation space of index 0

[X, Y]o := D(617%), 0<6 <1, with the inner-product

(u,v)g = (u,v)y + (u,&170v) is a Hilbert space

1/2

v

v

v

v

[X,Y]Jo=Xand [X,Y]1 =Y. If0<6; <6 <1 then
X C [)(7 Y]@l C [X, Y]02 C Y & Science & Technology

@ Facilities Council
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Interpolation Theorem

Let X,9) Hilbert spaces X C ) with X dense in %), and with
inclusion compact and continuous. Let X,) satisfy similar
properties. Let m € L(X; X)N L(Y;Y). Then for all 6 € (0,1),

7 € L([X,D]o; [X, V]o)-
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Interpolation Theorem

Let X,%) Hilbert spaces X C %) with X dense in %), and with
inclusion compact and continuous. Let X, ) satisfy similar
properties. Let m € L(X; X) N L(2);Y). Then for all § € (0,1),

7€ L([X,D]o; [X, V]o)-

Let X D X}, and Q) D Yy (X4 and Y}, finite-dimensional spaces)
in 2 L(Xh; X) N L(Vh; Q) the continuous injection operator

in € L([Xh, Ynlo: [X,D]o)-
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Interpolation Theorem

Let X,9) Hilbert spaces X C ) with X dense in %), and with
inclusion compact and continuous. Let X,) satisfy similar
properties. Let m € L(X; X)N L(Y;Y). Then for all 6 € (0,1),

7 € L([X,D]o; [X, V]o)-

Vup € [Xh, Vhlo, linunllo = llunllo < Cillunllo.n-
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Interpolation Theorem

Let X,9) Hilbert spaces X C %) with X dense in %), and with
inclusion compact and continuous. Let X, ) satisfy similar
properties. Let m € L(X; X) N L(2);Y). Then for all § € (0,1),

7 € L([X,D]o; [X, V]o).

Yup € [Xh, Yhlo. llinunllo = llunlle < Cillunllo,p-

Assume now that there exists an interpolation operator 3/, such
that Iy : L(X; X,) N L(Y; Vh) and lpu = up, for all up € X,

In € L([X,D]o: [Xn, Vnlo)
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Interpolation Theorem

Let X,9) Hilbert spaces X C Q) with X dense in ), and with
inclusion compact and continuous. Let X,) satisfy similar
properties. Let m € L(X; X) N L();Y). Then for all § € (0,1),

7 € L([X,D]o; [X, V]o).

Yup € [Xh, Ynlo, llinunlle = llunlle < Cillunllo,p-

Vu e [X,D]o. hullo,n < Cofullp-
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Interpolation Theorem

Let X,%) Hilbert spaces X C %) with X dense in %), and with
inclusion compact and continuous. Let X,) satisfy similar
properties. Let m € L(X; X)N L(Y;Y). Then for all 6 € (0,1),

7 € L([X,D]o; [X, V]o)-

Vup € [Xh, Yhlo, llinunlle = llunlle < Cillunllo,n-

Vu € [X,Dlo, [[nullo.n < Collullo-

Since [Xn, Yalo C [X, D] then & [lunllo < llunllon < Col|unllo-

i.e. unllo ~ [[unllo.n
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Interpolation spaces (oo dimensional case)

Q C R" open bounded with smooth boundary ' and let a denote a
multi-index of order m where m is a positive integer

H™(Q) = {u: D e [2(Q), |al<m}  (HQ)=LXQ))

H(Q) == [H™(Q), H(Q)]1-s/m
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Interpolation spaces (oo dimensional case)

Q C R" open bounded with smooth boundary I and let a denote a
multi-index of order m where m is a positive integer

H™Q) = {u: D€ L*(Q), |a|<m}  (H'Q)=L1%Q))

H(Q) == [H™(Q), H(Q)]1-s/m
H5(£2) completion of C5°(€2) in H™(£2), where s > 0.
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Interpolation spaces (oo dimensional case)

Q C R" open bounded with smooth boundary I and let a denote a
multi-index of order m where m is a positive integer

H™(Q) = {u :D%u e L2(Q), la| < m} (HO(Q) = L2(Q))
H*(Q) := [H™(Q), H*()]1-5/m
For 0 < s, < s1 and k integer

[HH(Q), HE(Q)le = HTP %)
if (1—6)s1+0s#k+1/2
[H(Q), H2(Q)l, = HYY2(Q) c HET?

if (1—0)si+60s,=k+1/2
H™*(Q) = (H5(Q2))" s>0
If (1—9)51+952 :1/2

*

_ _ 1/2
[H7(€), H= ()] = (Hoé (Q)> ' (S isnee dTechnology

14 / 39
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Finite-element example

15 / 39

Hag () = [H3(Q), L2()]: 0.

Let X C HA(Q), YV C L%(Q). Let {#it1<i<n € Xn be a spanning
set for Vp, and let Ly € R™" denote the Grammian matrices
corresponding to the (-, -)HS(Q)—inner product (H°(Q) = L?(Q)):

(L) = (D0, @) pra) -

H=Ly, M=LoandH,, = Lo(l + (L51L1)1/2) (Bessel)
Moreover, we have

1, \Y2 .
Hipon ~Hip = |-0<L0 L1) (Riesz)

Science & Technology
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Interpolation theorem for FEM

Let the assumptions of Interpolation Theorem hold with (X, ))
replaced by (X}, V) defined above. Let

Ho.p = L0<I n (LglLl)H), Hy = Lo(Lg L;)! . Then there

exist constants ¢, C independent of n such that

ullng, < Cllunllz,:
ulln, < Clluslliz1,:

clunll gz 21,

<
cllunllpx.o, <

for all up, € [Xh, Yh]o and with 6 € (0,1), X = L?(Q), and
Y = Hy(Q)

Science & Technology
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Few examples

H;‘ §(x=0.5)
25 ‘
—1-0=1
—1-6=0.75
er —1-0=05
1.5 ]
nl ]
0.5 ]
0 L L L L
0 0.2 0.4 0.6 0.8 1
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Few examples

H" 5(x-0.5)
35

—1-6=0.25
30r 1

257 ]

15 ]

10 1
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Few examples

H." 8(x-0.5), 1-6=0.5

3 ——
o Riesz
° —— Bessel |

Science & Technology
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Evaluation of Hyz

» Generalised Lanczos
HV, = MV, T, + Biy1Mviie],  VIMV, =1,
(T tridiagonal).

Science & Technology
@ Facilities Council

20 / 39



Georgia-Tech 25 March 2013 Mario Arioli, Daniel Loghin

Evaluation of Hyz
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HV, = MV, T, + Biy1Mviie],  VIMV, =1,
(T tridiagonal).
> Vg =2
Hoz ~ MV, T, €1 z||m and
H97hZ ~ ka(lk + Ti’e)e1||z\|M.
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Evaluation of Hyz

» Generalised Lanczos
HV, = MV, T, + Biy1Mviie],  VIMV, =1,
(T tridiagonal).
> Vg =2
Hoz ~ MV, T, €1 z||m and
H97hZ ~ ka(lk + Ti’g)elﬂz“M.
> vg =M1z
Hy'z ~ VT ei|z|m-1 and
Hyhz ~ Vil + T ) eajzflm-r-
» Alternative: N. Hale, and N. J. Higham and L. N. Trefethen,

SIAM J. Numer. Anal.
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Preconditioners for the Steklov-Poincaré operator

Let Q be an open subset of R? with boundary Q and consider the

model problem

—Au =f
u =0

in Q,
on 0Q.

Given a partition of € into two subdomains Q = Q1 U Q5 with
common boundary I this problem can be equivalently written as

{ —-Auny =f

in Ql,
umu =0 on 01\ T,

with the ‘interface conditions’

n = uw
Qup  _ _ 9w

onp  — 0Om

21 /39

*AU2 =f in Qz,
u =0 on O\ T,
onl
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Preconditioners for the Steklov-Poincaré operator

Given A1, \o € Hgéz(r) , 11,1, denote the harmonic extensions of
A1, Ao respectively into Q1,€, i.e., for i = 1,2, 1); satisfy

—Awi =0 in Q,‘,
@D,’ = )\,’ on F,
v =0 on 0Q; \ T.

The Steklov-Poincaré operator . : Hééz(r) — H_1/2(r)

(LA, 22) oy = (Vi1 Vib2) o) = 5(A1, Ae).

Cl||)\||i11/2( rn = s(\A) < CZH/\HHl/z(r

Science & Technology
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Preconditioners for the Steklov-Poincaré operator

) ~AuftY =finq;,
u;{l} =0 on 09,

on T,

By ottt it
1 -1 2
( ) { I anl 8n2

iy | AuT =0,
ut? =\ on 09;.

The resulting solution is
ulg, = u;{l} + u,-{2}.

Science & Technology
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An other problem

—vAu+b-Vu =f in Q,
u =0 on 0.

Science & Technology
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Discrete Formulation

25 /39

Vh=Vhr = {we COQ): wli € Py Vte T} C HY(Q)

be a finite-dimensional space of piecewise polynomial functions
defined on some subdivision T}, of Q into simplices t of maximum
diameter h. Let further V,h, Vg C V! satisfy V,h &) V,’;’ = V" where
Vi ={w e V": wlpqa =0}. Let X} C H3(I") denote the space
spanned by the restriction of the basis functions of V,h to the
internal boundary T.
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Discrete Formulation

(i) All,iu{l} =f,

.. 2
(i) Sug=fs—Aful"? — AL ul?,
2

(iii) A//,,-u;.{ b —AIEluB — A]I—S,ZUB’

where S is the Schur complement corresponding to the boundary
nodes
S=S5,+8S,, §;= ABB,i — A,Tgy,-Aﬁ’liA/B,,'.

The resulting solution is (u; 1, uy2, ug) where

uyj = U;-{l} + Uj-iz}.
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Hyo 12 -preconditioners

Let X = span{¢;,1 < i < m} be defined as above and let
(Li)ij = (60 &j) p(ry for k=0,1. Let

Hy/ := Lo(Lg'Ly)Y2.
Then for all A\ € R™ \ {0}

K </\T75)‘<,{
PEATH A T

with k1, ko independent of h.
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Discrete DD and Preconditioning

Ay Apg
P—
< 0 Ps
with A;; = vLy + Ny where Ly is the direct sum of Laplacians
assembled on each subdomain and Ny, is the direct sum of the
convection operator b -V assembled also on each subdomain.

With Ps we denote the approximation of H(l)éz by a vector or of
H~1/2 by a vector. Then we use FGMRES.
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Green functions on wirebasket

08y T L 1
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08
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!
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Steklov-Poincaré Neumann-Neumann
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Green functions
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08

on wirebasket

Steklov-Poincaré
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Mario Arioli, Daniel Loghin
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Numerical results
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: Poisson equation

Mario Arioli, Daniel Loghin

Linear Quadratic
#dom n m Hija,n | Hij2 | Hip2 Hijon | Hiyjp | Hipo

45,377 449 10 9 9 11 11 11

4 180,865 897 10 10 10 11 11 11
722,177 1793 11 11 11 11 11 11

45,953 1149 13 12 12 13 13 13

16 183,041 2301 13 13 13 13 13 13
730,625 4605 13 13 13 13 13 13

66,049 3549 16 14 14 16 15 15

64 263,169 7133 16 15 15 16 15 15
1,050,625 14,301 17 16 15 17 15 15

FGMRES iterations for model problem .
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Numerical results: an other problem

Linear Quadratic
#dom n m v = v=0.1 v = 0.01 v = v=0.1 v = 0.01

45,377 449 10 12 21 12 13 20

4 180,865 897 11 11 20 12 13 19
722,177 1793 11 11 19 12 12 18

45,953 1149 12 17 37 13 17 35

16 183,041 2301 13 17 35 13 16 32
730,625 4605 12 15 32 12 15 30

66,049 3549 16 22 55 17 21 51

64 263,169 7133 17 22 52 16 20 46
1,050,625 14,301 15 19 47 16 19 43

FGMRES iterations for 2nd model problem
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Laplace-Beltrami
We can extend everything to an interface that is the union of
manifolds my by using the Lapace-Beltrami operator and
interpolating between L?(I") and H}3o(I") with the norm

P 1/2
>
lull s (ry = (kz:HkaHéQ(mk)) :
=1

using Hg (my) with

|V’H1 (mg) — /
s

where V[’f denote the tangential gradient of v with respect to my
VEv(x) := Vv(x) — ng(x)(ng(x) - Vv(x)),

where ng(x) is the normal to my at x. ience  Technology
A. , Kourounis, Loghin IMA J. Num. Anal. 2012 > Facilites Council

|2
Viv| ds(mg)
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Other Domains: CRYSTAL
A. , Kourounis, Loghin IMA J. Num. Anal. 2012

chnology
1cil
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Other Domains: CRYSTAL

(La M)l 2 (Lvl)l 2
n N=16 | N=64 | N=256 | N=16 | N=64 | N =256
240,832 17 24 31 110 104 141
2,521,753 21 25 29 28 71 65

Iterations for the crystal problem with and without the mass
matrix.
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Other Domains: “BRAIN"
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Other Domains: “BRAIN"

n = 5120357 | n = 25973106
N=1024 | "™ i?27292160 np - 2:02;967
N =2048 | " i?29252170 nb i 2:732»73064
N = 4096 | " 1:121815 " ?;6(;§083

Mario Arioli, Daniel Loghin

Results for reaction-diffusion PDE on Brain (N number of
subdomains, np number of nodes in interface, it FGMRES iteration

34 /39

number, and 6 = 0.7 ).
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Reaction-Diffusion Systems

Rodrigue Kammogne, D. Loghin Proceed. DD 2012
Rodrigue Kammogne, D. Loghin Tech. Rep. in preparation Q C R?

—DAu+Mu=f in Q
u=0 on 00
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Reaction-Diffusion Systems

Rodrigue Kammogne, D. Loghin Proceed. DD 2012
Rodrigue Kammogne, D. Loghin Tech. Rep. in preparation 2 C R?

—DAu+Mu=f in Q
u=0 on 9Q

=[] = [orn Al 6] o[ ] oo

f € L2(Q) and M satisfies

)
0 < Yin < i?’f Vg € R2\ {}; and|[M]| < Ypman.
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Reaction-Diffusion Systems

Rodrigue Kammogne, D. Loghin Proceed. DD 2012
Rodrigue Kammogne, D. Loghin Tech. Rep. in preparation  C R?

—DAu+Mu=f in Q
u=0 on 00

1 ifxX24y?2<1/4a {100 ifx2+y2<1/4
* 71 100 otherwise 427 otherwise
0.1 ifx>+y?><1/4 8, = 1 ifx®+y2<1/4
1  otherwise 271 0.1 otherwise

A1
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Reaction-Diffusion Systems

Rodrigue Kammogne, D. Loghin Proceed. DD 2012
Rodrigue Kammogne, D. Loghin Tech. Rep. in preparation Q C R?

—DAu+Mu=f in Q
u=0 on 00

d=1,d,=0.1
domains= | 4 16 64
size=8450 | 18 24 28
33282 | 19 25 28
132098 | 20 26 28
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Reaction-Diffusion Systems

Rodrigue Kammogne, D. Loghin Proceed. DD 2012
Rodrigue Kammogne, D. Loghin Tech. Rep. in preparation

The Solution u, The Solution u,

\WW‘

il

L)
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Other applications: Mathematical Finance

L.Silvestre Communications on Pure and Applied Mathematics 2007
Luis A. Caffarelli, Sandro Salsa, Luis Silvestre Invent. math. 2008

> Let X; be an a-stable Levy process such that Xo = x for some
point x € R".
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Other applications: Mathematical Finance

L.Silvestre Communications on Pure and Applied Mathematics 2007
Luis A. Caffarelli, Sandro Salsa, Luis Silvestre Invent. math. 2008

> Let X; be an a-stable Levy process such that Xy = x for some
point x € R".

> Let 7 be the optimal stopping time that maximises

u(x) = snip E[p(X:) : 7 < +0o0]
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Other applications: Mathematical Finance

L.Silvestre Communications on Pure and Applied Mathematics 2007
Luis A. Caffarelli, Sandro Salsa, Luis Silvestre Invent. math. 2008

> Let X; be an a-stable Levy process such that Xy = x for some
point x € R".

» Let 7 be the optimal stopping time that maximises

u(x) = snip E[p(X:) : 7 < +o0]

u(x) > 6(x) in R",
(=A)*u>0inR",

(—=A)°u(x) = 0 for those xs.t. u(x) > ¢(x)
lim 400 U(x) = 0.
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Other applications: Mathematical Finance
L.Silvestre Communications on Pure and Applied Mathematics 2007
Luis A. Caffarelli, Sandro Salsa, Luis Silvestre Invent. math. 2008
» Let X; be an a-stable Levy process such that Xy = x for some
point x € R".

» Let 7 be the optimal stopping time that maximises

u(x) = sup Ele " (Xe)]

u(x) > ¢(x) in R",
Au+ (—A)u>0in R",
Au+ (—A)Su(x) = 0 for those x s.t. u(x) > ¢(x)
iMoo U(x) = 0.
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Other applications: Quasi-Geostrophic Equation

37 /39

L.Silvestre Ann. |. H. Poincare (2010)

L. Caffarelli, L. Silvestre, Comm. Partial Differential Equations (2007)

L. Caffarelli, A. Vasseur, Ann. of Math., (2012)

P. Constantin, J. Wu, Ann. |. H. Poincare Anal. Non Lin. (2008), (2009)

P. Constantin, J. Wu, SIAM J. Math. Anal. (1999)
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Other applications: Quasi-Geostrophic Equation

0:R?x[0,+00) = R
De0(x, t) + w - VO(x, 1) + (=A)*20(x,t) =0,  6(x,0) =6
and
w = (R26, R10)
where R; are the Riesz transforms

(yvi — x)6(y)
ly —x[3

Rib(x) = cPV / 2
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Summary

> Interpolation spaces produce dense matrices i.e. non-local
operators BUT we can compute everything using
SPARSE LINEAR ALGEBRA
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Summary

> Interpolation spaces produce dense matrices i.e. non-local
operators BUT we can compute everything using
SPARSE LINEAR ALGEBRA

> Interpolation spaces are not only useful in DD
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Summary

> Interpolation spaces produce dense matrices i.e. non-local
operators BUT we can compute everything using
SPARSE LINEAR ALGEBRA

> Interpolation spaces are not only useful in DD

» Link with integro-differential operator such as
Riemann-Liouville fractional derivative (M.Riesz 1938,1949).
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Summary

38 /39

Interpolation spaces produce dense matrices i.e. non-local
operators BUT we can compute everything using
SPARSE LINEAR ALGEBRA

Interpolation spaces are not only useful in DD

Link with integro-differential operator such as
Riemann-Liouville fractional derivative (M.Riesz 1938,1949).
In modelling complex phenomena the use of non-local
operators is a new promising subject attracting increasing
attention.

Other areas of application that are worth to mention include:
BEM and image processing (filtering):
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top-left: original top-right:noised

bottom-left: min { [, [Vu(x)|dx + 1/50 [ (uo(x) — u(x))?dx}

Pascal Getreuer (2007)

bOttom—rlght m|n {HUH%/2 + 1/50 JQ(UO(X) - U(X))2dX@ Science & Technology

@ Facilities Council
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