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ABSTRACT 

Minimal extensions of the Standard Model that are motivated by grand unified theories or 

superstring models with an E6 symmetry can naturally predict heavy neutrinos of Dirac or 

Majorana nature. Such heavy neutral leptons violate the decoupling theorem at the one­

loop electroweak order and hence offer a unique chance for possible lepton-flavour decays 

of the r lepton, e.g. r ---7 eee or r ---7 J.LJ.LJ.L, to be seen in LEP experiments. We analyze 

such decays in models with three and four generations. 
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Recently, it has been observed that the Standard Model (SM) with more than one 

right-handed neutrino can dramatically relax [1-3] the suppression of heavy-light neutrino 

mixing si(rv JmvJmN) as derived in usual "see-saw" scenarios [4,5]. High Dirac mass 

terms are then allowed to be present in the theory without contradicting low-energy con­

straints on the light neutrino masses . As an immediate phenomenological consequence, 

it was originally found that the one-loop vertex function relevant for the lepton-flavour­

violating decay of the Higgs boson [6] shows a strong quadratic dependence of the heavy neu­

trino mass. Such nondecoupling effects originating from heavy Majorana neutrino masses 

have been taken into account in the leptonic flavour-changing decays of the Z boson, lead­

ing to rates that could be probed at the CERN Large Electron Positron Collider (LEP) [7]. 

A similar enhancement due to heavy neutrinos has recently been found to take place in 

leptonic diagonal Z-boson decays, yielding sizeable non-universality effects [8]. 

In this note we would like to analyze the phenomenological implications of unified 

theories for the three-body decays of the r lepton into other three charged leptons, which 

we denote hereafter as l, l1 , and Z2 • In fact, we find analytically that the decay amplitude 

of r ---t ll1l2 increase quadratically with the mass of the heavy Dirac or Majorana neutrino, 

which explicitly violates the decoupling theorem [9]. In particular, we find quantitatively 

that the decays, r ---t e-e-e+ and r ---t e-J.i-J.i+ [or the complementary decays, i.e., r ---t 

J.i- J.i- J.i+ and r ---t J.i- e- e+], deserve the biggest attention from the phenomenological point 

of view. For completeness, we will present results for the decays Z ---t er or Z ---t J.iT, using 

updated constraints for lepton-violating mixing angles. Previous works on flavour-changing 

decays of the Z boson in a variety of models may be found in Refs. [10,11] 

In brief, we first outline the basic low-energy structure of the two most popular 

extensions of the SM that can naturally account for very light or strictly massless neutrinos. 

The field content of these models is inspired by heterotic superstring models [12] or certain 

grand unified theories (GUTs) based on the S0(10) gauge group [13]. The low-energy limit 

of such theories can be realized in (i) the SM with right-handed neutrinos [4,14,2] and (ii) 

the SM with left-handed and right-handed neutral singlets [12,13,15] . In addition, we will 

consider enhancements resulting from a possible fourth sequential family of leptons and 

quarks. Adopting now the notation of Ref. [2], the Yukawa sector of the SM with a number 
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fiR of right-handed neutrinos, v~i' in addition to fiG left-handed ones, v2i, reads 

(1) 

where the (nG + nR) x (nG + nR)-dimensional neutrino-mass matrix M., is given by 

M., 
( 

0 mv) 
mJ; mM 

(2) 

Since M., is a complex symmetric matrix, it can always be diagonalized by an (nG + nR) X 

(nG + nR) unitary matrix uv according to the common prescription: uvT Mvuv = !Vfv. We 

identify the first fiG mass eigenstates, lli, with the known fiG light neutrinos (i.e., fiG = 3), 

while the remaining nR mass eigenstates, Nj, are novel heavy Majorana neutrinos predicted 

by the model. The quark sector of such an extension can completely be described by the 

SM. The couplings of the charged- and neutral-current interactions are mediated by the 

mixing matrices B and G, respectively. For more details, the reader is referred to [2]. B 

and G are correspondingly fiG x (fiR+ fiG)- and (fiG+ nR) X (fiG+ nR)-dimensional matrices, 

which are defined as 

fiG 

Bzj = L vtkUG 
k=l 

and Uvuv• 
ki kj' (3) 

where V is the leptonic Cabbibo-Kobayashi-Maskawa (CKM) matrix. Note that the flavour­

mixing matrices B and G satisfy a number of identities that have been forced by the 

renormalizability of the model [2]. With the help of these identities, one can derive useful 

relations between mixings B, C and heavy neutrino masses. For a model with two-right 

handed neutrinos, for example, we obtain 

(4) 

where p = m'Jv)mjy
1 

is a mass ratio of the two heavy Majorana neutrinos N1 and N2 that 

are predicted in such a model, and si is defined as [16] 

(5) 
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Furthermore, the mixings CN;N; can easily be obtained by 

pl/2 llG 1 llG 

eN! NI 2)si)2, CN2N2 = 
1 + pl/2 2:)si)

2
, 1 + pl/2 i=l i=l 

ipl/4 llG 

CNIN2 - -CN2N1 1 + pl/2 
2)si)2. (6) 
i=l 

Our minimal scenario will then depend only on the masses of the heavy Majorana neutrinos, 

mN1 and mN2 [or equivalently on mN1 and p], and the mixing angles (si)2, which are directly 

constrained by low-energy data. 

Another attractive scenario can be considered a superstring-inspired extension of the 

SM, in which left-handed neutral singlets, SLi, in addition to the right-handed neutrinos, 

~~~;, have been introduced. In this scenario, the light neutrinos are strictly massless to 

all orders of perturbation theory, if !:::..L = 2 interactions are absent from the model [13]. 

For the sake of simplicity, we will assume that the number of right-handed neutrinos, nR, 

equals the number of the singlet fields SLi· After the spontaneous break-down of the SM 

gauge symmetry, the Yukawa sector relevant for the neutrino masses is given by [12,13] 

L 
.., _ 1 -0 -OC - v 0 

( 

11

oc l 
- Cy - 2(vL, vR , SL) M ;;; + H.c., (7) 

where the (nG + 2nR) X (nG + 2nR) neutrino-mass matrix takes the form 

M" (8) 

Since the neutrino matrix in Eq. (8) has rank 2nR, this implies that fiG eigenvalues of M" 

will be zero. These fiG massless eigenstates are identified with the ordinary light neutrinos, 

llrn 11J-' and 11,. [12,13]. The remaining 2nR Weyl fermions are degenerate in pairs due to the 

fact that L is conserved and so form fiR heavy Dirac neutrinos. A nice feature of the model is 

that the individualleptonic quantum numbers may be violated [15,20]. The charged-current 

and neutral-current interactions of the SM with left-handed and right-handed isosinglets 

can be found in Ref. (15]. To a good approximation, we assume that possible novel particles 

related to the above unified theories, such as Pati-Salam leptoquarks or extra charged and 
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neutral gauge bosons are sufficiently heavy so as to decouple completely from our low-energy 

processes. 

Unified theories are constrained by a number of low-energy experiments [16] and 

LEP data (17]. Experimental tests giving stringent constraints turn out to be the neu­

trino counting at the Z peak, the precise measurement of the muon width p, ----+ evevJJ., 

charged-current universality effects on r(1r----+ ev)jr(1r ----+ p,v), non-universality effects on 

B(r----+ evv)/B(r ----+p,vv), etc. All these constraints, which are derived by the low-energy 

data mentioned above, depend, more or less, on the gauge structure of the model under 

consideration. In particular, interesting phenomenology could arise from possible decays 

Z ----+ N*v at LEP, in case mN ;S Mz (18]. For the present analysis, we consider that 

all heavy neutrinos are much heavier than Mz, and thus tolerating the following upper 

limits (17]: 

The last constraint in Eq. (9) comes from the non-observation ofthe decay mode p,----+ e1 or 

p, ----+ eee. Another limitation to the parameters of our model comes from the requirement 

of the validity of perturbative unitarity that can be violated in the limit of large heavy­

neutrino masses. A qualitative estimate for the latter may be obtained by requiring that 

the total widths, rN;, and masses of neutrino fields Ni satisfy the inequality rN)mN; < 1/2. 

In the limit of mN; ~ Mw, Mz, MH, the afore-mentioned requirement leads to (2] 

(10) 

with aw = g~/41r . 

Since Eq. (9) tells us that either (s~·)2 or (si) 2 and not both of them could be as large 

as 0.01, we will assume, for example, that ( sf' )2 ~ 0. Consequently, B( r- ----+ e- e-p,+ ), 

B(r-----+ p,-p,-e+) will be vanishingly small. There are then two possible decays that are 

of potential interest, i.e., 

(11) 

Of course, one would equally assume that (s~•) 2 ~ 0 and (sf')2 ~ 0.01. In such a case, 

the complementary decays where e is replaced by muon in Eq. (11) and vice versa will 
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be of interest. Furthermore, we have to stress the fact that a simultaneous observation 

of r --+ eee and r --+ J.LJ.LJ.L cannot be compatible with experiments leading to the third 

inequality of Eq. (9). The matrix element relevant for the decay r(p.,.)--+ l(pz)h(Pl)l2(P2) 

gets contributions from 1- and Z-mediated graphs that may be found in Ref. (7] and box 

diagrams shown in Fig. 1. These three transition elements are generically written down as 

follows: 

(12) 

(13) 

(14) 

where q = p1 + p2 , s! = 1- M'fvjM'j, and with Ai = mUM'fv (summation over light and 

heavy Majorana states with masses mi implied), 

p-rl 
'Y L B;iBliF-y(Ai) ' (15) 

G""z 
'Y L B;iBliG-y(Ai) ' (16) 

p-rl 
z L B;iBz; [oi;Fz(Ai) + CijGz(Ai, A;)+ Ci;Hz(Ai, A;)], (17) 

ij 
p-rlhl2 

Boa: L:B;iBz:;(BziBld + BhiBz;) FBoa:(Ai,Aj) 
ij 

+ L B;iBl:iBz;Bld GBoa:(Ai, Aj) , (18) 
ij 

are composite form factors that include multiplicative factors of certain combinations of B 

and C matrices. The photonic Inami-Lim form factors F-r and G-y [21], as well as the form 

factors Fz [21], Hz, Gz, FBo:e, and GBo:e are to be presented analytically in Ref. [22]. It 

is, however, useful to discuss the asymptotic limit of the composite form factors described 

above in a model with two heavy Majorana neutrinos. Using the expressions of Eqs. ( 4) 

and (6) for the mixing matrices B and 0, we find that for AN1 = m'hJMfv ~ 1 and 

p = m'h2 /m'h1 ~ 1, 

(19) 
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(20) 

(21) 

(22) 

In the limit p--+ 1 and for >.N1 "'>.N2 f'..J >.N ~ 1, Eqs. (21) and (22) take the form 

(23) 

(24) 

From Eqs. (19)-(24), it is then obvious that all the one-loop functions, F;1, G~1 , Fz1, and 

FJJ~;12 , violate the decoupling theorem [9]. Such a violation is a common feature for all 

theories based on the spontaneous symmetry breaking mechanism. Taking the dominant 

nondecoupling parts of the composite form factors into account, we arrive at the simple 

expression for the branching ratios: 

a! m! m-r [ !F-rep.p.l2 2(1 2 2 )R [F-reF-reiJoiJo*] 
245767r3 M~ r 'T" Boa: + - SW e z Boa: 

+ Ss! !Fiel2 ] 

"' a! m! m-r m~ ( """)2( "•)2{( "")4 
9S3047r3 M~ r 'T" M~ sL sL sL 

+ 2(1- 2s!)(si')2 ~(s~)2 +Ss! [~(s~)2r }· 
t t 

(25) 

In the same heavy neutrino limit, we obtain 
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In Eqs. (25) and (26), r 7" denotes the total decay width of the T lepton, which is experi­

mentally measured to be r r = 2.16 10-12 GeV [19]. 

Apart from the r-lepton decays given in Eq. (11), the decay Z -4 er can also be 

enhanced due to the same heavy neutrino effects to an extend that may be seen at LEP [7]. 

To the leading order of heavy neutrino masses ( mN ~ Mw ), the branching ratio of this 

decay mode is obtained by 

(27) 

where rz is the total width of the Z boson. Note that FzT(O) =Fir /2. 

In order to minimize the free parameters of the theory that could vary independently, 

we will assume an extension of the SM by two right-handed neutrinos. The neutrino mass 

spectrum of such a model consists of three light Majorana neutrinos which have been 

identified with the three known neutrinos, Ve, v~-', and Vr, and two heavy ones denoted 

by N1 and N2 • On the other hand, the SM inspired by superstring theories with an E6 

symmetry [12], in which one left-handed and one right-handed chiral singlets are present, 

can effectively be recovered by the SM with two right-handed neutrinos when going to the 

degenerate mass limit for the two heavy Majorana neutrinos. 

Assuming the maximally allowed values [17] for ( s~'"Y = 0.07 and ( s~e )2 0.015 

((si') 2 ~ 0) given in Eq. (9), we find the encouraging branching ratios 

B( - - - +) < 2 10-6 
T -4eee rv. (28) 

where the upper bounds is estimated by using mN ~ 3 TeV as derived from Eq. (10). The 

present experimental upper limits on these decays are [19] 

Even if we assume smaller values for the mixing angles, (s~'") 2 = 0.035 and (s~e) 2 = 0.01 

((si') 2 = 0), the lepton-flavour-violating decays of the r lepton can still be significant, i.e., 

B( - - - +) < 5 10-7 
T -4eee rv. (30) 
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Since the branching ratio increase with the heavy neutrino mass to the fourth power, this 

strong mass dependence gives rise to measurable values for the leptonic three-body decays of 

the T lepton. To be precise, if we had neglected contributions of seemingly suppressed terms 

rv (si )4 in the transition amplitude, we would then have found a reduction of our numerical 

values up to rv 10-2
• In the low-mass range of heavy neutrinos (i .e. for mN, < 200 Ge V) 

the difference between the complete and the approximate computation is quite small and 

consistent with results obtained in [20]. For very heavy neutrinos, the situation is quite 

different, since in the decay amplitude, terms proportional to (si )2 increase logarithmically 

with the heavy neutrino mass mN, i.e.ln(mJv./M~ ), while terms of O((si)4
) show a strong 

quadratic dependence in the heavy neutrino mass, i.e. mJv./M~. Finally, T leptons can 

also decay hadronically via the channels: T -+ ltrJ, T -+ l(Tr0
, etc. [20]. Since present 

experimental sensitivity to these decays is rather weak [19], e.g., B( T -+ e1r0 ) < 1.4 10-4, 

at CL= 90%, one could expect that it would be difficult to probe heavy neutrino effects in 

such hadronic decay channels. 

We will now investigate the LEP potential of observing lepton-flavour-violating decays 

at the Z peak. Since we always assume that (si') 2 ~ 0 for reasons mentioned above, we 

will focus our analysis on the decays Z-+ e-r+ or e+r-. Within the perturbatively allowed 

range of heavy neutrino masses, we find 

B(Z-+ e-r+ + e+r-) ;S 4.0 10-6
' for ( s~" )2 = 0.070, ( s~· )2 = 0.015, 

B(Z-+ e-r+ + e+r-) ;S 1.1 10-6
' for (s~") 2 = 0.035, (s~·) 2 = 0.010, 

B(Z-+ e-r+ + e+r-) ;S 6.0 10-7 , for (s~'") 2 = 0.020, ( s~· )2 = 0.010. (31) 

All these branching ratios could be detected at future LEP data, as the present experimental 

sensitivity at LEP is [19] 

(32) 

However, the present upper bound on the flavour-changing Z-boson decays do not yet 

impose any severe constraints on our analysis of r-lepton decays. 

In the following, we will briefly discuss the phenomenological consequences induced 

by the presence of an extra sequential family. Such scenarios have recently received much 

attention due to the additional fact that they could naturally resuscitate extended tech­

nicolour theories [23]. LEP precision experiments provide a useful framework to either 
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constrain or establish such extended models, when one analyzes electroweak oblique pa­

rameters [24-26] and other quantum effects [27]. As a consequence of such an analysis, 

the lightest of the two heavy Majorana neutrinos belonging to the fourth family cannot be 

heavier than 1 TeV. In our models, the inclusion of an extra family amounts to replacing 

l::i(si) 2 
-t 1 in Eqs. (25), (26), and (27). The branching-ratio values we obtain in such 

models are larger, i.e., 

B(r- -t e-e-e+), B(r- -t e-11-11+) ~ 4. 10-6 , 

B(Z -t e-r+ + e+r-) ~ 8. 10-6 . 

(33) 

(34) 

In conclusion, we have explicitly demonstrated that GUT or superstring-inspired 

extensions of the minimal SM can naturally account for sizeable branching ratios of the 

r-lepton decays of the type T -t eee, T -t J.LJ.LJ.L, etc. These decays show a strong quadric 

mass dependence ofthe heavy neutrino mass (see Eqs. (25) and (26)), which gives a unique 

chance for such non-SM signals to be seen in present or future T factories. 
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Figure Caption 

Fig. 1: Feynman diagrams relevant for the leptonic decays T-+ ll1Z2 . 
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