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Introduction Multivariate analysis

What is multivariate analysis?

I Univariate statistics
I focus on a single variable of interest (at a time)
I estimate population parameters (π, µ, σ2, . . . )
I comparison of two or more groups

I Bivariate statistics
I focus on interdependencies of two variables
I correlation & co-occurrence

I Regression modelling
I predict single target variable (“dependent”)
I based on multiple other variables (“independent”)

I Multivariate statistics
I combined effects of many variables
I correlations & distribution patterns
I often “unsupervised”: no target variable or comparison groups
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Introduction Multivariate analysis

Application examples

I Register variation (Biber 1988, 1993)
I Translation studies

(Evert & Neumann 2017; De Sutter et al. 2012)
I Stylometry: authorshop attribution (Evert et al. 2017)
I Dialectology (Speelman et al. 2003)
I Historical linguistics (Sagi et al. 2009; Perek 2018)
I Identification of confounding variables (Tummers et al. 2014)
I Linguistic productivity (Jenset & McGillivray 2012)
I Correspondence analysis (Greenacre 2007)
I Distributional semantics (see ESSLLI course)
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Introduction Setting up

R packages

Required R packages:
I corpora (≥ 0.5)
I wordspace (≥ 0.2)

Recommended packages:
I ggplot2, reshape2 . . . for plotting feature weights
I rgl . . . for interactive 3-d visualization
I Hotelling, ellipse . . . for significance testing
I e1071 . . . for machine learning (SVM)
I Rtsne . . . for low-dimensional maps
I ca . . . for correspondence analysis

+ install with package manager in RStudio or R GUI
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Introduction Setting up

Code & data sets

Download additional code & data sets from SIGIL homepage:
I multivar_utils.R
I unit7_data.rda

+ put all files in RStudio project directory (or working directory)

> library(corpora) # basic utilities and some data sets
> library(wordspace) # for large and sparse matrices

> source("multivar_utils.R") # additional functions

> load("unit7_data.rda", verbose=TRUE) # further data sets
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Introduction Setting up

Overview of data sets

I 65 Biber features for British National Corpus
I BNCbiber = 4048× 65 feature matrix
I BNCmeta = complete metadata table
I extensive documentation with ?BNCbiber, ?BNCmeta

I 67 Biber features for Brown Family corpora
I BrownBiber_Matrix = 3500x67 feature matrix
I BrownBiber_Meta = metadata table
I features are Biber-scaled z-scores obtained with MAT v1.3

http://sites.google.com/site/multidimensionaltagger/
I see tagger manual for feature definitions
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Introduction Setting up

Overview of data sets

I 27 SFL-inspired features for translation pairs (CroCo corpus)
I CroCo_Matrix = 452× 27 feature matrix
I CroCo_Meta = metadata table
I CroCo_orig2trans = row numbers of translation pairs
I data from Evert & Neumann (2017)

I Literary authorship attribution with ∆ measures
I data: sparse document-term matrices for 20,000 most frequent

words (mfw) as wordspace DSM objects
I Delta$DE = 75× 20000 matrix (German novels, 25 authors)
I Delta$EN = 75× 20000 matrix (English novels, 25 authors)
I Delta$FR = 75× 20000 matrix (French novels, 25 authors)
I Delta$DE$rows, Delta$EN$rows, . . . = metadata tables
I DeltaLemma = lemmatized version
I data from Jannidis et al. (2015); Evert et al. (2017)
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Introduction Setting up

Overview of data sets

I 19 type-token complexity measures for ∆ corpus
I complexity scores for 10,000-token text slices from 75 novels
I DeltaComplexity$DE$Matrix = 996× 19 matrix (German)
I DeltaComplexity$EN$Matrix = 1147× 19 matrix (English)
I DeltaComplexity$FR$Matrix = 679× 19 matrix (French)
I DeltaComplexity$DE$Meta, . . . = metadata tables
I can be used to study correlational patterns between measures

I 7 syntactic complexity measures for 969 German novels
I SyntacticComplexity_Matrix = 969× 7 feature matrix
I SyntacticComplexity_Meta = metadata tables
I can be used to compare high-brow against low-brow literature
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Mathematical background Feature matrix

Feature matrix

Feature matrix records quantitative features for each text

M =


· · · m1 · · ·
· · · m2 · · ·

...

...
· · · mk · · ·



nom
ina

l

pas
s

pre
p

sub
ord

ttr

orig1 1.205 5.013 6.883 4.483 1.285
orig2 0.738 2.537 6.486 6.157 1.714
orig3 1.252 4.462 8.463 4.785 2.476
orig4 1.105 2.899 8.119 3.966 1.519
orig5 1.764 4.268 7.167 3.947 1.792
orig8 1.545 7.268 7.461 5.455 1.572

trans1 0.463 2.208 6.297 6.089 2.339
trans2 1.131 2.597 6.307 4.844 1.810
trans4 0.935 1.744 7.098 4.012 1.403
trans5 0.867 3.604 7.511 5.154 1.902
trans7 1.387 4.290 8.211 3.998 1.822

> M <- MultiVar_Matrix
> M
SIGIL (Evert & Baroni) 7. Multivariate Analysis sigil.r-forge.r-project.org 13 / 29
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Mathematical background Distance metric

Geometric distance = metric

I Distance between vectors
u, v ∈ Rn Ü (dis)similarity

I u = (u1, . . . , un)
I v = (v1, . . . , vn)

I Euclidean distance d2 (u, v)

I “City block” Manhattan
distance d1 (u, v)

I Both are special cases of the
Minkowski p-distance dp (u, v)
(for p ∈ [1,∞])

x1

v

x2

1 2 3 4 5

1

2

3

4

5

6

6 u

d2 (!u,!v) = 3.6

d1 (!u,!v) = 5
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Mathematical background Distance metric

Geometric distance = metric

I Distance between vectors
u, v ∈ Rn Ü (dis)similarity

I u = (u1, . . . , un)
I v = (v1, . . . , vn)

I Euclidean distance d2 (u, v)

I “City block” Manhattan
distance d1 (u, v)

I Extension of p-distance dp (u, v)
(for 0 ≤ p ≤ 1)

x1

v

x2

1 2 3 4 5

1
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3

4

5

6

6 u

d2 (!u,!v) = 3.6

d1 (!u,!v) = 5

dp (u, v) := |u1 − v1|p + · · ·+ |un − vn|p

d0 (u, v) = #
{
i
∣∣ ui 6= vi

}
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Mathematical background Distance metric

Distance and vector length = norm

I Intuitively, distance
d (u, v) should correspond
to length ‖u− v‖ of
displacement vector u− v

I d (u, v) is a metric
I ‖u− v‖ is a norm
I ‖u‖ = d

(
u, 0
)

I Any norm-induced metric
is translation-invariant

I dp (u, v) = ‖u− v‖p

x1

origin

v

x2

1 2 3 4 5

1

2

3

4

5

6

6 u‖!u‖ = d
(
!u,!0

)

d (!u,!v) = ‖!u − !v‖

‖!v‖ = d
(
!v,!0

)

I Minkowski p-norm for p ∈ [1,∞] (not p < 1):

‖u‖p :=
(
|u1|p + · · ·+ |un|p

)1/p
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Mathematical background Distance metric

Computing distances

Compute distances between all pairs of texts:

> round(dist(M), 2) # returns a triangular ‘dist’ object
> round(dist(M, method="manhattan"), 2) # Manhattan metric

Use wordspace function for additional metrics:

> dist.matrix(M, method="mink", p=0.5) # full matrix
> dist.matrix(M, method="mink", p=0.5, as.dist=TRUE)

Standardize features for equal contribution to Euclidean metric:

> Z <- scale(M) # matrix of z-scores
> round(dist(Z), 2) # default: Euclidean metric
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Mathematical background Orthogonal projection

Linear subspace & basis

I A linear subspace B ⊆ Rn of rank r ≤ n is spanned by a set
of r linearly independent basis vectors

B = {b1, . . . ,br}

I Every point u in the subspace
is a unique linear combination
of the basis vectors

u = x1b1 + . . .+ xrbr

I Coordinate vector x ∈ Rr

with respect to the basis

1 2 3 4 5

1

2

3

4

5

6

6
 u = (4,5)

b(2)

b(1)

 x = (3,2)
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Mathematical background Orthogonal projection

Linear subspace & basis

I Basis matrix V ∈ Rn×r with column vectors bi :

u = x1b1 + . . .+ xrbr = Vx


x1b11 + . . .+ xrb1r
x1b21 + . . .+ xrb2r

...
x1bn1 + . . .+ xrbnr

 =


b11 · · · b1r
b21 · · · b2r
...

...
bn1 · · · bnr

 ·

x1...
xr


u = V · x

(n × 1) (n × r) (r × 1)
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Mathematical background Orthogonal projection

An aside: Matrix multiplication

 aij
 =

bi1 · · · bin
 ·


c1j
...
...
cnj


A = B · C

(k ×m) (k × n) (n ×m)

I B and C must be conformable (in dimension n)
I Element aij is the inner product of the i-th row of B and the

j-th column of C

aij = bi1c1j + . . .+ bincnj =
n∑

t=1

bi tctj
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Mathematical background Orthogonal projection

Orthonormal basis

I Particularly convenient with orthonormal basis:

‖bi‖2 = 1

bT
i bj = 0 for i 6= j

I Corresponding basis matrix V is (column)-orthogonal

VTV = Ir

and defines a Cartesian coordinate system in the subspace

+ From now on always assume orthonormal basis
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Mathematical background Orthogonal projection

The mathematics of projections

I 1-d subspace spanned by
basis vector ‖b‖2 = 1

I For any point u, we have

cosϕ =
bTu

‖b‖2 · ‖u‖2
=

bTu
‖u‖2

I Trigonometry: coordinate
of point on the line is
x = ‖u‖2 · cosϕ = bTu

.

u

kbk2 = 1

'

u0 =
u

kuk2

Pu = b(bTu)

x

I The projected point in original space is then given by

b · x = b(bTu) = (bbT )u = Pu

where P is a projection matrix of rank 1
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I 1-d subspace spanned by
basis vector ‖b‖2 = 1

I For any point u, we have

cosϕ =
bTu

‖b‖2 · ‖u‖2
=

bTu
‖u‖2

I Trigonometry: coordinate
of point on the line is
x = ‖u‖2 · cosϕ = bTu

.

u

kbk2 = 1

'

u0 =
u

kuk2

Pu = b(bTu)

x

I The projected point in original space is then given by

b · x = b(bTu) = (bbT )u = Pu
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Mathematical background Orthogonal projection

The mathematics of projections

I For an orthogonal basis matrix V with columns b1, . . . ,br , the
projection into the rank-r subspace B is given by

Pu =

(
r∑

i=1

bibT
i

)
u = VVTu

and its subspace coordinates are x = VTu

I Projection can be seen as decomposition into the projected
vector and its orthogonal complement

u = Pu + (u− Pu) = Pu + (I− P)u = Pu + Qu

I Because of orthogonality, this also applies to the squared
Euclidean norm (according to the Pythagorean theorem)

‖u‖2 = ‖Pu‖2 + ‖Qu‖2
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Mathematical background Orthogonal projection

Optimal projections and subspaces

I Orthogonal decomposition of squared distances btw. vectors

‖u− v‖2 = ‖Pu− Pv‖2 + ‖Qu−Qv‖2

I Define projection loss as
difference btw. squared distances∣∣ ‖P(u− v)‖2 − ‖u− v‖2

∣∣
= ‖u− v‖2 − ‖P(u− v)‖2

= ‖Q(u− v)‖2

I Projection quality measure:

R2 =
‖P(u− v)‖2

‖u− v‖2

.

.

.

u
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Pv<latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit>

Pu<latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit>

Q(u � v)

<latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit>
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Mathematical background Orthogonal projection

Optimal projections and subspaces

I Orthogonal decomposition of squared distances btw. vectors

‖u− v‖2 = ‖Pu− Pv‖2 + ‖Qu−Qv‖2

I Define projection loss as
difference btw. squared distances∣∣ ‖P(u− v)‖2 − ‖u− v‖2

∣∣
= ‖u− v‖2 − ‖P(u− v)‖2

= ‖Q(u− v)‖2

I Projection quality measure:

R2 =
‖P(u− v)‖2

‖u− v‖2

.

.

.

u
<latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit>

v
<latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit>

u
� v

<latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit>

P(u � v)

<latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit>

Pv<latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit>

Pu<latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit>

Q(u � v)

<latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit><latexit sha1_base64="IOu0sHkV8cSMlaW4usQmbmIf/Fo="></latexit>
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Mathematical background Orthogonal projection

Optimal projections and subspaces

I Orthogonal decomposition of squared distances btw. vectors

‖u− v‖2 = ‖Pu− Pv‖2 + ‖Qu−Qv‖2

I Define projection loss as
difference btw. squared distances∣∣ ‖P(u− v)‖2 − ‖u− v‖2

∣∣
= ‖u− v‖2 − ‖P(u− v)‖2

= ‖Q(u− v)‖2

I Projection quality measure:

R2 =
‖P(u− v)‖2

‖u− v‖2

.

.

.

u
<latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit><latexit sha1_base64="ZB+BvvBSWhBZsw+1nX3Biii07Bk=">AAACN3icbVDLSsNAFJ34rPHV6sKFm2ARXJWkCLosuHFZwT6wCWUynbRDJ5MwcyOWkL9wq//hp7hyJ279AydpBNt6YeDccx/nzvFjzhTY9ruxtr6xubVd2TF39/YPDqu1o66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT13uPVCoWiXuYxdQL8ViwgBEMmnpwQwwTP0iTbFit2w27CGsVOCWoozLaw5px4o4ikoRUAOFYqYFjx+ClWAIjnGammygaYzLFYzrQUOCQKi8tTs6sc82MrCCS+gmwCvbvRIpDpWahrzvzE9VyLSf/qw0SCK69lIk4ASrIXChIuAWRlf/fGjFJCfCZBphIpm+1yARLTEC7tKBCJoWIabrFtjTPGkCfsl9CAYYFIuBFqq10lo1bBd1mw7Ebzt1lvdUsTa2gU3SGLpCDrlAL3aI26iCCBHpGL+jVeDM+jE/ja966ZpQzx2ghjO8fwJes+Q==</latexit>

v
<latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit><latexit sha1_base64="w2eyRCRkOG7/cEkcf7kRWjVlh5E=">AAACN3icbVDLSsNAFJ3UV62vVhcu3AwWwVVJiqDLghuXFewD21Im00k7dDIJMzfFEvIXbvU//BRX7sStf+AkjWBbLwyce+7j3DluKLgG2363ChubW9s7xd3S3v7B4VG5ctzWQaQoa9FABKrrEs0El6wFHATrhooR3xWs405v03pnxpTmgXyAecgGPhlL7nFKwFCPfZ/AxPXiWTIsV+2anQVeB04OqiiP5rBinfZHAY18JoEKonXPsUMYxEQBp4IlpX6kWUjolIxZz0BJfKYHcXZygi8MM8JeoMyTgDP270RMfK3nvms60xP1ai0l/6v1IvBuBjGXYQRM0oWQFwkMAU7/j0dcMQpibgChiptbMZ0QRSgYl5ZU6CQTKZX62bY4zWrAnpJfQgOBJcITWWqsdFaNWwftes2xa879VbVRz00tojN0ji6Rg65RA92hJmohiiR6Ri/o1XqzPqxP62vRWrDymRO0FNb3D8JirPo=</latexit>

u
� v

<latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit><latexit sha1_base64="Gm61X5pR4KVHHQSMAknesUr/7Mw=">AAACRnicbVDLSsNAFL2prxpfrS66cDNYBDeGpAi6FNy4VLBVaEuZTCft4OTBzI1YQr7Grf6Hv+BPuBO3TmILtvXCwDnnPuf4iRQaXffDqqysrq1vVDftre2d3b1afb+j41Qx3maxjNWDTzWXIuJtFCj5Q6I4DX3J7/3HqyJ//8SVFnF0h5OE90M6ikQgGEUjDWqNXkhx7AdZmpNTMiNP+aDWdB23DLIMvClowjRuBnWr0RvGLA15hExSrbuem2A/owoFkzy3e6nmCWWPdMS7BkY05LqflT/IybFRhiSIlXkRklL925HRUOtJ6JvK4kS9mCvE/3LdFIOLfiaiJEUesd9FQSoJxqSwgwyF4gzlxADKlDC3EjamijI0ps1tYeNyiW33ymlZwRzkz/lM0EhxTghkSY2V3qJxy6DTcjzX8W7PmpetqalVOIQjOAEPzuESruEG2sAghxd4hTfr3fq0vqzv39KKNe05gLmowA/KRrFW</latexit>

P(u � v)

<latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit><latexit sha1_base64="M9EoYxNBXGEzdD2lXDuAJV7yN90="></latexit>

Pv<latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit><latexit sha1_base64="+DMzeSQlZoi9vup5upX5AqHnRMk=">AAACQ3icbVDLSsNAFJ3UV42vVgUXboJFcFWSIuiy4MZlBfuAJpTJdNIOnTyYuSnWkH9xq//hR/gN7sSt4CRNwbZeGDj3nHvnHo4bcSbBND+00sbm1vZOeVff2z84PKpUjzsyjAWhbRLyUPRcLClnAW0DA057kaDYdzntupO7TO9OqZAsDB5hFlHHx6OAeYxgUNSgcmr7GMaul7TSBZqmg0rNrJt5GevAKkANFdUaVLUzexiS2KcBEI6l7FtmBE6CBTDCaarbsaQRJhM8on0FA+xT6SS5/dS4VMzQ8EKhXgBGzv7dSLAv5cx31WRmUa5qGfmf1o/Bu3USFkQx0IDMD3kxNyA0siyMIROUAJ8pgIlgyqtBxlhgAiqxpStknB/RdTv/Lcm6OtCndEFIwLBEeDxvVZTWanDroNOoW2bderiuNRtFqGV0ji7QFbLQDWqie9RCbUTQM3pBr+hNe9c+tS/tez5a0oqdE7RU2s8vQrexpQ==</latexit>

Pu<latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit><latexit sha1_base64="8vNmWh7we0V+De+LgkvhVmgTY+0=">AAACQ3icbVDLSsNAFJ34rPHVquDCTbAIrkJSBF0W3LisYB/QhDKZTtqhkwczN2IN+Re3+h9+hN/gTtwKTtIUbOuFgXPPuXfu4XgxZxIs60NbW9/Y3Nqu7Oi7e/sHh9XaUUdGiSC0TSIeiZ6HJeUspG1gwGkvFhQHHqddb3Kb691HKiSLwgeYxtQN8ChkPiMYFDWonjgBhrHnp61sjpJsUK1bplWUsQrsEtRRWa1BTTt1hhFJAhoC4VjKvm3F4KZYACOcZrqTSBpjMsEj2lcwxAGVblrYz4wLxQwNPxLqhWAU7N+NFAdSTgNPTeYW5bKWk/9p/QT8GzdlYZwADcnskJ9wAyIjz8IYMkEJ8KkCmAimvBpkjAUmoBJbuELGxRFdd4rf0rwzgT5lc0IChgXC50WrorSXg1sFnYZpW6Z9f1VvNspQK+gMnaNLZKNr1ER3qIXaiKBn9IJe0Zv2rn1qX9r3bHRNK3eO0UJpP79A7LGk</latexit>

Q(u � v)
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